Some applications of interior mappings
by
R. Sikorski (Warszawa)

§ 1. Introduection. This paper contains some applications of the
following theorems on interior mappings:

THEOREM I. A mapping ¢ of a topological space () X into a topo-
logical space Y s interior (2) if and only if

oY A) =g 1{A) for every set ACY.

TueorEM II. If a topological space has am enumerable open basis
and X < 2%, then X is an interior image (%) of a set Z of irrational numbers.

Theorem I was proved by A.D. Wallace [6] (see also [4]). Theorem IT

is a slight modification of a Theorem of A. Swarc [5] and will be
proved below (see § 3).

The first application concerns the problem of enumerable topological
polynomials.

By a topological polynomial we shall understand, roughly speaking
an expression o such that:

a contains some variables running through subsets of any topological
space;

these variables are connected by means of finite set-theoretical oper-
ationg (union, intersection, complementation) and of the closure opera-
tion only.

For ingtance, the expressions (4)

(1) A+B-(~(4+5),

() By a fopological space we understand in this paper a set X with a closure
operation satisfying the four well-known axioms of Kuratowski (see § 4, (1)). It is
not assumed that every one-point set is closed. )

(?) A mapping ¢ of X into ¥ is said to be-interior provided ¢ is continuous and
¢{@) is open in ¥ for every set & open in X.

(*) That is, thers exists an interior mapping of Z onto X.

() The set-theoretical union, intersection and complement will be denoted by
A+ B, AB and —4 respectively. The empty set is denoted by 0.
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10l polynomials with variables 4, B, C. .
e tI(;p;)vleo gfi;a‘a 1top%)logica:l gpace X, then every topologica..l polynomial «
(with variables A, B,..) can be interpreted as a mapping whose w;aw
riables A, B, .. run through all gubsets of X, and whose vz},lues anf g, x.s;)
subsets of X. Thig mapping will be denoted by ax- We write (}zlx =b 1t,
for arbitrary values of the variables A, B, .. (r-unmng thIpfug iuosg):
of X), ax assumes always the Ya,lue 0. We vimte a=0, i lei Tl) for
every topological space X. For instance, if o is the polynomial (1),
have a =0; if a i8 the polynomial (2), then « g:"‘.(). .
Me Kinsey and Tarski [1] have proved thab if ax, =0 for & uiepa.if
able metrizable dense in itself space X,, then o= 0. In partic ar_, :
ax = 0 for a dense in itgelf subset X of the Buclidean space, then a’=b 1.
In this paper we shall prove an analogous _theorem for enzmeilaa de
topological polynomials. By enumeml?le polya?omwals we shali un er)s :;mi
roughly speaking, some expression (4. e., finite sequences O 1s:gniﬁmonB
posed of symbols of the finite or enumerable set-theoretica gpe , ar,
of the symbol of the clogure operadaion1 and of symbols denoting 7-ary
ets of any topological space.
seqm’ﬁf: sfocl)lfo:vgllaj; problemsy a,ris%: Does there exists a topologicz% spa,ce= ;%0
such that, for every enumerable topological polynomial a, i ax, —bk;
then a = 0% Can the space X, with the above property be separa
- 2 |
e gllfsrll)g]i);fx;e angwer to the first question was given in [2] (in a_shght;yi
different formulation). The positive answer to the second q1'1est10n W
iven in § 6. ' )
" g&“lﬁ: secc§>nd application concerns Some problems in Ma,tfhem?‘f::l:}
Logic. It was shown in [2] that every formula « from the Le\ms‘ ;me ;eted
caloulus (or: from the Heyting functional calculus) can b.e in ir'p °
as an enumerable topological polynomial (deno‘ted in th1§ sec 1011e Xy
the same letter ). It was proved in [2] that therfa is a topological spacb . ni
such that a formula « is provable if and only if ox, = X,. The pro et
whether there exists a separable metric space X, with tpe a.box_re proper 7y
remained open. The positive answer to this problem will be given 1']; §§ g
As the third application of Theorems I and I‘I we shall protv]? 1501‘1_
a representation theorem for closure algebras. This theorem 18 the
i sroblem formulated in [4]. )
o (gfxe?lfilzllzflbsection contains a theorem analogous o .Theorem 1. This
theorem gives a new characterization of interior niappings.
§ 2. Some topological lemmas. A sequence {Ag} of subsets of

a geb X is vaid to separate the set X if, for arbitrary distinet @,y ¢ X,
14%
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there exists an integer n such that exactly one of the elements x, ¥ be-
longs to A,. Observe that a sequence separating X exists if and only
it X <2% In fact, the set C of all the sequences {a,} where a,= 0 or 1
is of the power 2% and contains a separating sequence 4, (e. g., let 4,
be the set of all {a,} such that a,= 0). Each subset of a set containing
a separating sequence, and each one-to-one image of it containg also
2 separating sequence. On the other hand, if {4,} separates X, then
the mapping

0 if
1 if

réd,,

p(x) = {a,} e where @,= { xed,

is a one-to-one transformations of X into ¢. Hence X < 9%,

A sequence {G,} of open subsets of a topological space X is said
to be an (enumerable) open basis of X if every open subset of X is the
union of some gets @,. A sequence {G,} of open subsets of A7 is said to
be an open subbasis of X if the set of all finite intersections Gy, @G,, ... G,
is a basis of X.

Let Y, denote the topological space composed of four elements
01y 925 1y fo With the closure operation determined by the cm}ditions

(‘7_1) =(g) = ¥, fu) = (fa) = (f1, o)

where {(a,, ..., @,) denotes the set composed of elements a, ..., a,.
The space Y, contains exactly three closed sets,

0, Fo:‘—'(fnfz); Yu

and exactly three open sets,

0, Go= (g1 G2); Y.

The open set &, is dense in ¥,.
Let ¥ be the enumerable Cartesian product ¥,xX ¥,x ¥yx ... with
the topology determined in the usual way by the topology in ¥,. The sets.

Hy=YgX 0. XX XGX Y XY X0t
‘—(-n-—-l)-times
together with 0 and ¥, form an open subbasis of Y.

Lemma 1. Hach topological space X of power 2™ and having an
enumerable open basis is homeomorphic to o subset of Y.

Let {4,} be a sequence separating X nad let {G,} be an open basis -

of X. The mapping
pla) = {ya(a)} e ¥,
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where
@ i weGud,,
play =1 9 B 2 de
h if Tedy—Gy,
f2 if it éA?1v+G’ll,

transforms X onto a subset ¢(X) of Y. The mapping ¢ is one-{o-one
since {4,)} separates X. It is continuous since ¢—3(H,)= @,. The map-
ping @ transforms open sets into open subsets of ¢ (X) since ¢ (G,,) = H,p(X).
This proves that ¢ is & homeomorphism.

LeMMA 2. There exists an interior mapping ¢ of the set N of all ir-
rational numbers onto the space Y. .

Let @ be an open dense subset of N such that the closed set ¥ = N—G
js dense in itgelf. The set # can be decomposed into two disjoint subsets
F,, F, dense in F. Analogously @ can be decomposed into two disjoint
subsets G, G, dense in @ (and, consequently, in N too). The mapping

fgo if

@ EGi,
(po(w): lfz if

HA 6 F i
(i=1, 2) is an open interior mapping of N onto ¥Y,. Consequently the
mapping

p({a}) = {pola)}  fOr  @pe NXNx ..

is an interior transformation of N XN X ... onto ¥ = ¥, X ¥y ... Since
NxN x ... is homeomorphic to ¥, Lemma 2 is proved.

§ 3. The proof of Theorem II. By Lemma 1 we can assume
that X C Y where Y is the space defined in § 2. Let Z = ¢~(X) where
@ is the mapping defined in Lemma 2. The mapping y = @|Z is an in-
terior mapping of Z onto X (%).

§ 4. Closure _éllgebras. By a closure algebra we shall understand
o Boolean algebra (¥) 4 with a closure operation which, with every ele-
ment A e 4, associates an element 4 e A in such a way that the Kura-

towski axioms;

Ay=4

A+B=A4+B, 0=0,
are satisfied.
(5) This proof of Theorem LI is a slight: modification of the proof of a theorem
of A. Bware [5]. .
(%) The Boolean sum (join), product {meet) and complement will be denoted by
A-+B, 4-B and -~ 1espectively (4, B ¢ 4). The enumerable sum (join) and produet
o o0

ACAH,

—

(meet) will be denoted (if they exist) by > 4, and H] A, or by 4,44, and 4,4,...
n=1 =

respectively (d,ed, n=1,2,..)
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For instance, the class C(X) of all subsets of & topological space X
is o closure algebra. More generally, every class A of subsets of a topo-
logical space X such that

if A,Bed, then A+4Bed, —AcA and Adecd

is a closure algebra (viz. a closure subalgebra of C(X)). Each closure al-
gebra A of this last type is said to be a closure algebra of subsels of X.

A mapping h of a elosure algebra A into a closure algebra B is said
to be a closure homomorphism if

h(A+B)=h(4)+h(B), h(4B)="h(4)k(B),
h(—A) = —h(4), h(A)=n(4) forany 4,Bed,

i. ., if it is a Boolean homomorphism preserving the closure operation.
"A closure homomorphism % of 4 into B is said to be a closure isomor-
phism (or: homeomorphism) provided it is one-to-ome. If there exists
a closure isomorphism of A onto B, then the closure algebras A and B
are said to be homeomorphic.

Tmvma 3. For every enumerable closure algebra A there exisis a set VA
of irrational numbers such that A is homeomorphic to « closure algebra C
of subsets of Z. Moreover, if

(1) A=Y Ani,  Bu= D Bus
n=1 n=1

(where A, By Angs Brged) are given enumerable sequences of infinite
joins and meets in A, then Z, C and the homeomorphism h of A onto C
can be so chosen that h preserves all the infinite joins and meets (1), 4. ¢,

(2) M= 2 h(And;  R(B)= D h(Bny)

i=1 =1
where 3 and [] on the right side of equalities (2) denote the set-theoretical
unions and intersections respectively.

It follows from [2], Theorem 10.1 that there exists a topological
space X and a closure isomorphism %, of 4 onto a closure algebra B
of subsets of X which has the property (2). Moreover, it follows from
the proof of [2], 10.1 that any pair of distinet points of X is separated
by a seb ho(4) C X where A «A. Since 4 <, we infer that X <o,
By Theorem II, there is a set Z of irrational numbers and an interior
mapping ¢ of Z onto X. By Theorem I, the mapping

h(4) = g~i(ho(d)) for Aed

is a closure isomorphism of 4 onto a closure algebra C of subsets of Z.
The isomorphism % has the property (2) since so has h,.
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§ 5. Enumerable topological polynomials. The exact defini-
tion of enumerable topological polynomials is a8 follows.
Consider all the expressions (inscriptions)

1) Tt

where A is the letter HA, : is the letter ¢, and m, j, k, ..., n are positive
integers. The number of the lower indexes is quite arbitrary, in particular
it can be equal to zero, i.e., the expressions of the form HA™ are also
allowed.

Tet @ be the smallest set of expressions such that

(a) P contains all the expressions (1);

(b) if a, f are in P, then (a+p), (a-f)y, (—a) and @ are in P

(¢) it @ is in P, then the expressions
(S wa ([]d),
©w=

where ¢ is the letter : and % is & positive integer, are in P.

Take an expression § belonging to . Some occurences of the lower
indexes iy, gy .y bn (Where « — letter, §, &, ..., » — positive integers) ab
the letters A are bound by a sign Y or []; some of them are free, i. ¢.,
not bound. Replace all the free occurrences Of 17y by +oey tn DY BOME DOS-
itive integers a,b, ..., @ respectively. The expression a obtained in this
way from f§ is said to be an enwmerable topological polynomial.

TFor instance, the expresgions

@ (- 5] - =)
(

([T (4543
=1
are enumerable topological polynomials, but the expression ( é‘lA") is

and

e

1
-

=}

not a topological polynomial.
Tet X be a topological space. Congider all the indexed sets of sub-

gets of X of the form

(3) A= {4zp,..a}»

4. ¢., MAPpPings which with every finite sequence m,d, b,.., 4 of pos-
itive integers associates a set Ay aCX.
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Clearly every enumerable topological polynomial o can be inter-
preted as & mapping which with every indexed set (B) of subsets of X
agsociates a subset of X. For this purpose it suffices

(a) to interpret in o the signs -+, -, —, 7, X, [] as the sign of the
usual set-theoretical or topological operations;

(b) to interpret in « the symbols 4 as variables running through
the set of all positive integers;

(c) to replace A by A everywhere in o.

The mapping determined by the enumerable polynomial « in the
space X in this way will be denoted by ax, and its value for the indexed
set (3) will be denoted by ax(¥).

We write ax=0 if ax(2) =0 for every indexed set U of subsets
of X. We write a =0 if ax==0 for every topological space X.

§ 6. A theorem on enumerable topological polynomials.
The following theorem gives the answer to the question discussed in § 1.
TrEOREM ITI. There exists a set 7 of irrational numbers such that,
for every enwmerable topological polynomial o, ay = 0 implies a = 0.
Observe that a space X such that

for every a ay=0 implies a == 0

cannot have too regular properties, in particular it can be neither me-
trizable and topologically complete nor a locally compact regular space.
In fact, the polynomial (2) defined in § 5 vanishes identically in every
complete metric space (by the Baire theorem) and in every locally com-
pact regular space, but it does not vanigh identically in every topo-
logical space (¢. ¢., in a space which is of the firgt category on itself).

We are going to prove Theorem ITT. In this section the letters a, B
will exclusively denote enumerable topological. polynomialy. We shall
write

1) a=f

if ax(¥) = fx(A) for every topological space X and for every indexed
set A of subsets of X (see § 5 (8)). Clearly the relation = is an equiv-
alence relation. The class of all # such that (1) holds will be denoted
by |a|. The set A of all |a|, where « is any enumerable topological poly-

nomial, is a closure algebra, the Boolean and the clogure operations being
defined by the formulae

o] = [a].

lal+18l=[(a+B),  |a]-18] = I(a- B)], —la] = |(=a)],

la| is the zero element of the Boolean algebra 4 if and only if o = 0.
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It is casy to verify that
oo o
’(L_:‘ V)i::|71‘+‘V2|+173‘+-~-’ H V)}::|V1|+|7’2|+|7’3|+---7
=1 ) =1

where y; it the enumerable topological polynomial obtained from y by
replacing each free occurrence of 4 by the positive integer i.

Since 4 is enumerable, there exist a closure algebra € of subsets
of 2 set Z of irrational numbers and an isomorphism » of 4 onto C
such that

’”(HS V”) ’S’b(lwl), h([(ﬁl y)|) = ]D: h(lyi)

el

(see Lomma 3). The space Z has the property mentioned in Theorem IIT.
To prove it, first we caleulate the value of az(¥) of ay for the indexed
geb W = {Ayh,. a} where

Wt = 1 (| Hl...a) C Z -

Tt follows easily from the commufativity of h and || with the signs
T ,}_], I[ that
(W) = h(|a]) .

The exact proof iy by induction on the length of w. ' '
Now if ay=s0, then h(la|) = az(¥) = 0. Since  is a Boolean iso-
morphism, we obtain |a] =0, i. 6., a =0, q. . d.

§ 7. Applications to Mathematical Logic. This section 1is
a supplement to the paper [2]. Notation and terminology are the same
a8 in [2]. 'We recall here some fundamental notions only. .

The letter I will always denote the set of all positive integers.

The Lewis functional caleulus (based on the Lewis system S& of
proportional calenlus) will be denoted by &% (). The logical constants
in S are -+, -, -, —, C and quantifiers Y and []. .

Bach formula « from &} can be interpreted as a topological “fune-
tional” denoted in [2] by (I, C(X))®. by treating: _

(a) the individual variables as variables running over I,

(b) the k-argument relation signs as variables running over the set
of all mappings of I'xI X ...xI (k-times) into C(X), . '

(¢) the signs -+ and . a8 the signs of the set-thegretmal union and
intersection respectively, the signs ~» and — as the signs of the opera-

(") The coleulus 87 iv exactly deseribed in [2] § 10.
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tions A-»B = (X—A)+B and —A4 = X—4 regpectively, the sign C as
the sign of the closure operation in X,
(d) the signs 2 and f | as the signs of the infinite set-theoretical

union and Jntersectlon respectlvely, where the variable z runs over I.

The exact definition of (I, C(X))(D,, ig given in [2] § 5. If this fune-
tional assumes only the value X (for each possible value of the variables
mentioned in (a) and (b)) we write

(1) (I, CX)P,=X.

Tt was proved in [2], 10.6 that a formula o is provable in S} if and
only if (1) holds for every topological space .X. Moreover there exists
a special topological space, denoted in [2] by &3, such that a formula o
is a theorem of &} if and only if (I, C(&3))®.== &3.

Now we shall prove the following more precise theorem, which is .

a logical analogue of the topological Theorem ILL

TamorEM IV. There ewists o set Z of irrational numbers such that,
for every formule « in 8%, ais provable in S7 if and only if (I , C(Z ))(D,,: Z.

We recall that the topological space &3 mentioned above is con-
structed as follows: We form the Lindenbaum algebra L, of &% (i. e,
the closure algebrs obtained from the set of all' formulas in S} by the
identification of equivalent formulas). We represent isomorphically L,
as a field 2, of subsets of a space &5 (this Boolean isomorphism should
preserve all the infinite sums and products corresponding to the logical
quantifiers). We can assume that the sets in £, separate the set %3

{for if not, we can identify pomts which are not geparate by any set
in £;). Thus

g‘o «)R

Now we assume that the sets in £, corresponding to the formulas of
the form

~C—8

(¢. ., of the formulas 18 where I= — C— is the logical congtant cor-
respondmg to_the topological interior operation) form the open basis
of ¥). Since E,== = x4y, the topological space %) thus defined has an enu-
merable open basis.

By Theofem II, there exist a set Z of irrational numbers and an
int?ior mapping ¢ of Z onto ¥;. Thus, by Theorem I, the transfor-
mation

h(B)=¢ YB) (for BC &)
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is o closure isomorphism of C(X3) into G(Z) preserving all the infinite
unions and intersections. Hence, if (I, C(Z))®,= Z, then, by [2], 5.5,
the superposition of k and (I, C (89 )@ is identically equal to Z, which
implies that (I, C(%3))P, = &), i. 6., that o is provable in Sf. Con-
versely, if is provable in eS‘ *, then (1) holds for every topological space X,
in particular it holds for Z.

The problem analogous to that of Theorem IV can be also examined
for the Heyting (4. e., intuitionistic) functional caleulus &, described
exactly in [2] § 11. The logical constants in &y are +, -, —, 71 and the
quantifiers > and [].

For every topological space X, lob H(X) denote the class of all open
gubgets of X. We shall consider H(X) as an abstract algebra (¥) with
regpect to the usual set-theoretical operations

(2) A4-B and A4-B
and to the operations

(8) A~»B =int (X —A)+B),
4) T4 == int (X —A4)

where int(4) denotes the interior of the set A CX. Clearly H(X) is
a complete lattice (with respect to -- and ). The infinite lattice sum
(join) in H(X) is the usual set-theoretical wnion, the infinite lattice pro-
duet (meet) in H(X) iz the interior of the get-theoretical intersection.

Every formula a in ¢ can be interpreted as o topological “fune-

tional” denoted in [2] by (I, H(X))®. by treating:
" (a) the individual variables as varviables running through I,

(b) the k-argument relation signs as variables running through the
set of all mappings of I XI X ..xI (k-times) into H(X),

(¢) the signs + and - ag the signs of the set-theoretical union and .
intersection respectively, the signs —~ and 7 as the signs of operations
(3) and (4) respectively,

(d) the quantifiers 2, and ] | as the signs of the infinite lattice sum

and product in H(X) respociwo]y, where the variable 2z runs over I.
The exact delinition of (I H (X))(I),‘ is given in [2] § 6. If this fune-

tional assumes only the value X (for all possible values of the variables

mentioned in (a) and (b)), we write

(8) (I, H(X)) D, = X .

-

(%) Called “Weyting algebra” in [2].
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It was proved in [2], 11.6 that a formula « is provable in & if and
only if (5) holds for every topological space X. Moreover, there exigty
a special topological space denoted in [2] by ¥y such that a formula o
in ¢ is provable in & if and only if (I, H(&,))P.= ;.

Now we ghall formulate the more exact theorem:

TaROREM V. There ewists a set Z of irvational numbers such that,
for every formule o in SF, « 48 provable in Sy if and only if
(I, H(Z)®.= Z.

The proof of Theorem V i3 the same as that of Theorem IV. Theo-
rem V can also be easily deduced from Theorem IV and the set Z men-
tioned in Theorem V may be identified with the set Z in Theorem IV.
This follows easily from the fact that with every formmla in &) we
can associate, in a very simple manner, a formula y(«) in S in such
a way that o is provable in &f if and only if (a) is provable in &%
(see [2] § 1B). Consequently instead of (I, H(X))®, it suffices to congider
(I y C (X ))@w(a)'

Statements analogous to Theorems IV and V hold also for the non-
classical functional caleuli &%, & and & examined in [2], §§ 12-14.

Observe that Theorem IV (and consequently Theorem V) can be
deduced dirvectly from Theorem ITI since there i3 a simple natural cor-
respondence between enumerable topological polynomials and logical

formulas. Consequently the set Z satisfying Theorem IIT satisfies also
Theorems IV and V. :

§ 8. A representation theorem for closure algebras, This
section iy a supplement to the papers [3] and [4]. The terminology and
notation are the same as in [3] and [4]. According to the lhypotheses
agsumed in [3] and [4], we suppose in this section that all the closure
algebras under consideration are ¢-complete Boolean algebras.

We recall (see [3], p. 176) that two closure algebras 4 and B are
said to be weakly homeomorphic if the closure subalgebras of all Borel
elements of 4 and B are homeomorphic. If 4 is a closure algebra with
an enumerable open basis, and I is & o-ideal of 4, then 4/I denotes
the clogure algebra defined in [3], § 9, 4. e, A/I is the Boolean factor
algebra and the open elements of 4/I are those deftermined by {he open
elements of 4.

Combining Theorems I, II and [4] (xii) we obtain the following

TraworeM VI. For every closure algebra A with an enumerable open
basis there ewist a closure subalgebra S of the closure algebra of all subsets
of the set of all irrational numbers, and a o-ideal I of S such that A4 is
weakly homeomorphic to S/I.
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§ 9. A theorem on interior ‘mappings. As in § 7, let H(X)
denote the class of all open subsets of a topologieal space X. We shall
congider H(X) as an abgteact algebra with the three binary operations
(see § 7, (2) and (3))

AR s the set-theoretical union of 4 and B,

A B = the set-theorvotical infersection of A and B,

AB - the interior of the set (X —A4)+-B.

As seen in § 7, such opevadions appesr, in a natural way, in Togical
investigations counected with the Heyting funetional ealenlus.

Tt X and ¥ bo topological gpaces. A wapping h of H(Y) into H(X)
i guid 1o be wn H-homemorphism provided

(1) h{A 4By h(A) [-0(B),
(2) (A -BY i h(A)-h(B),
(3) h(A-»B). s h(d)->h(B)

for overy sets A, B e H(X).
If ¢ in o mapping of X into Y, and

() R(A) = g='(4)  for all A eH(Y),

thewn A maps H(Y) into H(X) if and only if @ is continuous. Obviously
the mapping A defined by (4) satislies (1) and (2). However, condition (3)
is not always satisfied. Thiv fact is nearly explained by the following
theorem:

Tumorim VIL Let h be defined by (4). If @ is an interior mapping
of X into Y, then b is an H-homomorphism. Conversely, if Y is o Haus-
dorff space satisfying the first awiom of countability (°) and h is an H-homo-
morphism, then @ is an inierior Mapping.

It ¢ is an interior mapping, then, by Theorem I,
g=tint () == int{p=(())  Tor every set ¢CY.
Thus
R{A->B) = g {int{(Y - A4) | 1;)) s b= Y A) = (B)) == W(A)=h(B) .
Conversely, it # is an H-homomorphism, then

g {int () == inble=+(0)

(" That is, if overy poink y ¢ ¥ has an enumerable completo system of neigh-
bourhoods.
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for every set CC Y of the form ¢ = F--G where I ig closed and @ is
open (to prove it, assume that 4= X—F and B == @G in (3)). By pas-
gage to complements, we infer that

(5) p~YD) = p=}D)
for every get DC Y of the form D = F.G where I ig closed and G is
oper.. In particular, (4) holds in D is the set of all terms of & convergent

sequence. This implies, under the hypothesis that Y satisfics tho first
axiom of countability, that

'(6) ' ¢~1(0) Cp~Y(C) gCcy.

In fact, if ¢(z) ¢ C, then ¢(z) e D where D C € is tho sot of all terms of
a sequence convergent to ¢(z). Hence

for every sot

w ep=1(D) = p=(D) C¢~Y(0).-

On the other hand, ¢ is continuous since % transformas H(Y) into
H(X). Therefore
! ¢~1{0) Co~(C) cCY.

Tt follows from (6), (7) and Theorem I that ¢ is an inferior mapping.

for every set
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On some equation in transfinite ordinals

by

S. Swierczkowski (Wroctaw)

In thig paper we consider the equation

) £ =n"+q,
where ¢,y > 1 are not limit numbers and ¢ is finite.
TaroREM 1. If ¢=10, then all ordinals &, n which are not Vil
numbers and satisfy (1) are given by the formulae
f=wm, =
where the exponents m,n are finite and satisfy
mep = ny .
THEOREM 2. If ¢ > 0, then no transfinite ordinals &, n satisfy (1).
Theorem 2, for g = 1, p = 2, = 3, wag proved by W. Sierpinski [2].
1. Let ug denote by (a, b) the largest common divigor of a and b.
AuxitiARY Lomma. If k,1 are natural numbers, s = (k,1), k= k's,

1==1Us and for an ordinal v and @ sequence of ordinals g, -.., y which has
at least kl'—1 elements (i. e., t = ki'—2)

(2) v+ g =+ ppaa= i
holds, then
(3) i = ¥ iyt -

Proof. Bvidenily we can assume that s <k, l. There exist such
numbers p, ¢ that 0 <p <V and

(4) pl'—ql' =1, phk—gl=s.
Trom (2) and (4) follows
(5) i = P+ py o= v+ @l + pirara = ¥+ P14

for j-+pk < t. We shall prove first that (3) holds for j=0, ey B— 1.
It is p < I'. Indeed, if p = 1’ then from (4) follows I’ = 1, which contra-
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