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Abstract. In this paper we show an asymptotic formula for the number of eigenvalues
of a pseudodifferential operator. As a corollary we obtain a generalization of the result by
Shubin and Tulovskii about the Weyl asymptotic formula. We also consider a version of
the Weyl formula for the quasi-classical asymptotics.

In [11] Shubin and Tulovskil discuss the class of pseudodifferential oper-
ators

Af(x) = 8862“““”‘“@(:6 . ,s> F(y) dy de

2
on RY whose Weyl symbols are positive and satisfy
(i) clwl’ < a(w) < Clwl?,
(ii) |0%a(w)| < Cpa(w)t=2el,
(ii) [{a’ (w), w)| > Ca(w)' ",

where § > 0, 0 < k < ¢ < 1, p € N are fixed constants, « € N* and
w € R, Such an operator A is selfadjoint on L?(RY), bounded from
below, and has a discrete spectrum. Shubin and Tulovskiil prove the Weyl
asymptotic formula

Na(N\) = “ dw+O(\7), 0<o<p—k,
a<)

for the number of eigenvalues of A smaller than or equal to .

This has been extended by Hormander [5] to much more general classes
and with better estimates for the error term within the framework of his
general Weyl calculus. Then a similar question was considered by Glowacki
[4] for the class of positive symbols with the following properties:

(a) 0%a(w)| < Caa(w)' ™%,  |a| >0,
(b) |0%| < Cyo, | >1,
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(c) lim a(w) = co.

[[wl|—o0
This class is larger than that of Shubin—Tulovskii and is not included in any
of Hérmander’s classes. However, the Weyl formula still holds. The reader is
referred to the papers quoted above for comparison of the estimates of the
error term.

The first goal of this note is to show that a special case of Glowacki’s
theorem still holds even if the condition (b) is dropped. For this we will
use a version of Beals’ theorem on fractional powers of pseudodifferential
operators (see Beals [1]). This reduces the proof to the theorem obtained by
Glowacki.

The other part of the paper is devoted to the quasi-classical asymptotics
Nagy(A) = b~ N(V(A) +O(h'?),  h—0,

where A,y = Op(a™), a™(z) = a(vhz), h > 0, for positive symbols
satisfying

(a") 10%a(w)| < Cpa(w)eloD+  with ¢, = max(¢,0), t € R,
() lim a(w) = oco.

flw||—o0
We use Glowacki’s version of the Shubin—Tulovskii method of approximate
spectral projectors based on a lemma of Hormander [5]. This improves
results of Roitburd [9] (see also [10]).

We would like to express our thanks to Professor Pawel Glowacki for the
inspiration and enormous help we received during work on this article.

1. Pseudodifferential operators. Let V' be an N-dimensional vector
space and V* its dual space. Fix a Euclidean norm on V' and the dual norm
on V*. The space W =V x V* with the product norm will be called the
phase space. Let {e; };Vzl be an orthonormal basis in V' and {e; }?fNH the
dual basis in V*. For a multindex o € N2V and a smooth function f on W
we define

1

Of =07 ... 05" f,  where 8jf(w):2—m,%

flw+tej).
t=0

In the phase space W we define the following symplectic form:
O'(ZU, ’U) = yg — 1,

where w = (z,¢) and v = (y,n). Moreover, let (v) = (14|[v|?)'/? for v € W.
Then we have Peetre’s inequality

(1) (v +w) < V2(v)(w).
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A strictly positive, continuous function m on W is called a weight if
m(w~+v) < Cm(w)(v)"
for every w,v € W and some constants C,n > 0. In particular, for every
weight m we have

é<w>—” < m(w) < Clw)".

The set of weights is a group under multiplication. Moreover, if & € R and
m is a weight, then m® is also a weight. For a fixed weight m we define
S(m) to be the set of all functions a € C°>°(W) such that

max |m~'0%l < oo fork=0,1,2,...

|| <k

Let S(V') denote the space of Schwartz functions on V. Every function

a € C*(W) having derivatives with a common polynomial growth (e.g.
a € S(m)) defines a continuous endomorphism A = Op(a) : S(V) — S(V)
given by the Weyl formula

Af(x) = [| &m0 (”” - y,g) f(y) dy de.

Such an operator A is called a pseudodifferential operator and the function
a is the symbol of A. We denote by L£(m) the class of operators Op(a) with
a € S(m).

We will use the following propositions:

(1.1) PROPOSITION (see [3]). If A € L(my) and B € L(mg), then AB €
L(mymsz) and for k € N large enough, we have

1+4,)" b 4
ao b(w) — 4N SS ( + ) C;E:,U + U) (1 + Av)k |: (’U) ‘2:):| e47rza(v,u) du dv,
(2u) (2v)
where a o b denotes the symbol of AB.

(1.2) PROPOSITION (see [3]). Ifa € S(my), b € S(mg2) and 0%a € S(m}),
0%b € S(mb) then r(a,b) = aob— ab € S(mim)). Moreover,

av X0 1+t2A)6a(w—i—u)
=10
« (1 + Av)k |:8j+Nb(u;k+ U):| 647ri<7(v,u) du dv
(2v)

gNl 1—|—tA)(9+Na(w—|—u)
7 2 )] e

" [8 ;i b(w —l— v)

x(1+A
(20)*

:| 4dmio(v,u) du dv.
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A symbol a € S(m) is called elliptic if for some constants C, K > 0,
la(w)| > Cm(w) for |w| > K and
0% € S(m'~9)  for |a| > 0 and some ¢ > 0, independent of «.

(1.3) PROPOSITION (see [3] and [4]). Suppose m > ¢ > 0 is a weight and
a is an elliptic symbol in S(m). Let Op(a) : S(V) — L3(V).

(i) If a is real-valued then Op(a) is essentially selfadjoint.

(i1) If a > 0 then Op(a) is bounded from below.

(iii) If lim|y|— 00 m(w) = 00, then the spectrum of Op(a) is discrete.

(iv) If limyy 00 a(w) = 0, then Op(a) is compact.

(1.4) PROPOSITION (see [4]). If a > 0 and maxoc|q|<an+2 |[0%a| < C,
then

Op(a) = —LC,

where L is a constant independent of a.

(1.5) PROPOSITION (see [10]). If a € S(m) and a > 0, then Op(H *a) is
positive, where H(w) = e=27IwII") " (Here » denotes convolution.)

We will also need the following technical estimates:

(1.6) PROPOSITION (see [4]). Let a and b be symbols. Then

°r(a,b)||, < C 0” || -
|9%r(a,0)ly < | max 0%l max 1070l
Moreover, if 0ja € S(my) and 0;b € S(mg) for j =1,...,2N, then
9%r(a,b)|| < C 9%b
o ra, D)l <C_ max - mo]
and
l0°r(a. b)) <C  max ~[med%al.

0<|8]<|a|+2k+1
(1.7) PROPOSITION (see [4]). Lete, f € S(1), a € S(m) and dja € S(n),
for j=1,...,2N. Then for all o and k sufficiently large

l0%r(e,a, )l < C(_ max 00l fll

0<|BIL | +k
+ max 9% (ea max P
oo X 10°( )HOO(KWKWWH fllo
max dPe max n b .
oo X | HOOMB‘S'QHIC [m0” fll )

Let H be a Hilbert space with an inner product (-,-). An operator T' €
L(H) is called a trace operator if there is an orthonormal basis {e,} such
that

Z (Teq,eq)| < 0.
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Then the number

TrT = Z(Tea, o)

«

does not depend on the choice of basis and is called the trace of T. We let
T[] ¢, = T |T7.

(1.8) PROPOSITION (see [4]). Ifa € L*(W) and Op(a) is a trace operator
then

Tr Op(a) = “a(m, €) dx d¢.

(1.9) PROPOSITION (see [4]). Let acC®(W). If 3%a € LY(W) for |a| <
2N + 1, then Op(a) extends uniquely to a trace operator A on L?>(V) and

Al <C o0~ .
Al <O max (9%l

Let us also state a lemma which connects the condition (a’) with the
definition of weight (the proof of the lemma relies only on Taylor’s formula).

(1.10) LEMMA. If a > C > 0 and there exists o > 0 such that |0%a| <
Coat 71195 for all o, then 1+ a is a weight.

2. Classical asymptotics. Let A be a selfadjoint operator bounded
from below with a discrete spectrum. We denote by Na(\) the number of
eigenvalues of A less than or equal to A (counting with multiplicities). For
a positive function a € C*°(W) we define

Vo) = | dw and 4,(t) = inf |{a(w),w)|.
a<A a(w)=t
For A\, m > 0, we also define

A+m

v(Am)= | va(t)"'dt.
A

(2.1) PROPOSITION. If for t > X\ we have 14 (t) > 0 and v(A,m) <log2,
then

Va(A+m) — Va(A) < 20X, m)V,(N).

Proof. Note that V is increasing, hence differentiable almost every-
where on RT. By formula (28.41) of Shubin [10] for ¢ > A we have

Va()/Va(t) < pa(t)™
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Using a simple estimate e* — 1 < xe” valid for £ € R we obtain

VoA +m) — Va(\) MY
A e"p< ) @ dt) -

A
A+m

V() SAC
< 2L dt - 2L dt
<) %0 exP( ) %
A A
<2v(A,m). m
The following theorem is a particular case of the theorem due to Glowacki

(Theorem (2.3) of [4]).

(2.2) THEOREM. Let m be a weight such that limj, | m(w) = oo and
let b be a positive elliptic symbol in S(m). If
|0%b(w)| < Cy  for |a| >0,
and
Up(t) > Ct",  where 0 <r <1, t >0,
then for X\ large enough
Nop()(A)
Vo(N)
We will show that a similar theorem is true with a weaker assumption
|0%b(w)| < Cub*~2(w)  for |a| > 0,

where 0 < ¢ < 1. For this purpose we will use results due to Beals [1]. In
his paper Beals defines pseudodifferential operators by the Kohn—Nirenberg
formula, but his method is so general that one can easily apply it to operators
defined by the Weyl formula. The next theorem is a special case of Theorem

(4.2) of [1].
(2.3) THEOREM. Let m > ¢ > 0 be a weight, A > 0 have an elliptic
symbol and A € L(m). Then A* € L(m?®) for s € R.

(2.4) COROLLARY. Let m > ¢ > 0 be a weight and a be a positive elliptic
symbol in S(m) such that Op(a) > 0 and 9%a € S(m'~¢) for |a| > 0. Let
a®® denote the symbol of Op(a)®. Then

— 1' <CA.

a®® =a’ +r;,

where ry € S(m*~2).

Proof. Let us consider the case when —1 < s < 0. Then for A = Op(a),

[ ot +A)"tdt
0

sinms

AS = —
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(see [7]). Hence

sinms ¢
a® = — S t°a; dt,
T
0

where a; denotes the symbol of the operator (t+A)~!. In this way we obtain

OXOtS(at —(a+t)7H)at.
0

sin s

Ty = —
T

We claim that
ar—(a+t)"' € S(m+1t)"179)
uniformly with respect to ¢. In fact we have
ar—(a+t)" = (a+t) a(a+1t) —1) = —r(ag,a)(a+ 1) !,

but 9%a € S(m!~2) for |3| > 0 and a; € S((m+t)~!) uniformly with respect
to t, so also r(at,a) € S((m+1t)~9) uniformly with respect to ¢ (Proposition
(1.2)). Hence our claim is true.

In this way we obtain
[e.e]
| t*Co(m+t)~12dt < Com*,
0

sinms

]867"3] < —

so that ry € S(m®~¢). To prove the corollary for s € R we only have to
remark that ry € S(m*~9) implies ros € S(m?*7¢) and r_; € S(M™57¢). m

(2.5) COROLLARY. Let m > ¢ > 0 be a weight, B > 0 have an elliptic
symbol and B € L(m). Then for all s € R and R € L(m?) there exists a
constant L such that

IRfII < LIB*fIl for feS(V).
Proof. By Theorem (2.3) we have B~* € L(m~*), so the Calderén—

Vaillancourt theorem [2] shows that the operator RB~* is bounded. Hence
|RB=*f < L||f{|, which implics that |Rf|| < L B*f]]. =

(2.6) COROLLARY. Let m > ¢ > 0 be a weight, B > 0 have an elliptic
symbol and B € L(m). Then for all s € R and R € L(m?) there exists a
constant L such that

(RF, /)| < L(Bf, f)  for feS(V).
Proof. We have R = B/2B~%/2R, so
(Rf,f) = (B*/*B™*/?Rf, f) = (B~*/?Rf, B*/*f) < |B~*/*Rf|||B*/*f|.

Note that by Theorem (2.3) the operator B~%/2 is in £(m™%/?), there-
fore B=5/?R € L(m*/?); so by Corollary (2.5) we obtain ||B~*/2Rf|| <
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L||B*/2f|. In this way
(RS, [) < LIB2f|* = LB, ) m

(2.7) LEMMA. Let m be a weight such that limj,| e m(w) = oo and
let b be a positive elliptic symbol in S(m). If

|0%b(w)| < Cy  for |a| >0
and
Pp(t) > Ct",  where 0 <r <1,
then for s > 1 and X\ large enough
NOp(bS)()‘)
Vis (A)
Proof. First let us study the functions Vs and Ngpps) (our assump-

tions imply that Op(b®) is bounded from below and has a discrete spectrum
(Proposition (1.3))). Denoting the symbol b® by a we obtain

Va(\) = Va(AY#).

Note that by Corollary (2.4) we have b* = b°* + r, where r € S(m*~1).
Let A denote Op(a) and B denote Op(b). We know that b > 0 so there
is a constant M such that B + M > 0 (Proposition (1.3)). We also have
re Sm*1) c S((m+ M)*~1), so by Corollary (2.6),

—L(B+ M)*"' <Op(r) < L(B + M)*~*.

- 1‘ < ONTT/s,

Hence
BS—L(B+M)*'<A<B*+ LB+ M)
and therefore, using the “mini-max principle” [8], we obtain
be — L(b, + M)*™' <a, <bS + L(b, + M)*!

where a, and b, denote the nth eigenvalues of the operators A and B,
respectively. In this way increasing the constants L and M if necessary, we
obtain

bS — Lbi™' — M < a, <bS + LbS ' + M,
SO
(neN:b+ L '+ M< A c{neN:a, <\}
Cc{neN:b5 —LbS~ ' — M < ).
But it is easy to see that for A large enough b5 — Lb~1 — M < X implies

b, < A/*4 L. In fact we can consider the function f(z) = z%—La*~ ' —M—\
defined for x > 0. It has only one zero with positive derivative and for large A,

f()\l/s +L) _ )\1/8((}\1/8 _i_L)sfl _ )\(871)/8) - M > 0.
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Similarly b, < AY* — L implies b5 + Lb3~' + M < X. Therefore
(neN:b, <A/ —-L}yc{neN:a, <A Cc{neN:b, <A/ 4+ L}
SO
Np(AY* — L) < Na(A\) < Ng(AY* + L).
Denote A'/* — L by 1 and \/* + L by ps. Then
Np(p) _ Nald) _ Np(o)
Vi(pr + L) = Va(A) — Vi(ua — L)

So using Proposition (2.1) we obtain

NB(,U1) NA(A) NB(IUQ) 1
< < w(AY5 L) +1).
B D11 - V)~ Vi) Y
Note that
Np(p1) ‘ ‘NB(M) ‘
1 < |EBMY ) Loy, I
Vi (p1)(2v(pa, L) + 1) Vo (k1) (o, L)
and
Np(p2) 1 'NB(MQ) ‘ 1
v\ L) 4+ 1) — 1] < | =220 1| 4+ 3uw(AEL D).
Vi(p2) (2 J+1) Vi(p2) ( )
Obviously the symbol b satisfies the assumptions of Theorem (2.2), therefore
Np(p;) ' _ .
— 1| <Cu;" fori=1,2.
Vo) T

Now we only need to note that uy", us", v(u1, L) and v(AY/* L) are esti-
mated by MA~"/%, where M is a constant. Finally, we conclude that there
is a constant C' such that for X\ large enough

Na(A)
Va(N)
(2.8) THEOREM. Let m be a weight such that 1im|j,| . m(w) = 0o and
let a be a positive elliptic symbol in S(m). If

|0%a(w)| < Cua*~2(w)  for |a| > 0,

— 1' <CN /5 m

and
Ya(t) > Ct,
where 0 < 0 < 1,0<7r <1 andr+ o > 1, then for X\ large enough
Nop(@)(N) (o
LONEAES IR W el
Va(A) -

Proof. Note that the symbol a? satisfies the assumptions of Lemma
(2.7). In fact, denoting a? by b, we obtain

|0%b(w)| < C, and 4y (t) > Ct/eti=e,
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So from Lemma (2.7) it follows that

NOp(a) ()‘)
Va(A)

where 0 = (r/o+1—1/0)o=r+0—1. =

_1‘ <oa,

(2.9) EXAMPLE. Let us assume that a symbol a satisfies conditions anal-
ogous to those of Tulovskii and Shubin:

(i") 0 <a(w) € S(m), a elliptic and | lﬁm m(w) = oo,
(i) 10%a(w)| < Cua(w)'™¢  for |a| > 0,
(i) [{a’ (w), w)| > Ca(w)'~".

Then (iii) implies that
a(t) = CHF,

so by Theorem (2.8),

Nop(a)(A) = Va(A) + O(A~e7),
which is stronger than the result of Tulovskii and Shubin. Moreover, by
Lemma (1.10) the conditions (i) and (ii) imply that a + 1 is a weight and
also that a is an elliptic symbol in S(a + 1). This means that the condition
(') is satisfied with m = a + 1. An easy observation that (ii) implies (ii’)
proves that the conditions (i'), (ii’), (iii) are more general than (i)—(iii).

3. Quasiclassical asymptotics. As before let A be a selfadjoint op-
erator defined on a dense subspace of a Hilbert space, with spectrum Sp A
discrete and bounded from below. Let N4(\) be the spectral function of A.
The following result is due to L. Hérmander [5].

(3.1) LEMMA. Let E be a selfadjoint trace operator such that AE is
bounded. If (I — E)(A—X)(I — E) > —I, then

Ns(A—4l) <TrE + 2||E — E?||py.
If E(\—A)E > —k, then
Na(A+4k) > Tr E — 2||E — E?|| 1.
For § > 0let x(¢, A\, d) be a smooth function with the following properties:

1 ift <),
X(t,)\,é)_{o ift > A+ 29,

1(0/0t)Fx(t, A, 8)| < CréF.
For any A > 0 and any A\ we can define a smooth function

eh(z) - X(a('z)? A, hl/Q)a
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where a > 0 is the symbol of some pseudodifferential operator A with the
property that lim|,|— . a(w) = co. Let a™(w) = a(h'/?w). Define Ej, to
be the operator with symbol egh). The function e%h)
e(h)(z) _J1if a(h'/?z) < ),

h 0 if a(h'/22) > X+ 2n'/2,

satisfies

and

Dep (2) =

ol i

Z C.k h'Y/Qg??:(a(hl/Qz), A, h1/2)871%1a(h1/2z) o 8glka(h1/2,z),
k=0

mi+...+mp=|v|

If there is a ¢ > 0 such that for every v we have C, satisfying
7a(z)| < Cvaufwmu(z),
then we can summarize all the above results to get
2) 7€ (2)] < Cya.
With the above assumptions we have the following lemma:
(3.2) LEMMA. E}, is a trace operator and
1B} = Bl < Ch™NFY2,

Proof. The symbol of the operator Ej, — E? can be written as eéh)(z) -
eglh) o egh)(z) = eéh)(z) - eéh)egh)(z) - T(egh), eglh))(z). By definition, Propo-
sition (1.6) and (2), for h small enough, we get

107 (€5 = (ei!)2), < CR™N(V(A+202) =V (N),
[07(r(ep” el NI, < ChN (VA +2012) =V ().

By Proposition (1.9) and Lebesgue’s differentiation theorem ([8], Theo-
rem 9.2, p. 226), for almost every A we have

o (h) (h) . (R)
| En — EiQL”Tr <C ‘alfél%+2 o (eh (2) — €, 0¢€ (Z))H1

<Ch NWVA+20Y2) =V (\) <Ch NpY/2 u
The main purpose of this section is to prove the following theorem.

(3.3) THEOREM. Let m be a weight such that lim|,|_,oo m(z) = oo. Let
a>C >0 be an elliptic symbol in the class S(m) such that

(3) 107a(z)| < C,at =119+ (2)  for some ¢ > 0.
Let Ay be the operator with symbol a™ . Then for almost all X,
Nag,,(A) = =N (V(X) + O(h'/?)).
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Moreover, to obtain the above asymptotics it is enough to assume only that
a > C > 0 is a smooth function satisfying the inequality (3) and such that
lim,| o a(z) = 0.

(3.4) LEMMA. For h small enough we have the estimate
1ER (A = Ay (I = En)|| < OB,

Proof. The symbol of the operator Ex(A — A,y)(I — E) is

e o(A—a™)o (1 —el)(2) = arn(z) + ran(2),
where
ann() =€ (A = a")(1 = ) (2),
ran(z) = T(egh), A—a 1 - egh))(z).
By (2) and Proposition (1.7),

max [[0%x |, < Ch'/?, max |09y nll, < Chl/2.
o] <2N+2 |a|<2n+2

The proof can now be completed by using the Calderén—Vaillancourt theo-
rem (for references see [2]). m

(3.5) PROPOSITION. For h small enough
Ey(\ — Any))Ep > —ChY2.
Proof. We can write
En(A— Ag)En = En(X — Agy) — En(A — Agy)(I — By).
The symbol of the first operator on the right hand side is ax ;(2) — ran(2),

where now ay ,(z) = eéh)()\ —aM)(2) and 7y u(2) = r(egh), aglh))(z). More-

over, axn(z) > —2h'2. By (2), for |a] > 0 we have [0%ay | < ChY/2.
Therefore Proposition (1.4) gives us
Op(aA7h) Z —th/z.

Now by Proposition (1.6) we get [[0%rx 4|, < Ch/2, so by the Calderén—
Vaillancourt theorem

|Op(ran)| < ChM2.

Finally, we can prove the proposition by combining all the above with
Lemma (3.4). m

(3.6) PROPOSITION. For h > 0 small enough
(I = Bn)(Apmy) — MU = By) > —Ch'/2,
Proof. We have a similar decomposition to the one before:

(I = En)(Ap) — N — Ep) = (A — N — Ep) + En(A — Any)) (I — Ep).
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The symbol of the operator (A(h) — X\)({ — E4) is ax n(2) — ran(z), where
now ayp(z) = (a® — N\)(1 - eglh))(z) > 0 and 7 5(2) = T(a(h),egh))(z).
Notice, therefore, that we only need to estimate Op(ay p). It is easy to see
that

|0%axn] < Conh'?ax

for |a| > 0. Moreover, for every b € S(m) and k € N,
(6 — H)™ % b(w)

k
= S S b(k)<w—thvj)(vl,...,vk)H(vl)...H(vk)dvdt,
[0,1]F Wk =1

therefore
’8Q(5 — H)*k *a,\,h] S C,\7h7kh1/2a,\7h.

Notice also that for k + |a| > [p7!], where | ] denotes the greatest integer
function, we get

‘({90‘(5 — H)*k *a,\,h] S C)\7a7kh1/2.

Since we can decompose ay j, as

n
axp = H % Z ((5 — H)*k *a)p + (6 — H)*(nJrl) LEOWR
k=0
where n = [p7!], the above calculations and Propositions (1.4) and (1.5)
give us Op(ay ;) > —Ch'/2. u
(3.7) FacT. TrEj, = NV (A)(1 + O(h'/2)).

Proof. By Proposition (1.9), E} is a trace operator. Moreover, by
Proposition (1.8),

Tr E), = Segh)(z) dz.
So according to the definition of ey,
ANV <TrE, < Ch N2 L p=Ny (),
which is equivalent to
Tr By,
h=NV(X)
(3.8) REMARK. The operator A,y Ey, is bounded.

—1=0(h'?). u

Proof. The symbol of this operator is a(h)(z)egh)(z) + r(a™, egh))(z).
The derivatives of the first summand are bounded because it is a smooth,
compactly supported function, and of the other one by Proposition (1.6).
Thus our claim follows from the Calderén—Vaillancourt theorem (see Propo-
sition (1.15) of [4]). m
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Proof of Theorem (3.3). By Proposition (1.3) the operator A, is essen-
tially selfadjoint and bounded from below. Therefore we can apply Lemma
(3.1) to its closure, which we will also denote by A(;). By Lemma (3.1) and
Propositions (3.5) and (3.6) we have

NA(;L)()‘ - Chl/Q) <TrEp, + 2HE}2L — Bl

and
Na,, (A + ChY?) > Tr E), — 2||E? — By,

for any h > 0 and A, parameters of the symbol egh). So

NA(h)()\) <Tr Eh,A;LL + 2HE;2L,,\Z - Eh,AﬂTr

and

2
NA(h)()‘) > TI‘EhV/\}: - 2HEh7)\; - Eh,,\}: ||Tra
where £, AF is the operator with symbol egf/)\ +c

(h)

pise and EhA; has symbol

€ A—cni/2- BY the proofs of Lemma (3.2) and Fact (3.7) it is easy to see
that

I1E7 5, = Eno e < CRVH2
and

|Tr Ep\, — NV (N)| < Ch VY2,

Therefore the first part of our theorem is established. To prove the second
part it is enough to notice by Lemma (1.10) that a + 1 is a weight and a
is an elliptic symbol in the class S(a +1). m

(3.9) EXAMPLE. Let p(wq,...,wan) > ¢ > 0 be a hypoelliptic polyno-
mial (ie. [0°p(€)/p(&)| < Cl¢|7!, |a| > 0, see [6], Theorem 11.1.3). In
particular lim,|— p(w) = co. By the hypoellipticity of p, condition (3)
is satisfied. Therefore Theorem (3.3) gives us the spectral asymptotics for
Op(p™).

(3.10) ExAMPLE. Let I(t) =In(1+¢) and ["(t) =lo...0l(t) for n € N.
Let cn(wy, ..., wan) = " ((wy, ..., wan)). Since |87 ((z)?)] < O, ()", we
have, for |a| > 0,

0%, (w)] < Colw) ™1 < C,.
Since lim |- 0 ¢n(w) = 00, we can apply Theorem (3.3) to Op(c%h)).

(3.11) ExamMPLE. Finally, we mention that in our theory we can also
consider Schrédinger operators with potential of logarithmic growth. Thus,
as before, we can obtain our spectral asymptotics for the operator with
symbol (z)7'¢2 + log((z)).
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