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VECTOR-VALUED ERGODIC THEOREMS
FOR MULTIPARAMETER ADDITIVE PROCESSES

BY

RYOTARO SATO (OKAYAMA)

Abstract. Let X be a reflexive Banach space and (§2,X,u) be a o-finite mea-
sure space. Let d > 1 be an integer and T = {T(u) : v = (u1,...,uq), u; > 0,
1 < ¢ < d} be a strongly measurable d-parameter semigroup of linear contractions on
Li((£2, X, n); X). We assume that to each T'(u) there corresponds a positive linear contrac-
tion P(u) defined on Ly ((§2, X, p); R) with the property that ||T'(w) f(w)|| < P(w)||f()|[(w)
almost everywhere on (2 for all f € Lq((£2, X, 1); X). We then prove stochastic and point-
wise ergodic theorems for a d-parameter bounded additive process F in Lq((£2, X, u); X)
with respect to the semigroup 7.

1. Introduction and the theorems. Let X be a reflexive Banach space
and ({2, X, 1) be a o-finite measure space. For 1 <p < oo, let L,(2; X) =
L,((£2,%,1); X) denote the usual Banach space of all X-valued strongly
measurable functions f on (2 with the norm

1/p
1l = (Sl P du) " < oo if1<p<ox,
[1flloo := esssup{||f(w)] : w € 2} < o0.

If d > 1 is an integer, vveletR;r ={u=(u1,...,uq) :u; >0, 1 <i<d}
and Py={u=(uy1,...,uq) : u; >0, 1<i<d}. Further Z; is the class of all
bounded intervals in R;r and Ay denotes the d-dimensional Lebesgue mea-
sure. In this paper we consider a strongly measurable d-parameter semigroup
T = {T(u) : u € R} } of linear contractions on L;(§2; X). Thus T is strongly
continuous on Py (cf. Lemma VIIL.7.9 in [1]). A linear operator U defined on
L1 (£2; X) is said to have a majorant P defined on Ly (£2;R) if P is a positive
linear operator on L ({2;R) with the property that ||U f(w)| < P f(-)|l(w)
a.e. on {2 for all f € L1(£2; X). We assume in the theorems below that each
T(u), u € R}, has a contraction majorant P(u) defined on Li(2;R). As is
known (cf. Theorem 4.1.1 in [7]), this holds automatically when X = R or
C (= the complex numbers). But in general this is not the case, which can
be seen by a simple counter-example (see [8]).
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By a (d-dimensional) process F' in Lq(£2; X) we mean a set function
F:Tq— Li1(2; X). It is called bounded if

K(F) :=sup{||F(D||1/Xa(l) : I € Ly, Aa(I) > 0} < o0,
and additive (with respect to T') if it satisfies the following conditions:
(i) T(w)F(I) = F(u+1) for all u € R} and I € Ty,
(ii) if Iy,..., I € Z4 are pairwise disjoint and [ = Ule I; € 74 then
k
F(I) = Zi:l F(I;).

In particular, if F(I) = {, T'(u) f du for all I € Zg, where f is a fixed func-
tion in Lq(£2; X), then F(I) defines a bounded additive process in Ly ({2; X)
with respect to T'.

In the following, ¢-lim,_, and ¢-limsup,,_, ., will mean that these limits
are taken as « tends to infinity along a countable dense subset () of the
positive real numbers. Here we may assume that ) contains the positive
rational numbers. A net (f,) of strongly measurable X-valued functions

on {2 is said to converge stochastically to a strongly measurable X-valued
function f., on 2 if for any € > 0 and A € X with p(A) < oo we have

lim p(AN{w: [[fa(w) = foo(W)]| > €}) = 0.
It is now time to state the theorems.

THEOREM 1. Let X be a reflexive Banach space and T={T(u) : ue R} }
a semigroup of linear contractions on L1(§2; X), strongly continuous on Py,
such that each T(u) with uw € R} has a contraction majorant P(u) defined
on L1(2;R). Then for any d-dimensional bounded additive process F in
L1(£2; X) with respect to T, the averages a~%F([0,a]?) converge stochasti-
cally to a function Fy in Li($2; X) invariant under T as a tends to infinity.

In particular, if the operators P; = P(e'), €' being the ith unit vector
n R;, satisfy the additional hypothesis

1) 1Billc <1 (1 < <d),
then
(2) q;}i_}n;o a”F([0,0]?)(w) = Fx(w) a.e. on .

THEOREM 2. Let X, T = {T(u) : u € R}}, and F be the same as in
Theorem 1. If the positive operators P; = P(e'), 1 < i < d, commute then
the averages

d

(3) (TLe)  F(0.0n] .. x [0.0])

i=1
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converge stochastically to a function Fy in L1($2; X) invariant under T as
«; tends to infinity independently for each 1 < i < d. If in addition the
averages

(4) Ay(Pry ..., Py)f = An(P1) ... An(Py)f  (n>1),
where
(5) An(Py) :=n"1 ni: PF (1<i<a),

k=0

converge a.e. for all f € L1(§2;R), then (2) holds.

Theorems 1 and 2 may be considered to be vector-valued continuous
refinements of Krengel’s stochastic ergodic theorem (cf. Theorems 3.4.9 and
6.3.10 in [7]) and Dunford and Schwartz’s pointwise ergodic theorem (cf.
Theorem 6.3.7 in [7]). See also [5]. Concerning Theorem 2, some sufficient
conditions for the a.e. convergence of A, (P,...,Py)f for all f € L1({2;R),

where P, ..., P; are commuting positive linear contractions on Lj({2;R),
have been examined in [4]. For example, one of such conditions is that the
Brunel operator U corresponding to Py, ..., Py satisfies the pointwise ergodic
theorem.

Here it may be appropriate to explain the role of the extra assumptions
made about 7" in Theorems 1 and 2 (existence of a contraction majorant
P(u) and commutativity of operators P;, 1 <14 < d). When X =R or C, the
existence of such a P(u) is known; and it seems to the author that almost all
known proofs of scalar-valued (stochastic and pointwise) ergodic theorems
depend upon this fact. But, when X # R and C, the existence of such a
P(u) does not follow, as remarked above. On the other hand, the continuous
one-parameter version of Chacon’s vector-valued ergodic theorem (see e.g.
§4.2 of [7]) has been proved by Hasegawa, Sato and Tsurumi [6]; the key to
the proof was Chacon’s maximal ergodic lemma. Thus, in this case, such a
P(u) was not used at all. Incidentally, the reflexivity of X was only used
there to deduce that the mean ergodic theorem holds for T, when T was
considered to be a contraction semigroup on L, (§2; X) with 1 < p < co. In
this paper we also assume the reflexivity of X for this purpose.

Now, let d > 2. It is natural to ask if the continuous d-parameter version
of Chacon’s vector-valued ergodic theorem holds. This is an open problem.
And, if we assume the existence of such a P(u) which satisfies in addition
|P(u)||loc <1 for each u € R}, then an affirmative answer follows. In this
connection we refer the reader to [5] and [8]. These are the reasons to assume
the existence of such a P(u) in Theorem 1. In Theorem 2 the commutativity
of P; is assumed. It is an open question whether Theorem 2 holds without
the commutativity assumption.
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2. Preliminaries. The next two theorems are slight modifications of
Theorem 4 and Theorem 1(a) of [4]. Since these can be proved as in [4],
we omit the details. The theorems will be used in order to prove those
mentioned in the preceding section.

THEOREM A. Let X be a reflexive Banach space. Let Ty, ..., Ty be linear
contractions on L1(2;X), and Py, ..., P; be positive linear contractions on
L1 (2;R) such that ||T;f(w)|| < Pl f()]|(w) a.e. on 2 for all f € L1(£2;X)
and 1 < i <d and also such that ||P;||oc <1 for all 1 <i < d. If either the
operators T1,..., Ty or the operators Pi,...,P; commute, then for every
f € L1($2; X) the averages A, (T1,...,Tq)f converge a.e. on §2 as n tends
to infinity.

THEOREM B. Let X be a reflexive Banach space. Let Ty, ..., T, be com-
muting linear contractions on L1(§2; X), and Py,..., Py be commuting pos-

itive linear contractions on L1(£2;R) such that ||T;f(w)|| < Bl f(*)||(w) a.e.
on 2 for all f € L1(£2;X) and 1 <i <d. If the limit

lim A, (P, ..., Py)f(w)

exists a.e. on §2 for all f € L1(£2;R), then the limit
lim A, (T, ..., Tq) f(w)

exists a.e. on 2 for all f € L1(£2;X).

The next lemma is also a slight modification of Lemma 1 in [8]; we omit
the details here.

LEMMA. Let T = {T(u) : u € R}} be a semigroup of linear contractions
on L1(£2; X), strongly continuous on P4, such that each T(u) with u € R}
has contraction majorant P(u) defined on Li(£2;R). Then there exists a
positive linear contraction T(u) on Li(£2;R) for each u € R, called the
linear modulus of T(u), such that

) [Tl < 7@lfOlw) < P@lfO)l(w) a.e. on 2 for all
f € Ll('QaX),
(i) 7(u)g = esssup{Siy [T L)« fi € La(2:X), Siy 1)l
< g(w) a.e. on 2} for all g € LT (2;R),
(iii) (s +t) < 7(s)7(t) for all s,t € R},
(iv)

iv) if u e Py then
6) T(u) = strong—tli_r% 7(t).
t>u

—

In particular, if the semigroup T is strongly continuous on ]Rj then we have

(6) for all u € R} .
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3. Proofs of Theorems 1 and 2

Proof of Theorem 1. By an easy argument we may assume that d > 2
(see e.g. [8]). Putting T; = T'(e*), 1 < i < d, we then apply Theorem 6.3.4
of [7] to infer that there exists a constant C; > 0 and a positive linear
contraction U in L;(§2;R) of the form

n n
U= E a(ni,...,ng) P/ ... Py,
n1,...,nd20
where
a(ny,...,ng) >0 and E a(ni,...,ng) =1,
ni,...,ng>0

so that for all f € Li(£2; X),
M JAuTar. o TS @) < Ca Auy@)IFOI)  ace. on 2.

Here d(n) is a non-decreasing function, depending only on d > 2, from the
positive integers to themselves. U will be called below the Brunel operator
corresponding to the (not necessarily commuting) operators P, ..., P;. We
next use Krengel’s stochastic ergodic theorem (cf. Theorem 3.4.9 in [7]) for U
and see that A, (U)||F([0,1]%)(:)||(w) converges stochastically to a function
g € L1(2;R) with Ug =g > 0.

Write

2(g) = {w: g(w) > 0}.
By (7) we find that
(8) Ap(Ty, ..., T))F([0,1]7) = 0 stochastically on £\ £2(g).

Since Ug = g > 0 and X is a reflexive Banach space, it follows from
Eberlein’s mean ergodic theorem (cf. Theorem 2.1.5 in [7]) that for any
f € L1(£2(g); X) the averages

ATy, T f  (n>1)

converge in the Li-norm to a function in L; (£2(g); X) invariant under T, ...
..., T; as n tends to infinity. Since {2(g) is an absorbing set for the commut-
ing operators T1,...,Ty, it is now routine (cf. the proof of Theorem 6.3.10
in [7]) to check that the functions

19(9) 'An(TI,---,Td)f7 WherefGLl(Q;X),
converge in the Li-norm to a function invariant under the operators 717, ...
..., T;. Combining these results, we conclude that the averages
n"AF([0,n]) = Ap(Ty,..., Ty)F([0,1]%)
converge stochastically to a function F in Lq(£2; X) invariant under the
operators 717,...,Ty as n tends to infinity. Since F' is a bounded process,
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it follows that a~?F([0,a]?) converges stochastically to F., as a tends to
infinity.
Now putting S; = T(r - €'), 1 < i < d, for an r > 0, we have

(nr)"2F([0,n7r]%) = A, (S1,. .., Sa)[r 2 F([0,7]Y)],
and thus the averages
A (Sh, ..., Sa)[r 4 F([0,7]h)]

converge stochastically to F,. Hence F is invariant under the operators
S1,...,54. This shows the invariance of F,, under the semigroup T =
{T(u) : w € R} }, and the first half of Theorem 1 has been proved.

To prove the second half, let P(I), where I € Z,, denote the class of all
finite partitions of I into pairwise disjoint intervals in ]Rj, and let

k
FO(I) = esssup { S IFEIO (I I} € P(I)}.

Then
(i) FO(I) € LT (2;R).
(ii) 7(u)FO(I)(w) > FO(u + I)(w) a.e. on {2 for all u € R}.
(ifi) If {I,..., Iy} € P(I) then FO(I) = ¢ FO(I,).

Since the operators 717, ..., Ty commute and ||P;||oo < 1 for all 1 <i < d by
hypothesis, Theorem A can be applied to show that

lirlzn n~1F([0,n]?)(w) :liTILn An(Ty, ..., T))F([0,1]%)(w) = Fso(w) a.c. on £2.
On the other hand, for n < a < n + 1 we have
la=?F ([0, a))(w) = n~YF([0,n])")(w)]
< 1= (a/m)?] - o= F([0,)") ()l + n~ | F([0,a]")(w) = F([0,n]")(w)]
and
n~ Y F([0,]")(w)=F ([0, 7)) (@)[| < n~(FO([0, n+1]7)(w)—F°([0,n]F) (W),
so that in order to prove the second half it suffices to show that

9) liinnfd(FO([O,n + 1] (w) = FO([0,n]?)(w)) =0 a.e. on £2.

To do this, given an € > 0, choose g € L1 (£2;R) N Lo (§2;R) so that
0<g<F([0,1]") and [IF°([0,1]) - g]s <e.

We then put G(0) = g, H(0) = F°(]0,1]%) —g and for 0 # @ = (uy, ..., uq) €
{0,1,2,...}4,
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(where S(@) = {(i(L),-.. (k) : k = X4 G, @i = |17 ¢ i) = m},

1 <m <d} and |A| is the cardmal number of a finite set A), and
(11) H(u) = [F°(a+[0,1]") = G@)]*.

From (1) we see that ||G(%)]|co < ||g]|oc < o0 for all @, and hence
n=(F([0,n +1)7) - FO([O n]d))

<n~ dZ{G

= (uy,...,uq) €{0,1,...,n}\ {0,1,...,n — 1}¢}
<n~(n+1)* = n%- gl
+n™®Y {H@) : U= (U,...,0) €{0,1,...,n}"}

=1I(n) + II(n).
Since lim,, I(n) = 0, it is enough to show that
(12) lirrln II(n) =0 a.e. on 2.
Let 0 # @ = (uy,...,uq) € {0,1,...}7 and k = Z?Zlﬂi. For any
sequence (i(1),...,i(k)) in S(u), we have
Py - Pi(k)( (0) + G(0)) = Piay - - - Piggy F°([0, 1))
F@FO(0, 1) > FO(@+ [0,1]%),
whence
Py --- Py H(0) > FO(@+[0,1]%) — Py . .. PyyG(0)
= FO(u+[0,1]") = Py ... Piyg
> PO+ [0,1)) — G@)  (by (10)).
Therefore we have
(13)  Pay... PayH(0) > [FO@+ [0, 11%) — G@)* = H(@).

Hence, if U denotes the Brunel operator corresponding to the operators
Py, ..., Py, then (cf. the proof of Theorem 6.3.4 in [7])

n~4> {H(w) (Ur,...,0q), 0< T <n, 1<i<d}
< Cy-sup A, (U)H(0) a.e. on {2.

m>1

Since U satisfies |Ul]; < 1 and ||U|le < 1, we now apply Theorem 2.2.2
of [3] to infer that the function

H*(0)(w) = sup Am (U)H (0)(w)
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satisfies
p{w: H*(0)(w) > 6}) <0~ H(0)[, (3> 0).

Therefore

limsupII(n) = limsup nidZ{H(ﬁl,...,ﬂd) 0<u; <n, 1 <i<d}

< Cy-H*(0) a.. on {2,
and
p({w : limsup II(n)(w) > 0}) < p({w : Cq- H*(0)(w) > 0})
< 5710(1”[{(0)“1 < 5710(1 -el0

as € } 0. This establishes (12), and the second half of Theorem 1 follows.

Proof of Theorem 2. Since the commuting operators P; satisfy
IT(e)f(w)| < Pilf()|l(w) ae. on §2 for all f € Ly(§2; X), we may ap-
ply the proof of Theorem 6.3.10 in [7] to infer that the averages

(Hn> mzl ndZIT“ CTHF([0, 1))
i1=0 iq=0

— (ﬁni)lF([O,m] X ... % [0,n4])

converge stochastically to a function F,, € Li({2; X) invariant under the
operators T; = T'(e’), 1 < i < d, as n; tends to infinity independently for
each 1 < i < d. Since F'is a bounded process, we then see that the averages

<ﬁai)1F([0,a1] x ... x [0, a])

converge stochastically to Fi, as a; tends to infinity independently for each
1 < i <d. It is now immediate that F,, is invariant under the semigroup
T ={T(u) : u € R}} (cf. the proof of Theorem 1).

To prove the second half of Theorem 2, we assume that for every f €

L1 (;R),
(14) lirlzn An(Py, ..., Py)f(w) exists a.e. on 2.
Then, by Theorem B,
lign Ap(Ty, ..., Ty)F([0,1)%)(w) = lirrln n~2F([0,n]%)(w)

exists a.e. on {2. Hence, as in the proof of Theorem 1, it is enough to estab-
lish (9); and this follows from
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n=(FO([0,n + 1)7)(w) = F([0,n]")(w))
< (A +1/n)A, 1 (P, ..., Py)F°([0,1]))(w)
— Ap(Py,...,Py)F°([0,1])(w)
— 0 ae. on 2 (by (14)).

The proof is complete.

4. Remarks. (a) On continuity at the origin. Let T={T(u) : u€Py} be
a strongly continuous semigroup of linear contractions on L;(£2; X'), where

X is a reflexive Banach space. In order that T(O) = strong-limy, >0 40 T'(u)
exists, it suffices that sup{||7(u)|, : v € (0,1]¢} < co for some p > 1.

To see this, we may assume 1 < p < oo by the Marcinkiewicz interpo-
lation theorem (see e.g. Theorem I1.2.11 in [2], p. 148). Then, since X is a
reflexive Banach space, it follows that L, ({2; X) is a reflexive Banach space.
Let f be a function in L,(£2; X) and €, > 0 be such that ¢,, | 0 as n tends
to infinity. Putting u,, = (gn,...,&,) € P4 for each n > 1 and, if necessary,
choosing a subsequence of (u,,), we may assume that for some f € L,(12;X),

f =weak-limT(u,)f in L,(£2;X).

Since T' = {T'(u) : u € P4} can be considered to be a strongly continuous
semigroup of bounded linear operators in L, ({2; X), we see that for any
u € Py,

T(u)f = Weak—lirrln T(u+up)f = strong—lirrln T(u+up)f=T(u)f.

Further, by the Hahn-Banach theorem,

oo
fe Ly,-norm closure of U T(un)Lp(Q;X)].
n=1
Thus an approximation argument shows that
lim [ 7(u)f ~ fil, = lim [ T()f ~ fil, = 0.
u>0 u>0
In particular, if f € L,(£2; X)NL1(§2; X), then choosing a suitable sequence
(v,) in Py with v, — 0 € R} as n tends to infinity, and putting
Jn = T(vn)f (TL 2 1)’

we get f = lim, f, a.e. on {2, and hence ||f||; = lim, ||f,|1 by Fatou’s
lemma together with the fact that || |1 = [|T(vn) fll1 = 1T (vn) flln < || f]]1-
It follows from Lebesgue’s convergence theorem that

lim ||f = full = lim || f = T(va) 1 =0,
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whence lim,~0,4—0 |f = T(u)f|l1 = 0 by approximation. Since L,(2:X)N
L1($2; X) is dense in L1(§2; X), this completes the proof.

(b) An improvement of Theorem 1. The first part of Theorem 1 holds
even if ' = {T'(u)} is a strongly continuous L ({2; X )-contraction semigroup
defined only on the interior Py of R;.

In fact, if F': Z; — L1(£2; X) is a bounded additive process in L;(§2; X)
with respect to the semigroup 7', then by Lemma 4 in [8] we may assume
without loss of generality that

T(0) = strong-lim T'(u)

u—0

u>0
exists. Then obviously the domain of T can be continuously extended to R;.
Denote by T'={T'(u) : u€ R}} its extended semigroup. Since T'(u) has a
contraction majorant P(u) defined on L (£2;R) for every u € Py by hypoth-
esis, modifying the proof of Lemma 1 in [8] we see that there exists a family
{r(u) : u € R}} of positive linear contractions on L;(£2;R) such that

IT(@)f W) < r@lfC)llw) e on 2

for all f € L1(£2;X) and u € R}. From this, together with Theorem 1, the
desired conclusion follows.
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