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Factorization through Hilbert space and the dilation
of L(X,Y)-valued measures

by

V. MANDREKAR (East Laﬁsing, Mich.}) and P. RICHARD (Flint, Mich.}

Abstract, We present a general necessary and sufficient algebraic condition for the
spectral dilation of a finitely additive L{X, Y )-valued measure of finite semivariation when
X and Y are Banach spaces. Using our condition we derive the main results of Rosenberg,
Makagon and Salehi, and Miamee without the assumption that X and/or ¥ are Hilbert
spaces. In addition we relate the dilation problem to the problem of factoring a family of
operators through a single Hilbert space.

0. Introduction. Let X, Y be two Banach spaces and T be an L(X,Y)-
valued (f.a.) measure on an algebra X' of subsets of a space (2. Following
the original work of Masani [4] on ¢.a.0.s. dilation (X = C and Y a Hilbert
space), the probliem of the spectral dilation of T" was introduced by Rosen-
berg [¢] and solved under the condition of 2-majorizability for the case in
which X is Enite-dimensional and Y is any Hilbert space. This was extended
to X, Y Hilbert spaces in [3]. An alternate general condition was proposed
by Makagon and Salehi [3] and several examples were derived. In [5], the
work was extended to the case when X is a Banach space and Y is a Hilbert
space. In Richard [8], the general problem for X, Y Banach spaces was solved
using 2-majorizability and was related to the work of Lindenstrauss and
Peiczyriski [2] on Hilbertian operators in Banach spaces.

In our work, following recent ideas of Pisier [6], we establish Lemma 1
which is exploited to derive Corollary 1 from which the main results of [3],
[5] and [9] are easily derived. It should be noted that the proof in [3] reduces
their condition to 2-majorizability and fails in case ¥ is a Banach space. In
addition to obtaining a general condition for dilation which includes ([3}., [5],
9]), we are able to relate the dilation problem to the problem of factoring a
family of operators through a single Hilbert space. It should be noted that
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102 V. Mandrekar and P. Richard

our solution is algebraic and free from any topolegical considerations as in
[3] and [5]. In addition, the sufficient conditions of [3] and [5] are not satisfied
by spectral measures. Some simple consequences of Corollary 1 also include
a generalization of the main result of [4] on ¢.a.0.s. measures.

Throughout this work 2 is an arbitrary set, X is an algebra of subsets
of £2, X and Y are (complex) Banach spaces, and L(X,Y) is the space of
all bounded linear operators from X to ¥ with the usual operator norm. As
usual, we write L(X) = L(X, X), X* = L(X,C) where C is the complex
plane, R™ i3 n-dimensional Euclidean space, and N is the set of positive
integers.

A set function T' : ¥ - L(X,Y) is finitely additive (f.a.) provided
T(A1 U Ag) = T(Ay) + T(A,) for all disjoint Ay, Ay in X' and has finite
semavariation provided ||T'|lsy, = sup{|| =7, t:T(Ax) ||} is finite, where the
supremum is taken over all finite X-partitions (A;) of 12 and scalars (t;)
with [t5] < 1.

1. Spectral dilation of operator-valued set functions. In [§], a
connection was established between the 2-majorizability of L(X,Y )-valued
measures and a result of Lindenstrauss—Pelczyfski ([7], Theorem 2.4) con-
cerning Hilbertian operators which gives an explicit form of the factoring
Hilbert space. The technique used in [8] was an equivalent form of the re-
lation (y;) < (=) in ([7], page 22). For this the following definition of the
spectral dilation of an L{X,Y)-valued measure was introduced in [8].

DEFINITION 1. A set function T : X — L(X,Y) is said to have a finitely
additive (£.a.) spectrol dilation if there exists a Hilbert space H, a f.a. spectral
measure & on (£2, ¥) in H, and bounded linear operators V4 : X — H and
Va1 H — Y such that for each A in ¥, T(4) = Vo E(A)V;.

Recent techniques introduced by Pisier [6] and our Lemma 1 motivate
the following definition which is a generalization of the condition for factor-
ization of an operator given by Lindenstrauss-Pelczyfiski.

DEFINITION 2. A f.a. set function T : ¥ — L(X,Y) of finite semivari-
ation has Property (L-P) provided there is some constant € such that for
all n € N, disjoint Ay,...,4, in £, 21,...,2, in X and complex matrices
(aﬁfj), i, 5,k =1,...,n, satisfying

M S |Se¥s[ <3l v er, k=1, n,
i=1  j=1 i=1
we have

>SS e < ci a1

w=1 =1 k=1
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In order to prove Theorem 1 we get, in our special case, a strengthened

form of the relation (z;) < (z;) introduced by Pisier [6]. This form allows

us to produce matrices (ag-ﬂ)) which, uniformly in &, satisfy the relation

(y;) < (i) in [7]. Stated simply, our main result is as follows:

THEOREM 1. If a sef function T : X — L{X,Y) has Property (L-P) then
T has o finitely additive spectral dilation.

We use the following notation. Let p be a ¢.a. measure on (2, &) with
1(£2) = 1 and L*(u) denote the Hilbert space of square integrable functions
on {2 (up to p-equivalence) with the usual inner product. We let S be the
collection of (complex-valued) ¥-simple functions on {2 with the sapremum
norm and define Ly : § — L(X,¥) by

Lr(f) =) aT{Ay), f=3 oxla, €8,
k=1 k=1

We let 5 ® X be the algebraic tensor product of § and X and denote by
Ly : 88 X — Y the linear map defined by

ET(Z) = ZLT(fl)CCq, for z = Zﬁb ®r;, e S X.
=1 d=x]

Let I = L(X,L%(p). For £ € I and z = St fi®z e 8®X we write
£oz=Y fil(w).
i=1

Finally, for z;,...,2, € S ® X and 21, ..., %n € X we write (z) < (=)
provided for every £ € I we have

kA .n
Solg- =zl <> el
1=1 =1

LeEMMa L Jf () < (zi) then there exist disjoint Ay, ..., Ay in X and

XN matrices (a,&j)), AU (aff)) satisfying (1) such that for eachi=1,...,n,

n n
k
a3 (Sela) @
j=1 k=l

Proof. Suppose (z;) < (2:). Then there are functions f;; in S such that
for each i, z = 37 fi ® @ (see (6], Remark 2.3).
Let fi; = Sy, al1a, € 5. Fix &' such that u(4y) > 0 and 2* € X™.
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Consider £ = 14,, ® z* € I. Then for each i = 1,...,n,

T n
5.Zi=2( ﬂ.gf:)lAk)lAk,iE*(mj)
=1 k=1
L " (k
& . :
= agj )1Ak,m (z;) = 1‘%,3:*(2%74 )wj) .
F=1 i=1

So since (z;) < (xy),

SolE-mlE=>" uAw)
i=1

=1

k1] , 9
o (30l "%))
=1

< Z [E@aliE = > plAw)]a* (@)

i=1

Since p(Aw) > 0, we have

Tt ko3 ; 2 n
Z z" (Zaff )a:j)‘ < Z [z*(z:)|*  for every z* in X*,
=1 i=]

i=1

which by ([7], Proposition 1) implies the matrices (ag-“")) satisfy (1). =
We now come to the proof of Theorem 1 which is an adaptation of that
of Theorem 1.1 of [6] by using Property (L-P).

Proof of Theorem 1. Suppose T : ¥ — L(X,Y) has Property
(L-P).I2z,...,2, € S®X and 21,...,%, € X with (2) < {=;) then by
Lemma 1, z; = 337, (35, ag;c)lﬂk) ® x; where the matrices (ag-”')) satisfy
(1) so since T" has Property (L-P),

@ S EeE =3 |
i=1

i=1 j=

k23 n 2

LT(Z ai;ﬁ) 1Ak)3’3j
1

k=1

DS | < 03 jus .
i=1

i=l  f=1 k=1

Recall T = L{X, L*(u}). Let 4 be the space of all functions ¢ : / — R
such that for some finite sequence z1,...,2, in X,

fe(O1 < D T elza)|)3 forall £in T,

i=1
and let A4 be the set of all positive functions in A.
For ¢ in A define p(ip) = inf{C 3.7, ||lzi[|2} where the infimum is taken
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over all finite sets (z;) in X such that
o)< IE@)l}  forall gin 1.
=1

For o in Ay define g{yp) = sup{3_7, | Zr(z:)||?} where the supremum is
taken over all finite sets (2;) in $ @ X such that

Yol alE<e@) foraleinl.
i=1

Then p is subadditive on 44 and both are positive homogeneous. Also by (2),
9{¢) < p(i) for all ¢ in A,. By the Hahn-Banach Theorem ([6], Theorem
0.3) there is a linear form f : A — R such that

(3) qle) < flg) forall pin A,, and

(4) Flo) <p(p) forall pin A.

Let A + 44 be the complexification of A; extend f linearly to a linear form
on A+ i/ and continue to call this extension b

Next define the space H of al! functions ¢ : I — L?%(u) such that the

function £ — [lg(€)|3 s in A. 1f g, are in 2, the function € — {g(¢), g'(¢))s
is in A 444 since

a(€).9'ha] < Nl @) < (3 etwa?) ™ (S ecwn) ™
< Yl + 3 lewal:

for some finite sets (z;) and (y;) in X.

An inner product can thus be defined on H by (g, ¢’} = Flg(), g’ (- ))a).
After passing to the quotient of the kernel of the associated seminorms we
obtain a Hilbert space g

For z in X let : I — H be defined by Z(§) = &(z). Consider p(£) =
{#(€), #(£)) € A Since (&) = {|é(x)|3 for all € in I, p(w) < C|jz||?. Also,
by definition, (Ea E) = f(('f()r&:()))’ giving (Ea ;E) = f(QD) < p(tp) = C“m”z
There is, therefore, a linear operator V) : X — H with IVall < €2 such
that Viz is the equivalence class of T in H.

For hy, ..., hy in § and 21,...,2, in X consider for £el,

i 2
pl&) = Somae)|| -
i=1
If 2= 3" h; @z then ||€ - 2]|2 = ©{€) so by (3),

B = | 3 Eathe

’ < qlp) < fle).
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Moreover, ¢ > 0 and for £ in I, and

o6 = | St < (L Inlleted )’
i=1

i=1

< (S Il leCoalt) = 3 eCeu

Letting y; = onii, i =1,...,n, and & € I, we have ¢ € A, since

SEDI NI

The operator I7 : L(L2(u)) — L(H) defined by II(h)g(£) = hg(£) is a
representation {(up to equivalence classes).
For h1,...,hy in § and z4,..., 2, In X,

H iﬂ(h@)Vlmi |H =| iﬂ(h &,
= <§;hﬁi,§hi§i>
= f(<2n: hiZi(), -" hﬁﬂ]()))

i=1 i=1

= ) 2 | 3 Ealhos

Here we have identified S as a subspace of L{L?(p)). Thus one can de-
fine a linear map Vo : 5pan(I{S)ViX) — Y with |[Va]| £ 1 such that
Va3t I (h)Viz;) = Y iy Ly(h)z;. Extend this operator V3 to a con-
tinuous linear operator on H to ¥ with |Va| < 1 and continue to call this
extension V5. R

For A € X consider E(A) = II(1,). Then E : ¥ — L(H) and since I
is a representation,

(B(A) = [T(14))* = H(1h) = H(1a) = E(4),

EA)" = [T(1a)]" = I(1a) = E(4),
E(AlﬂAg)ﬂﬂ'(lAlﬂlAz)=H(141142):H(lﬂl)ﬂ(ldg)
= B(A)E(As),

and E(2) = I so F is a spectral measure in H. Moreover, Vo E(A)Viz =
Vall(1a)Vazx = Lr(la)e = T(A)x for z in X, which completes the proof. =

The following corollary is an analogue of ([7], Corollary 2.5).
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COROLLARY 1. Let T : 3 — L(X,Y) be finitely additive of finite semi-
variation. The following are equivalent:

(a) T has a finitely additive spectral dilation.
(b) For all n and for all n-tuples of n x n unitary matrices ((a”))

( o, )) we have for oll 2y,... .2, in X and 4,,..., A, disjoint in 3 tha.t
there is g constant C with

>33 s | < Oéil%li?-

i=1  f=i k=1

Proof. Suppose (a) holds. Let T(A) = Vo E( A}V, where E is a spectral
measure in some Hilbert space H. For (a (1)), N () (n)) unitary, &1,...,%n
in X and 44,..., 4, disjcint in X we have

Z | ZZa, DT (A, mJH Z HZZQ( VLE(AL) Vlas_.,“
< el ZZZZa a3 (B(Aw)B(A0)Vias, Vasy).

Since A1,..., 4, are disjoint this equals
k
HVZHZZZZ (Za( )} (B(ANVij, Vizy)
Using this and the fact that for each k, (az(;-“) } is unitary we obtain
, 2
S0 al || < 1P Y S (B Vasy, vix)
i ;o k kg
=2 3" (B A ) Vies, Vias )
i k
SHVRlPIVal® Y s 1®
J

Suppose (b) holds. By Theorem 1 it suffices to show that 7' has Prop-
erty (L-P). Fix zy,...,3, in X and 4y, ..., A, digjoint in X and consider
PO DD DI 1§)T(Ak)fﬂj”2 where the matrices (az(;-i)), k=1,...,n
each satisfy (1). Let B, be the collection of all n-tuples of n X n matrices
satisfying (1). Then B, is convex and the extreme points of B, consist of the
set of all n-tuples of n x n unitary matrices. Thus for thege fixed zy, ..., 2,
and 4Ay,...,4,, the supremum of 37 || EJ 12t Ck)T(Ak)m |I? over

B, is attained for an n-tuple of unitary mairices ((o (1)) ,( )) It fol-
lows that (b) implies T has Property (L-P). =



108 V. Mandrekar and P. Richard

2. Some special cases. In this section we derive the extensions of

the main results in [3], [5], [8] and [9] concerning the spectral dilation for
L{X,¥)-valued measures. We use the following notation. For a Banach space
X, we let X* denote the set of all continuous conjugate linear functionals
on X. For * in X* or 2* in X* we let {(z*,z) denote the evaluation of the
functional * at the point z in X. By a positive operator F in L{X, X*)
we meaw an operator satisfying (Fii,xa) = (Fze, 1) and {(Fx,z) > 0 for
all z, 1,2y in X. The collection of all positive operators in L({X, X*) will
be denoted by L*{X, X*). Additionally, for Banach spaces X,Y and § &
L(X,Y) we define the conjugate adjoint 5* & L{Y* X*) of § by §*(y) =
y* o S’ y* E Y*-

DeriniTION 3. A fa. set function T : X - L{X,V) is said to have a
finitely additive (fa.) two-majorant F f F : ¥ — LT(X,X*) is finitely
additive and there is a constant ' such that for each positive integer n,
z1,...,Zn i X and digjoint Ay,..., 4, in 32,

HZT 5y <C‘Z G )E5, Ti) -

ProrosiTION 1. 4 fa. set function T : ' - L(X,Y) has o fa. speciral
dilation if and only if T has a f.o. 2-magorant F': 3 — LT(X, X*).

Proof. Taking F(A) = ViE(A)V,, the necessity is obvious. To prove
the sufficiency we use Corollary 1. Let n be a positive integer, z1,. .., 2, be
in X, 44,..., A4, be disjoint in X and ((ag)), e (a(“))) be an n-tuple of
7 X n unitary matrices. Then

% s = S| Srean( e

= =1 k=1 i=1l k=1
i3
SZNZXﬂmKZA%QQIy%>
i=1 k==l Fe=1 =1

1f,))(F(Ak)mj,:1:j b, which since each ( Ej)),

This equals Ek 20 2o

k=1,...,n,is umtary equals
kZZ;< Ak%:%) Z< (UAIC)$J1 ><||FHstHfCJ|E
1=

where |[F|ls, is the semivariation of F. =

PROPOSITION 2. Let T : ¥ — L(X,Y) be ﬁmtely additive. The following
are equivalent.
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(a) There emists a constant C' such that for any zi,zh,... x5 in X,
I'=1,...,N, and for any disjoint 4A,,..., A, in X,

i H iT(A«;):cﬂ ‘< csupﬂ ZN:i:(F(Ai)xi,wé)
=1 i=1 1=1 i=1

where the supremum is taken over all f.a. L(X, X *)-valued set functions with
[Fllev < 1.

(b} T has a f.a. spectral dilation.

Proof. Implication (b)=-(a} is obvious from the necessity in Proposi-
tion 1. We use Corollary 1 to show (a) implies (b). Let x1,..., 2, be in X,

Ay, ..., Ay be disjoint in X and ((a,g;)),. e (a(” )) be an n- tuple of unitary

matrices. Then since each (a (k)) k=1,..
supremum taken as above,

ZHZZU‘ZJ)T (Ax) :’“JH

., T, is unitary we have, with the

S S|

< mp{| 3 (an (olfs). Yool ))
=““§;§P””(M%M}
- Sup{ié (An)es. 25|}
<omnS:{r({) s

< C‘sup{HFlsv; ngug} = O; la;l?. =

This gives the main result of [5], which includes that of [3]. We now
give some sufficient conditions by verifying Property (L-F) which depend
on the geometry of X and/or Y. For this we need the definition of type 2
and cotype 2 spaces.

Let [ = {—1,+1}° and 4 be the infinite product of {61 +611] on D
where § is the Dirac measure. We denote by £, : D — { ~1,+1} the nth
coordinate of D. A Banach space X is of type 2 if there is a constant C' such
that for any finite sequence 21, ..., zn in X, || 270, 652503 € C Ty [lesl?
A Banach space Y is of colype 2 if for any sequence y1,y2,...in Y, Se
converging p-almost everywhere implies 3 |]|* < co.
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An operator U : X — Y is 2-summing if there is a constant ¢ such
that for any finite sequence z1,...,%, in X we have Y., |Uz|? <
Csup{Y i, lp(z)? 1 p € X*, [lol| <1}

We next establish an extension of the main result of [1].

LEMMA 2. Let ¥ be o Banach space of cotype 2 and T be a f.a. Y-valued
set function of finile semiveriation on (12, X). Then there exists o Hilbert
space H, a f a. spectral measure B in H, a bounded linear operator V : H —
Y and o unique zy in H such that for each 4 in 2, T{A) = VE(A)zy. In
addition, ||V < 1,

Proof. Let K be the Stone space associated with (2, X), C(K) be
the space of continuous functions on the compact space K equipped with
the supremum norm, and B{X) be the uniform closure of the set of all
complex-valued X-simople functions on 2. Then ([1]) there is an isometric
isomorphism 7 : C(K) — B(X). Define Ly : B(X) — Y to be the continu-
ous linear extension of the operator

f= Z la,on,
1

A, A in X oy,...,0, nC.

Since Y is of cotype 2, Ly o7 : C(K) — Y is 2-summing ([7], p. 62). By the
Pietsch Factorization Theorem, there is a probability measure A’ on K and
a congtant ' such that

IL2(r£)I? < C [ Ir (k) X (dk)
K

Lr(f) = Y T(Ap)o,
k=1

for all f € C(K).

Since 7, being an isomorphism between the complex algebras C(K) and
B(X), satisfies |7~ 1g|* = +1[g)? for all g in B(3), it follows that

122()I1P < C [ |g(w)* Adw)
i)

where AM(A) = [, (77 ol4)(k) N'(dk) is finitely additive and positive. Taking
9="> po1 la,a in B(X) yields

H ZT(Ak)akuz < C‘Z o PA(AR)
k=1 k=1

80 A is a finitely additive 2-majorant of T. Here we regard T' as being
L(C, Y )-valued. By Proposition 1 there is a Hilbert space H, a spectral
measure £ in H and bounded linear operators Vi : C — Hand Vo : H — Y
such that for A in ¥,

T(4) = RE(A)1 = VaE(A)ao

icm
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for some unique zg in H. Taking V = V» completes the proof since the fact
that ||V]| < 1 follows from the proof of Theorem 1. &

For a Banach space X and an algebra X of subsets of a set {2 we denote
by M (X) the space of all finitely additive set functions on (£2, X) of bounded
semivariation and by §(X) the space of all X-valued ¥-simple functions on

2. For f in S(X) of the form f =57 1a,zx, A1,...,Anin X, 21,..., 20
in X, we let

£l = sup{\ m{Ar), x| s m € MO, mllee < 1}
Then (S(X), 1l - lloo) is & normed linear space. Moreover, the map T

(M), ] - lsv) = (8(X
Twn(f) = Z(m(‘ak)ﬁwk%

k=1

Jll - lloo)* defined by

n
= Z ]-Akmk 3
k=1

is an antilinear isometry ([3], Lemma 2). We denote the closure of S(X)
with respect to the norm || - ||o simply by (S(X), ]| - |lec)-
For any f = Y0 ;la.2x € S(X) and T : ¥ — L(X,Y), fa. and
of ﬁnite semivariation, we define 7 € L{{S(X).|| - llw), Y) by 7(f) =
et T{AL)2r, and refer to $r as the operator associated with T'. We extend
& linearly without increasing norm to (S(X), || - |«) and continue to call
this extension &,

PROPOSITION 3. Let X be a Banach space of iype 2. If &: (S(X), || - [loc)
— Y is 2-summing then T : ¥ — L(X,Y) has a f.a. spectral dilation.

Proof. Let ((a(l) e (”))) be an n-tuple of unitary matrices, 1, ...

x, bein X and A;, ..., A, be disjcint in X. Suppose B : (5(X}, ]| - ||DcJ
Y is 2-summing. Then letting

= i la, (Zn:a,(;;?)xj) e 8(X)
k=1

we obtain ~
55 S urass] =3 for (S (St

= }: (I < Conp { 3 Il 0 € (SO0, |- o) o < 1)

s T

_OSUP{Z‘ZZ m(Ar), af" 3>| :m € M(X*), [l <1}

i=1 f=Lk=1
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Fix m € M(X*), with ||m||s, < 1. Since X is of type 2, X* is of cotype
2 so by Lemma 2, there is a Hilbert space H, a finitely additive spectral
measure ¥ in H, a bounded operator V,,, : H -» ¥ and a unigue zg in H

such that m(4) = Vi, BE(A)ay with |V,,|| < 1. So,

S| St o] = 3 | S0 an, s
i=1 k=1 j=1 k=1
< Jzof? 7 i:E(Ak Viale; :
F=1 k=1

= ol SN S S (Vi B (AR B4 T a0 )

'j=1 k=1 j’zl kl=1

—WWZZZVEMMU%WM

j= lj’mlk 1

—||mOHZZZZa %) “‘ (Vi B(A)V s, a0

§=1 /=1 k=1

Summing over 1 yields

5155 erians |
i=1 =1 k=1

< Csup{ Z ‘ SO maw), alPe) s me s, il < 1}

i=1 =1 k=1

< Clool* sup { 3 (Vo (A iy, 5} [mllow < 1}
< CllaalIVaali® 3l

j=1

which by Corollary 1 completes the proof as Vil < 1 for all m. =
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