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Abstract. Let H be a cocommutative connected Hopf algebra, where K is a field
of characteristic zero. Let HT = Kere and ht = h —e(h) for h € H. We prove that
dp = Zzl((fl)r+1/r) SThf.. h;" is primitive, where Y hi®...Qhr = Ar_1(h).

1. Introduction. Let K be a field of characteristic 0. In [2] it is proved
that if D = (Dy, D1, ...) is a higher derivation of a commutative algebra A,
then the linear maps

dn:zn:(_lgrﬂ Z Dil"‘Dir7 nZl,

r=1 11++’LT=TL

are derivations of A.
Inspired by this result we prove the following:

THEOREM. Let H be a connected, cocommutative Hopf algebra over K
with comultiplication A : H — H @ H and counity ¢ : H — K, let H" =
Kere, and let h* = h —e(h) for h € H. Then for any h € HT the element

oo (_1 r41

dp = 2 > hf.nf

r=1
is primitive, where Y h; ® ... ® h, = A,_1(h) (the infinite sum has only a
finite number of non-zero summands).
As consequences of this theorem one gets:

1.1. COROLLARY. Let H be as in the Theorem, and let A be an arbitrary
(not necessarily commutative) H-module algebra. Then for any h € H* the
linear map dp, : A — A, dp(a) = dpa, is a derivation of A.

Corollary 1.1 gives us Saymeh’s above-mentioned result for the con-
nected and cocommutative Hopf algebra H = K{(xg,x1,...), xo = 1, A(zy,)
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= Zi—}—j:n x;®xj, (x;) = 0;,0, where the antipode is given by the inductive
formula: S(zo) = 2o, S(2n) = — 3244 jop 1 Ti+15(2;) (dy = d, for h =z,
n>1).

1.2. COROLLARY ([3, 13.0.1], [1, 5.6.5]). Every connected, cocommutative
Hopf algebra over a field of characteristic O is isomorphic to the universal

enveloping algebra U (L), where L is the Lie algebra of all primitive elements
m H.

Throughout the paper K is a fixed field of characteristic 0 and H denotes
a connected Hopf algebra over K with comultiplication A : H - H ® H
and counity € : H — K. Connectedness of H means that K1p is the unique
simple subcoalgebra of H ([1], [3]). The ideal Kere will be denoted by H*.
We define the maps A, : H— H®"1 n >0, by induction: Aq=id, A, =
(ARid®...®id)A,_1, n>0. Moreover, we write A, (h)=> h1®...Qhpy1.
In particular, A(h) = > h; ® ho.

As usual, Z stands for the set of rational integers.

2. Results. Let Hy C H; C ... be the coradical filtration of H [3, 9.1],
and let Hf = H,NH™. For every h € H we have the unique decomposition
h =¢e(h) + ht*, where e(h) € Hy, ht € HT.

If h € H', then we know that A(h) = h® 1+ 1® h + f, where
f€H! , ®H  (this is a simple consequence of [3, Corollary 9.1.7]).

Let D : H - H®H denote the linear map defined by D(h) = 1&@h+h®1.
Observe that D is not coassociative. Using D we define the map AT : H —
H ® H via AT = A — D. Observe that A*(h) =Y hf @ h] for he HT.

2.1. LEMMA. The map A" is coassociative, i.e.,
(AT ®id)AT = (ideAT)AT.
Moreover, if A is cocommutative, then so is AT.

Proof. For the first part, observe that since A is coassociative, it is
enough to show that L = R, where

L=(AT®id)AT — (A®id)A = (A®id)D + (D ®id)A — (D ®id)D,
R=(1d®AT)AT — (id®A)A = (Id®A)D + (id®D)A — (id®D)D.
We have
L(h) = (A®id)(h®1+1® h)
+(D®id)<2h1®h2> —(D®id)(h®1+1®h)
=Y M @hh®1l+Y heloh
+Y 1@meh-helel-10hel-101ah
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= (h®1®1+21®h1®h2>

+(Zh1®h2®1+2h1®1®h2)

~(h®2@1+10h21+121®h)
= ([d®A)(h@1+1®h)

+ (id®D)<Zh1 ® hz) — ([d®D)(h®1+1®h)
— R(h).

If A is cocommutative, then cocommutativity of A™ is obtained directly
from the definition. m

Now we define the linear maps A} : H — H®"T1 by the inductive
formula

Af =id, A}l =(AT®id®...®id)AS n>1.

n—1
It is easy to see that if h € HT, then Af(h) =Y h{ ®...® ), ;. Assume
that h € H,I. Then using the inclusions A(H,) C 37, ,;_,, H;i® Hj [3,9.1.7]
we have A, (h) € 32, 0 4, Hiy ®...® H;,, for every r > 0. Hence
AF()=>"hie..enf,e Y Hi®. .eH foralr>0,

Tr41
i1 +~~~+ir+1:n

which implies that Af (k) = 0 for all 7 > n, because Hy" = 0.

From now on, we assume that H is cocommutative.

DEFINITION. Let t, e, s be integers. We define the non-negative integers

Qt,e,s by
t e
Qt,e,s - <6> <t o 8),

where (:}‘) =0foru<0orv<0oru<wv. Itisobvious that Q¢ s # 0 if
and only if ¢, e, s satisfy the conditions: £ > 0,0 <e <t,0<s<t,t <e+s.

2.2. LEMMA. Let t,e,s be integers.

(1) If t> 07 then Qt,e,s = Qtfl,efl,s + Qtfl,e,sfl + Qtfl,efl,sfl-

(2) If F:7Z3 — Z is a function satisfying the conditions:
(a) F(x,y,2) = 0 for integers x,y, z which do not satisfy one of the

conditions: t > 0,0<e<t,0<s<t, e+s>t,
(b) F(0,0,0) =1, F(0,y,z) = 0, provided y # 0 or z # 0,
(C) F(:U,y,z) = F(i[]— 1,2/_ 1,Z+F(I’— 1,y,2— 1))
+F(‘T_17y_152_1))
then F(t,e,s) = Qs for all t,e,s € Z.
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Proof. (1) First we notice that Qo 0,0 = 1. Now let ¢ > 0. If e, s do not
satisfy one of the conditions: 0 < e <t, 0<s <t t<e+ s, then clearly

Qt,e,s = Qtfl,efl,s = Qtfl,e,sfl = Qtfl,efl,s—l = 0 and equality (1) is
obvious. Now, assume that 0 < e <t, 0<s<t,t=e+s. Then

t
Qt—l,e—l,s—l = 07 Qt,e,s = <€>7

t—1 t—1
Qt—l,e—l,s = ( )7 Qt—l,e,s—l = ( )
e—1 e

and the equality Qe s = Qt—1,e—1,5s + Qt—1,e,5-1 + Qt—1,e—1,s—1 is the well
known property of the Newton symbols.
The second case is 0 < e <t,0<s<t, t<e+s. In this situation

Qi-1,e—1,s T Qi—1,e,5-1 + Qt—1,e—1,5-1

S G [ Rt G R R Gty [y

(t—1)!
C(t—e)l(t—1—s)l(e—t+s)!
(t—1)! (t—1)!
TSI oli—s)(e—t+s)  (G—el(i—s)e—1—t+s)
@t =DN(t—s)+(t—e)+(e—t+s)) t!
B (t—e)(t—s)l(e+s—1)! C(t—e)(t—s)(e+s—t)

=()(5,) s

(2) If x < 0, then F(z,y,2) = 0 = Quy,.. If 2 =0andy # 0 or
z # 0, then F(z,y,2) = 0 = Qqgy,. and F(0,0,0) = Qo,0,0. Now we show
the equality F(x,y,2) = Q. for x > 0. We proceed by induction on z.
Assume that F(z,y,2) = Q.. for a fixed x > 0 and all y, z. Then

F(ZL‘—I—]_,y,Z) :F(x,y—1,Z)+F(ﬂs7y,z—1)+F(aj,y—1,z—1)
= Qw,y—l,z + Qm,y,z—l + Qr,y—l,z—l = Qm+1,y,za

by the inductive assumption and part (1) of the lemma. m

2.3. LEMMA. For all integers e, s > 0,

Sor( ()

p=0

Proof. This is equality (35) in [4, Chap. 2]. m
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2.4. THEOREM. If h € HT, then
=y CUT S
r=1

is a primitive element in H, where > hi ®...®@ ht = AT | (h).

Proof. Obviously, h € H; for some n > 0. We have to show that
A(d) =1®d+ d® 1. We will use the following notation:

=> nf.hf
Rbetm = Z AT Ry b @ R R )
i = Z h‘f h+ ® hz—i—l h:rj

Clearly, hi.0.0 = A(f), hotm = g and d = 37 (=1)1 /1) fr, because
Af(h) =0 for r > n. Now we show the following equality:

(%) P im = Pk—1,041,m + A—1,0,m+1 + Dk—1,141,m+1-

One knows that A(h) = h®1+1®h+ > ki ®hy and that At is cocom-
mutative. Hence

Z Ahf R (W P @ B hy)
= ZA h1+ bR @b R )
+D AT R (B @R )
Y AMT )R B © R )
= SCAMT b B R @ B )
+ Z AT B (B By @ )

Y AR ) @ R ),

which proves (x).
Next we apply (*) to prove by induction on ¢ that

(**) hk,l,m = Z Qt,e,shk—t,l+e,m+s for all ¢ <k.

0<e,s<t
e+s>t

If t = 0, then it is obvious. Assume that (*x) is true for some ¢ < k. From (x)
it follows that
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Ni,i,m

= E Qtres(Mk—t—114e+1,m+s T Ph—t—1,11e,mts+1FPb—t—1,14e+1,m+s+1)
0<e,s<t

e+s>t
= E Qt,e,shk—t—l,l—l-e—l-l,m—‘rs
0<e,s<t
e+s>t
+ g Qt,e.sPk—t—1,14¢,m+s+1 + E Qt,e.sPk—t—1,14e+1,m+s+1
0<e,s<t 0<e,s<t
ets>t e+s>t
= E Qt,e—l,shk—t—l,l+e,m+s
0<s<t
1<e<t+1
e+s>t+1
+ E Qt,e,s—lhk—t—l,l+e,m+s + § Qt,e—l,s—lhk—t—l,l+e,m+s-
0<e<t 1<e
1<s<t+1 s<t+1
e+s>t+1 e+s>t+2
But
E Qt,e—l,shk—t—l,l+e,m+s = § Qt,e—l,shk—t—l,l—i-e,m-‘rsa
0<s<t 0<e,s<t+1
1<e<Lt+1 e+s>t+41
e+s>t+1

because Q¢ —1,s = Qt,e—1,0+1 = 0. Further,

E Qt,e,s—lhk—t—l,l+e,m+s = E Qt,e,s—lhk—t—l,l+e,m+57

0<e<t 0<e,s<t+1
1<s<t+1 e+s>t+1
e+s>t+1

because Qre,—1 = Qi+1,5-1 = 0, and

E Qt,e—l,s—lhk—t—l,l+e,m+s = E Qt,e—l,s—lhk—t—l,l—l—e,m—l—s,

1<e,s<t+1 0<e,s<t+1
e+s>t+2 e+s>t+1

because Q¢c—1,5s-1 = 0 if e, s satisfy one of the conditions e = 0, s = 0,
et+s=t+1.

Hence

hk,l,m = E (Qt,e—l,s + Qt,e,s—l + Qt,e—l,s—l)hk—t—l,l+e,m+s~
0<e,s<t+1
e+s>t+1

By Lemma 2.2, QtJrl,e,s = Qt,efl,s + Qt,e,sfl + Qt,efl,sfla whence
hk,l,m = § Qt,e,shk—t—l,l+e,m+37

0<e,s<t+1
e+s>t+1

which proves ().
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Now using (xx*) for t = k, [ = m = 0 and the definition of Q; . s, we have

k e
hioo= Y ( ) ( )ho,e,s,
0<es<k ¢ k—s

e+s>k
whence
A =teoo= 3 (M)(,€
k) = Nk,0,0 = e )\ _s Ge,s»
0<e,s<k
e+s>k

because hg s = ge,s- It follows that

aw =3 S a3y B 5 (), )

r=1 0<e,s<r
e+s>r

Denote by we s the coefficient at g. s in the above sum. If e;s > 1 and
e + s < n, then we have, forp:r—e

e+p+1 e+p
wes:
=S ()

p=

S 0)

Since
1 <e+p> _(e+p—-1Dle+p) 1<e+p1>
e+p\ p (e+ple(e—1)lpl e p
we get
_{)etl 8 _
We,s = ( 1) Z<_1)p<e+p 1)( ¢ > :07
e = p §—p

by Lemma 2.3. Thus we have shown that w. s =0 fore,s > 1, e+ s < n.
If e + s > n, then clearly g.s = 0, as Af(h) = 0. The last case is e = 0
or s = 0, but then it is obvious that wg s = (=1)**!/s, we g = (—1)¢T1/e.
Consequently we have

n -1 r+1
A(d)zz(r(gr,o+go,r)=d®1—|—l®d. n

r=1
2.5. COROLLARY. If h € H, then

n (_1)7‘—1—1
d= Z Zh* :ZTZ@...M

2.6. COROLLARY. The Hopf algebra H is generated, as an algebra, by
the set P(H) of all primitive elements in H.
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Proof. Let A C H be the subalgebra of H generated by P(H). We need
only show that H,” C A for all n > 1. This will be done by induction on n.
Clearly, H;” = P(H) C A. Assume that H,;" ;| C A and take an h € H, .
From the theorem above we know that

d= Z Ziﬁ .h} € P(H) C A.

Hence by the induction assumption,

r+1
e = Z > hi.hfeAa
r=2
because Y} hi ®@...@hf = A (h)e>, , , _ H'®.. ®+H, and
Hy" = 0. This implies that h =d — e € A, and consequently A = H. =

2.7. COROLLARY ([3, 13.0.1], [1, 5.6.5]). The Hopf algebra H is isomor-
phic to the universal enveloping Hopf algebra U(L), where L is the Lie
algebra of all primitive elements in H with [x,y] = xy — yz.

Proof. Let f:U(L) — H be the morphism of Hopf algebras induced
by the inclusion L C H (f(y) =y for y € L). Since, as we showed above in
Corollary 2.6, H is generated by L, we see that f is surjective. Let P(U(L))
denote the set of all primitive elements in U(L). From the P-B-W theorem
it easily follows that the natural map L — U(L) induces an isomorphism
L ~ P(U(L)). Hence, in view of [3, 11.0.1], f is injective. m

ExXAMPLE. Let H be the Hopf algebra defined as follows:

H = K(xg,z1,...), xo=1 (the free algebra on z1,zs,...),
Tp) = Z r; @xj, &(xn) = Ono-
i+j=n
The antipode S is given by the inductive formula
S(zg) =x0=1, S(zpt1) Z zi+15(x;), n>0.
i+j=n

It is not difficult to show, using [3, 11.0.2, 11.0.6, 9.0.1, (b), Exercise (4),
p. 182], that H is connected.

Observe that an action of H on an algebra A is nothing else than a higher
derivation (Dy, D1, ...) of A (D;(a) = x;a, i > 0). Let us apply Theorem 2.4
to h = x,, n > 1. Since

Aj:—l(h) = Z Liy ®...8 L, s
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we see by Theorem 2.4 that the element

n r+1
(=)
= T Liq o Ty,
r=1 11+...+i=n
1 yeenytpr >0

is primitive. Hence

dh— E E— E D“...DZT. —
r=1 ’I,1++’LT='VL
01 ye.str >0

is a derivation of A. This is just Saymeh’s result [2, Prop. 1].
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