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REPRESENTING IDEMPOTENTS AS A SUM OF TWO
NILPOTENTS—AN APPROACH VIA MATRICES
OVER DIVISION RINGS

BY

ARKADIUSZ SALWA (WARSZAWA)

1. Introduction. It was proved in [3] that the Koethe conjecture is
equivalent to the problem of determining whether a ring which is a sum of a
nil subring and a nilpotent subring must be nil. A similar problem, whether a
ring that is a sum of two locally nilpotent subrings must be nil, has a negative
solution (see [8]). A simpler example of this type was then constructed in
[11]. Therefore one may ask whether such a ring can contain a nonzero
idempotent. This naturally leads to the following problem investigated in
[4]: can a nonzero idempotent e be represented as a sum e = z + y of two
nilpotent elements x,y? It was proved there that this is impossible if the
nilpotency degrees of z and y are < 3 and < 5 respectively (or < 2 and any
n € N) provided that the characteristic is equal to zero. If the characteristic
is positive, examples of this type are easy to find (see [4]), whence in this
paper we restrict our attention to algebras over a field of characteristic zero.

We show that idempotents of such type exist if the nilpotency degrees
of z,y are both 4, or 3 and 6 respectively. This is done by investigating
representations in matrices over division rings. In this context, the first
Weyl algebra appears unexpectedly and unavoidably, as shown by our main
results: Theorems 8 and 12. In particular, we prove that M4(D) contains a
nonzero idempotent with zero diagonal if and only if D contains a copy of
the first Weyl algebra.

It was shown in [4] that the identity element may be represented as a
sum of four nilpotent elements of nilpotency degree 2. We prove that the
identity element can also be a sum of three nilpotent elements of nilpotency
degree 3. This is used to construct an example with 0 # e = e? = z +y and
23 =y =0.
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Finally, we give an application to a problem closely connected to Kegel’s
theorem asserting that a ring which is a sum of two nilpotent subrings must
be nilpotent (see [6, 7]).

It might seem possible that the diamond lemma (see [1]) can be applied
to construct examples of the above types; however, it leads to very complex
computations, which are not conclusive.

Throughout the paper D (K respectively) denotes a skew field (resp.
a field) of characteristic zero. All spaces will be left spaces over D (resp. K).
We denote by vy, ...,v, the standard basis of D"; M, (D) = Endp(D™)
stands for the ring of n X n matrices over D, and I for the identity element
of M, (D). The mappings m; € Endp(D™) (1 < i < n) are defined by
mi(v;) = 0 and m;(v;) = v; for i # j. If A is a K-algebra, then GKdim(A)
and J(A) denote the Gelfand-Kirillov dimension and the Jacobson radical
of A respectively.

2. Idempotents with zero diagonal in M, (D). As explained above,
our approach to the problem proposed in [4] is based on matrix algebras
M,, (D). Their multiplicative structure was investigated in [10]. We describe
all idempotents with zero diagonal in My(D); clearly such an element is a
sum of two nilpotents. If n < 4, then M, (D) does not contain such idempo-
tents. A similar problem for M,, (D), n > 5, seems to be difficult. First we
need some preparatory results.

LEMMA 1. Let V be a linear space over D. Assume that W, C ... C
Wp,=V and Z; C ... C Z,, =V are chains of subspaces of V. Then
we can find subspaces Y; j of V' such that W; N Z; = ®k<i,l<j Y. for all
i=1,....n,5=1,...,m.

Proof. Choose subspaces Y; ; satisfying
(1) Y;’j @(WiﬂZ]‘_l + Wi_1 ij) = WiﬂZj

where W = Z, = 0. Consider the order on the set of all pairs (7, j) defined
by:
(i,7) < (i',5") if and only if i <i and j < j'.

By induction we prove that W; N Z; = @;<; ;<; Y. By the induction
hypothesis we get -

(2) WinZiai= @ Y,
r<i,s<j—1
(3) WianZi= @ Y

p<i—1,9<j
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Hence
W; N Zj = Y;'J' S5, (Wl N Zj—l +W;_1N Z])

Vo P Yt B V)= X Ve

r<i, s<j—1 p<i—1,q9<j r<i,s<j

Now we prove that this sum is direct. Let y, s € Y, 5, where r < ¢ and
s < 4, be such that Zr<i,s<j yr,s = 0. By (1), y;,; = 0, hence

Z Ypr,s = — Z Yk,j € (WZ N ijl) N (Wifl N Z]‘) =W,_1 N ijl'

r<i,s<j—1 k<i—1

This implies

- Z Yk,j = Z YUpq for some Yp.q € Ypq-

k<i—1 p<i—1,9<j—1

By (3) we get y; =0 for k <i— 1. Hence

Z Yr.s = — Z yk,j = 0.

r<i,s<j—1 k<i—1

By (2), yrs =0 for r <iand s < j—1. So we have proved that y, s = 0 for
all r,s. m

LEMMA 2. An element e € M, (D) is a sum of two nilpotent elements if
and only if e has zero diagonal in some basis of D™.

Proof. Assume that e = z+y where 2" = y™ = 0. Define W; = Ker(z")
and Z; = Ker(y’), 1 <i,j < n. Choose subspaces Y; ; as in Lemma 1 and
take a basis which is the union of some bases of all nonzero Y; ;. It is easy
to see that e has zero diagonal in this basis.

Conversely, assume that the diagonal of e is zero. Then e can be repre-
sented as a sum of a strictly upper triangular and a strictly lower triangular
matrices, which are clearly nilpotent. m

LEMMA 3. Every idempotent e of rank 1 in M, (D) has a nonzero diag-
onal.

Proof. Suppose that e is an idempotent of rank 1 with zero diagonal.
Changing the order of v1,...,v, we can assume that vy,...,v; € Ker(e),
Vkt1,s---,0n & Ker(e) for some 1 < k < n. Let Im(e) = Linp(v) for some
v € D". By the assumption e(v;) € Linp{v; : | # j} for j > k, hence
v € Linp{v; : I # j}. Clearly (1,5, Linp{v; : I # j} = Linp(v1,...,vg).
This implies that Im(e) = Linp(v) C Linp(vy,...,v;) C Ker(e), a contra-
diction. m

LEMMA 4. Assume that n > 1. Then every idempotent of rank n — 1 in
M, (D) has a nonzero diagonal.
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Proof. Let e = e? € M, (D) be an idempotent of rank n — 1. Suppose
e has zero diagonal. Let f = I — e and Im(f) = Linp(v) for some v € D*.
Then f(v;) = auv for some a; € D and f(v;) = v; + w; for some w; €
Linp{v; : j # i} by the assumptions on e. This implies that v =), ai_lvi
(o # 0 in particular) and f(v;) = a; 3 _; ozj_lvj. Hence

Jw) = 1)) = e Y a5;) = 3 avay ()
= Zaiaj_lozjv = nf(v;).

So f(v;) =0 and f =0, a contradiction. m

LEMMA 5. Assume that e € M, (D) is an idempotent and e(v;) # 0 for
some i € {1,...,n}. Then m;(Ker(e)) NIm(e) # 0 if and only if e(v;) €
LiIlD{Uj j 75 Z}

Proof. (=) Assume that m;(v) = e(w) # 0 and e(v) = 0 for some
v,wD". Let v= av; + m(v) for some o € D. Then 0 = e(v) = ae(v;) +
e(m;i(v)). Hence —ae(v;) = e(m;(v)) = (e(w)) =e(w) = m(v). If a =0,
then v = m;(v) = e(w). Hence 0 = e(v) = e?(w) = e(w), a contradiction. So
a # 0 and e(v;) = —a~'m;(v) € Linp{v; : j # i}

(<) Assume that e(v;) € Linp{v; : j # i}. We claim that

[Ker(e) + Linp(v;)] N Im(e) C m;(Ker(e)) NIm(e).
Any vector of [Ker(e)+Linp(v;)]|NIm(e) can be written in the form v+av; =

e(w), where v,w € D" e(v) = 0 and a € D. Then m;(v) + am(v;) =
mi(e(w)). Hence

mi(v) = mi(e(e(w))) = mi(e(v + av;)) = mi(e(aw;))
= am;(e(v;)) = ae(v;) = e(e(w) —v) = e(w).
This shows that e(w) = m;(v) € m;(Ker(e)) N Im(e), proving the claim.
Since e(v;) #0, we get [Ker(e)+Linp (v;)]NIm(e) # 0. Hence m;(Ker(e))N
m(e) # 0, as desired. m

LEMMA 6. Let e € My (D) be an idempotent of rank 2 with zero diagonal.
Then Ker(e) N Linp (vs,v5) =0 for any @ # j, 4,5 € {1,2,3,4}.

Proof. First suppose that there exist o, 5 € D\ {0} such that av;+pv; €
Ker(e). Hence ae(v;) + Be(v;) = 0. Since e has zero diagonal, e(v;), e(v;) €
Linp(vg,v;) whenever {i,7,k,l1} = {1,2,3,4}. Hence the diagonal of e is
zero in the basis av; + Bvj,v;, vk, v. Let —: D* — D*/Linp(av; + Bv;)
denote the quotient map and € € Endp(D*/Linp(av; + Bv;)) be defined
by &(T) = e(v). Then € is an idempotent of rank 2 (in Msz(D)) with zero
diagonal in the basis v, vy, v;. This contradicts Lemma 4.
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It remains to consider the case when v; € Ker(e) or v; € Ker(e). Let for
example v; € Ker(e). Then considering ~: D*— D*/Linp(v;) and & we get
a contradiction as above. m

LEMMA 7. Let V,W C D* be subspaces such that dimV = dimW = 2
and V NLinp(v;,v;) = 0 for all i # j. If m(V)NW 0 for all i, then
V=WorVnNnW=0.

Proof. Suppose that VNW # 0 and V # W. Fix some i. We claim
that either VN W C Linp{v; : j # i} or W C Linp(v;) + V.

Assume that W ¢ Linp(v;) + V. Since dim(Linp(v;) + V) = 3 and
dim W = 2 by hypothesis, (Linp(v;) + V) N W # 0. Hence dim(Linp(v;)
+V)NW = 1. Since m;(V) C Linp(v;) + V, we have 0 # m;(V)NW C
(Linp(v;) + V)N W. Therefore (Linp(v;) + V) NW = m;(V)NW. Similarly
0#VNW C (Linp(v;) +V)NW yields VNW = (Linp(v;) + V) NW. This
implies VW = m;(V)NW C Linp{v; : j # i}, proving the claim.

If W C Linp(v;) +V and W C Linp(v;) + V for some i # j then
V+W C (Linp(v;) + V)N (Linp (vj) + V). Since dim(V + W) = 3, we get
equality and so Linp(v;)+V = Linp(v;)+ V. This contradicts the fact that
V N Linp(vi,v;) = 0. So by the initial remark V N W C Linp{v; : j # i}
for at least three values of 7.

If this inclusion holds for i = 1,2, 3,4 we get VW = 0, a contradiction.
So it holds for exactly three values of i. This implies VW =Linp(v;) for
some 4. Since v; € V, we get dimm;(V) = 1. As m(V)NW # 0 we have
mi(V) € W. Clearly m;(V) C Linp(v;) + V = V. This yields Linp(v;) +
m (V) C VNW. Since dim(Linp (v;)+m;(V)) = 2, we conclude that V = W,
a contradiction. m

REMARK. It may be proved that if V, W are subspaces of D%, dimV =
dimW = 2 and m;(V) N W # 0 for all ¢, then either V=W or VNW =0
or 0# VNW C Linp(v;,v;) for some i # j or V+ W C Linp(v;,v;,vy) for
some distinct 7, j, k. Moreover, if the first, third or fourth possibility holds,
then m;(V) N W # 0 for all .

Denote by A1 = K(x,y : zy — yxr = 1) the first Weyl algebra over K. It
is well known that A; is a simple domain which has two-sided Ore fractions
(see [9]). Hence the division ring D contains an isomorphic copy of A; A7"
if and only if D contains two elements x and y satisfying xy — yx = 1. We
are now ready to prove our first main result.

THEOREM 8. Let D be a division ring of characteristic zero. Then there
exists a nonzero idempotent e € My(D) which is a sum of two nilpotent
elements if and only if D contains a copy of AjA]".
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Proof By Lemma 2, €2 = e is a sum of two nilpotent elements if and
only if e has zero diagonal in some basis. We can assume that vy, vo, v3, v4
is the appropriate basis. Our assertion may be reformulated as follows:

There ezists a nonzero idempotent with zero diagonal in My(D) if and

only if there exist two-dimensional subspaces V,W C D* such that V N

Linp(vi,vj) =0 for i # j, m(V)NW #0 for all i and V # W.
Indeed, if e is a nonzero idempotent with zero diagonal, then by Lemmas 3
and 4, rank(e) = 2. Put V = Ker(e) and W = Im(e). Then by Lemma 6,
VNLinp(vs,v;) = 0 for i # j. By Lemma 5(<=), m;(V)NW # 0. Conversely,
if V- and W are subspaces satisfying the above conditions then by Lemma 7,
V NW = 0. Define the idempotent e by Ker(e) = V and Im(e) = W
(V@ W = D*). Then by Lemma 5(=), e has zero diagonal.

Assume that subspaces V, W are given. Then V' € |J, Linp{v; : j # i}.
Indeed, otherwise V' C Linp{v; : j # i} for some i, leading to V N
Linp(vg,v;) # 0 for some k # [ and contradicting the assumption on
V. Hence we can find a vector ofjvq + ... + vy € V with of,...,a} €
D\ {0}. Replacing the basis v1,...,vs by ajvi,...,ajvs we can assume
that v1 +...4+v4 € V. Hence V = Linp(vy +...+v4, qv1 + ...+ aqvy) for
some ¢; € D. In this situation the condition V N Linp(v;,v;) =0 (i # j) is
equivalent to o; # «; for ¢ # j.

Assume now that V is given and we try to find a subspace W such that
dimW =2 and m;(V) N W # 0 for all i. Note first that =;(V)Nm;(V) =0
for ¢ # j. Indeed, let for example i = 1 and j = 2. Take w € m (V) Nma(V).
Then w = m1(z1) = ma(22) € Linp(vs,vy) for some 21,29 € V. Moreover,
z1 = avy + w, 29 = Py + w for some o, € D. This gives z1 — 29 €
Linp(v1,v2) NV = 0. Hence « = =0 and z; = w € V N Linp(vs,v4) = 0.
This proves the desired claim.

Let w; = pi(D_ ;2 v5) + (3 yvs) € m(V)NW\ {0} for some p;, q; €
D,i=1,...,4. Then, by the last paragraph, w;, w; are linearly independent
for any i # j. Since w; € m;(V'), existence of a subspace W with the desired
properties is equivalent to dim Linp{w; : ¢ = 1,...,4} = 2. The latter is
equivalent to ws = rw; + sws, wy = twy + uwsg for some r,s,t,u € D (of
course 7, s,t,u # 0). By the definition of w; this can be written as

(D3 + g3y = sp2 + G201,

P3 + @32 = rp1 +rq100,

0 =rp1 +rqias + sp2 + sqas,

P3 + q30qy = 1rp1 +1rq1004 + SP2 + 52014,

(4) i+ _

4 + Qa1 = up2 + uga0vy,
P4 + qaae = tp1 +tqr g,
D4 + qaag = tp1 + tqraz + up2 + ugaas,
0 =tp1 + tqroy + ups + ugaauy.
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Now we prove that the condition wi,...,ws # 0 can be replaced by
wy # 0, or equivalently (p1,q1) # (0,0). Assume that wiot = 0. If wy =0
then ws = rw; # 0. Since m (V) Nmw3(V) # 0, wy and ws are linearly
independent, and we get a contradiction. Hence wy,ws # 0 and wq, wo are
linearly independent. This implies that ws = rw; + sws # 0 and wy =
twy + uwq # 0.
So our problem is reduced to solving (4) under the assumptions: a; # o
for i # j, r,s,t,u # 0, (p1,q1) # (0,0) and the solution corresponds to
V£W.
First assume that such a solution is given. We prove that D O A; Al_l.
From the first and fifth equations of (4) we get p3 = sp2 + sga1 — gz and
P4 = upa + ugaay — qaer;. Now we can eliminate ps and py from (4) passing
to
g3 +1Tp1 + rqioe = @3t + Sp2 + 5qa0,
0 =rp1 +rqas + sp2 + sqas,
Sp2 + 8q201 — G301 + g3y = TP1 + Tq104 + SP2 + 5q20u,
qaor +1p1 +lqrae = qaoe + up2 + ugaov,
up2 + uqa — qa0 + oz = tpr + tqrag + ups + ugeas,
0 =tp1 +tqray + up2 + ugaauy.

By the first and fourth equations we have

qs = (up2 — tp1 + ugear — tqran)(ar —az) ™.
So g3 and g4 may be eliminated:
0 =rp1 +rq1a3 + sp2 + sqzazs,
sp2 + sqacy + (8p2 — Tp1 + 8oy — rqran)(a; — ag) " ay — aq)
=7Tp1+rqioy + Sp2 + Sq20u4,
upz + ugeay + (up2 — tpr + ugeay — tqran) (o — az)”Has — aq)
=ip1 + tqras + ups + ugeas,
0=tp1 +tqraq + up2 + ugaay.
Multiplying the first and second (resp. third and fourth) equations on the
left by s7! (resp. u™!) we can take s~1r to be “new s” (resp. u~'t to be
“new t”) and hence we can assume that s = v = 1. From the first and fourth
equations we obtain ps = —(rp1 + rqras + gaas) = —(tp1 + tqros + gaoy).
So po can be eliminated:
rp1 + rqias + gaa3 = tp1 + tqi o + qa0u,
G201 + (—rp1 — rqros — qeos — TPy 4 qaan — rqron)(ar —ag) T H(ag — o)
=Trp1 +Tq104 + q204,
G2 + (—tp1 — tqra — qaag — tp1 + qaay — tqran) (o1 — )™ az — )
=1ip1 +lqraz + qos.

(5) {QS = (sp2 — rp1 + s — rqrae)(aq — 042)_1,
-1

Define A = (a1 —a2) " Hay — ;) and B = (a3 —az) (a3 —aq). Trans-
forming the above equations we pass to
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rp1 + rqraz + geag = tpr + tqroy + qeay,
G2(0n —asA+ a1 A —ay) +rp1(—24 - 1) +rq1(—az3A — asA — ay) =0,
G2(a; —ayB+ a1 B —asz) +tp1(—2B — 1) + tq1(—ayB — as B — a3) =0.

From the first equation we get
(6) g2 = (tp1 — rp1 + tqro — rqros)(as — o)
Now g2 can be eliminated:

(tp1 — rp1 + tqrau — rqras) (g — au) " Hon — o + (a1 — agz)A)
+rpi(—2A4—1) +rqi(—(a2 + a3)A —ay) =0,

(tp1 — rp1 + tqroy — rqras)(as — ag) " Hag — az + (a1 — aq)B)
+tp1(—2B = 1) + tq1(— (a2 + a4) B — a3) = 0.

Define
= (a3 — a4)_1(a1 — oy + (011 — Oég)A),

= (a3 — o) (o1 — ag + (a1 — a4)B).

SN

After transformations we get

(7 { t(pr + quoa) A =r[pr(A+ 244+ 1) + qr(azA + (a2 + a3) A + au)],

tp1(B —2B — 1) + qi(aaB — (a2 + a4) B — a3)] = r(p1 + q1a3) B.
It is easy to see that A = 0 implies as = a3, a contradiction. Hence A # 0.
Since t,r # 0, the elements
pi+aqog and pi(A+244+1) +qi(azA+ (a2 + az)A + o)

are either both zero or both nonzero. If both are zero, then by eliminating
p1 and ¢1 ((p1,q1) # (0,0)) we conclude that ay = ay. This contradiction
shows that the above two elements are nonzero. Similarly one can prove that
both sides of the second equation of (7) are nonzero. Now r and ¢ may be
eliminated:
B)  [p(A+24+1)+ q(azA+ (a2 + az) A+ ag)]A (1 + qraa) ™!

= (p1 + qras)B[p1 (B —2B — 1) + q1(cuB — (o2 + a4) B — ag)] .
Define X = p; + q1ag and Y = p1 + q1a3. Then p1=—X(ayg — ag)_1a3+
Y(as—a3) tagand ¢ = (X =Y) (s —ag)™'. Put X = X(a4 —a3)~! and
Y =Y (aqg —a3)"!. Then p; = —Xaz +Yay and q = Y. Substituting
this to (8) we get

[(—Xasz+Yayu)(A+24+1)
+ (X — ?)(0432 + (ag + ag)A + a4)]ﬁ_1(a4 — 043)_1)?_1

= ?(044 — 043)5[(—)7043 + ?O{4)(§ — 2B — 1)
+ (X ?)(0443 (062 -+ 064)B — Oé3>]71.
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By the definition of A and B we obtain
9 {Xl(az — a5)A-+ (a4 ~ ax)] B
+Y[(og — 1) + (204 — a1 — ) AP} (oq — 1) + (a3 — 1) AP X 1
=Y[(as — a1) + (ag — a1) B{X[(a3 — a1) + (2a3 — a1 — ag) B]
+Y[(az — aq) B+ (a3 — aa)]}

Define ,32 = (1 — Q9, ﬁg = (1 — Q3 and ,84 = (1 — Oy. Then A = —ﬁz_lﬂ4
and B = —,32_1/83. So aq,...,a4,A, B can be eliminated:

(10)  {X[(Bs — B2)(—B5 'Bs) + (Bs — B4)]
+Y[—Ba+ (B2 — 2B4)(—B5 " Ba)]}—Bs — Bs(—B5 'Ba)) ' X1
=Y[—B3 — Ba(—B2B5 Y{X[—B3 + (B2 — 285) (=B ' B5)]
+Y[(Ba — B2)(—=B5 " Bs) + (Ba — B3)]} "
Multiplying by Y ~! on the left and by X on the right and setting T = X 1Y
we obtain PQ~! = RS™!, where
P =T (=385 Ba+ B3) + (=284 + 2B4585 " Bu),
Q=—Ba+ B30y Pu,  R=—Ps+ BaBy Ps,
S = (=283 + 28385 ' B3) + T(—PaBs ' Bs + Bua).

Then clearly
(B PB (B QBT = (B RBs (B3 SBs )T

But

BiPB = (B T B —2)(B = By Y),  BilQBy =B+ 8,

B RBy =B+ 85", By'SB = (=24 B85 TR (B — By ).
Hence

(BT B —2)(By " — By )(=B5 ' + B3 1)7!
= (=B + BB =B ) THB TR —2) 7

Define Z = B3 'TB4 and wo = (8, — By 1) (By * — B3 1) ~'. Then we get the
equation

(11) (271 = 2)wp = wo(z — 2)7 1.

This implies (1 — 2z)wo(z — 2) = zwg. After substituting z = ¢ + 1 we get
2twot — twy + wot = 0. Hence

(12) (2t)wo(2t) — (26)wo + wo(2t) = 0.
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_ Next we check that ¢ # 0. If £ =0, then z = 1 and T' = 53@1_1. Hence
XY = 535471. This implies

(044 — 043)X71Y<Oé4 — 063)71 = (a1 — Ctg)(()él — (X4)71.

Therefore XY = 1 + (a1 — ag) (g — a3). Since X = p; + qray and
Y =p1 +qasz,

(p1 + Q1a4)[1 + (a1 — a4)_1(a4 - 043)] =p1+ qos.

This is equivalent to p; + a3 = 0. In this case 0 # py(vy + ...+ vq) +
q1 (Oél’l)l + ...+ Oé4’l)4) =pm (?}2 +vs + 7)4) +q1 (0421)2 + a3v3 + Oé4’U4) evVnw.
By Lemma 7, V = W, a contradiction. Hence 2t # 0.

Multiplying (12) by (2twg)~! on the left and by (2¢)~! on the right we
get 1 — (2t)~ 1 +wy ' (2t) " twg = 0. Substituting z = wo and y = wy ' (2t) !
we have 1 = zy — yx. Hence the division ring generated by x and y over K
is isomorphic to A; A7

Now assume that D contains two elements x,y such that zy — yx = 1.
Following the argument of the “if” part in reverse order one can construct
the desired solution of (4). Namely, define wy = z,t = 3y 'z™! and z =
t 4+ 1. Then (11) is satisfied. Elements o, 83,84 € D \ {0} such that wy =
(54_1 — 62_1)(ﬁ2_1 — 63_1)_1 are easy to find. Define T' = /6’3Zﬁ4_1. Choose
X,Y € D satisfying T = X ~'Y. Then (10) is true.

Define A = —3; 34 and B = —551,83. Choose a1, ...,a4 € D such that
Bi = a1 — a for i =2,3,4. Then (9) holds.

Define also A = (az—ay) " (a1 —ays+ (a1 —a3)A), B = (az3—ay) (o —
az+ (o —ag)B), X = X(ag —a3),Y =Y (g —a3), p1 = —Xaz + Yoy
and ¢g = X — Y. Then (8) is satisfied.

Now we can find ¢, € D\ {0} satisfying (7). Next g2 can be calculated
from (6). Define py = —(rp1 + rqras + gaag). Put s = uw = 1. Then g3
and ¢4 are given by (5). Finally, define p3 = spa + sqaa1 — g3 and py =
ups + ugaa; — qaap. In this way a solution of (4) is obtained.

Now we have to check that our solution corresponds to V' # W (the
remaining conditions are easy to verify). Suppose that V' = W. Then

w1 :plzvj +Q1 ZO&jU]‘ S 7'['1(V) nVv.
j#1 i#1
Hence we can find g, h € D such that

w1 :ngj +h2ajvj.
J J

Comparing both expressions one can prove that ¢ = p; and h = ¢;. Hence
p1 + quop = 0. Repeating the arguments given at the end of the proof of
the “if” part in reverse order, we can prove that ¢ = 0. This contradicts the
choice of t (= 3y~ 'z7'). m
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3. The identity as a sum of three nilpotents. Bokut’ proved that
each algebra can be embedded into a simple algebra which is a sum of three
nilpotent algebras of degree 3 (see [2]). We show that the identity element of
M3(D) can be represented as a sum of three nilpotent elements for certain
D. The proof will be preceded by auxiliary lemmas. However, we start with
a negative result concerning such representations.

PROPOSITION 9. The equality 1 = x4y + 2 where 2% = y> = 2° = 0 does
not hold for any K-algebra A with unit and z,y,z € A.

Proof. Consider the algebra A = K{(z,y,z: 1=z +y+z,2% =93 =
2°> = 0). Eliminating z we get A = K(z,y 12> =y3 = (1 -2 —y)° =
Since 22 = 0,9% = 0, from 2(1 — 2z — y)°z = 0 and 2(1 — z — y)%y
follows that

&+ .

0i

(13) rylzys = —zyryzys + ...,
(14) zylryry = —zyryiey — vyzyry + ...,
where monomials of degrees < 6 are not specified. Set B = {1,y,y*} and
E = {1,2,2y?, vy’z, xy’ay, vy’ vy?, vy?zyx}. Define also

Vi = Ling {monomials of degree < m},

Zm = Ling{b(zy)"e’ : b€ B, ¢ € E, n e NU{0}

and b(zy)"e’ is of degree < m}.
Every nonzero monomial which cannot be written as in the definition of Z,,
must be either (i) b(zy)"zy?xy?za or (i) b(zy) xy*ryzrya for some b € B,
n > 0, and for a monomial a (maybe empty). In the first case, applying
(13) we get
b(zy)"xy*zy*ra = —b(xy) " wyryryra + ... = —b(zy)" Pra + . ..
In the second case applying (14) we get
b(xy)"zy*ryrya = —b(xy)"zyry*rya — b(xy)“zyryryia + . ..
— —b((l)y)n+1 )n+2

(monomials of smaller degrees are not specified). Repeating the above ar-
guments for monomials of degree m we increase n. This allows us to prove

that V,,, C Z,,, + Vin—1. Then

Voo € Zpy + Vi1 C Zm‘i‘(mel‘f‘mel) C...CZp,+...+21 =2,
Hence V,,, C Z,,. By the definition of Z,, we see that GKdim(A) < 1. By
[12] we know that A is PI. Hence A/J(A) is a subdirect product of M,,, (D;),
i € I, where D; are finite-dimensional division algebras over their centers
Z(D;) (see [5]). Now using the Z(D;)-linear trace function on M,,, (D;) we
can prove that A = J(A), but 1 € A, a contradiction. m

ry*xya — b(xy ryla+ ...
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A similar method can be used to prove that if e = e? = x + y and

2> = 9y° = 0 then e = 0. This yields a simpler proof than that given in
[4]. Tt is easy to see that 1 = 2 +y + 2z and 22 = y> = 2" =0, n € N,
leads to a contradiction. The next cases to be considered are those where
22 =yt =22 =0o0r 22 = 9> = 26 = 0. We conjecture that examples of
algebras of these types exist.

LEMMA 10. Assume that

9" = (aiy)

Ns)
S O
O = =
— = O

for some g € M3(D) and a; ; € D such that a;; = 0. Then a; ; # 0 for all
i 7.

Proof. Suppose that a;; = 0 for some ¢ # j. Conjugating by a permu-
tation matrix we can assume that as; = 0. Then

0 0 0 0 ai2 a1.3 0 1 0
I=| 0 0 0|+{0 0 ass|—9gl0 0 1]g"
as;1  a32 0 0 0 0 0 0 0

This contradicts Proposition 9. =

LEMMA 11. Under the assumptions of Lemma 10, we can find (i, 7, k)
such that {1,2,3} = {i,4,k}, arjajk #1 and a; ja;, + a;r # 0.

Proof. First assume that ay jaji # 1 for some k # j. Then we can
assume that a; ja; +a; = 0 for ¢ such that {1,2,3} = {7, j, k}. In this case
Q;j Ok, 75 1 and Qi KOkt Q5 5 = (fai,jaj,k)akd- +a;; = CLi,j(l*aj’kak’j) 75 0
by Lemma 10. Hence the triple (i, k, j) satisfies the claim.

Now, suppose that a; ja;; = 1 for every ¢ # j. Let

Then

1 10 LA
(hg) [0 1 1] (hg) ' =h(aij)h'=| 1 0 1
00 1 10

where \ = aLga;’éai% # 0. Let
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Then
0 1 X P P
1 0 1 q| =1¢q
A0 T r
This immediately implies that A = —1. Then
1 10 -1 1 -1
2=rank [(hg) | 0 1 1] (hg)"*—1I| =rank 1 -1 1]=1,
0 0 1 -1 1 -1

a contradiction. m

THEOREM 12. Let D be a division ring of characteristic zero. Then
M3(D) contains elements x,y, z such that I = x+y+z and 23 = y3 = 23 =0
if and only if D contains a copy of AlAl_l.

Proof. (=) By Proposition 9, z is nilpotent of index 3. So x is equal to

0-1 0

(0 0 —1> in a certain basis. By Lemma 2, y 4 z has zero diagonal in some
0 0 0

basis. Since I — x = y + z, we can find an invertible g € M3(D) such that

1 10 0 p ¢q
glo 1 1)lgt=|s 0 r
0 0 1 t u O

for some p, q,r,s,t,u € D. By Lemma 10, p,q,r,s,t,u # 0. By Lemma 11,
changing the order of vy, vo, vs if necessary, we can assume that sp # 1 and
tp + u # 0. Denoting

a b c
g=1|d e f|, ab,...eD,
g h i
we have
a b c 1 1 0 0 p q a b c
(15) d e f 01 1])=1s 0 r d e f
g h i 0 0 1 t u 0 g h 1
Comparing the first columns on both sides of (15) we get
a=pd+qg,
d=sa+rg,
g = ta + ud.

Eliminating a = pd + qg we get
{ (1= sp)d = (sq+71)g,
(1 —tq)g = (tp + u)d.
If g = 0 then d = 0 and a = 0. This implies that g is not invertible, a
contradiction. Hence g # 0 and (1 —sp)~1(sq+7) = (tp+u)~1(1—tq). Any
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solution of our system of equations with respect to a, d, g looks like

9=29,
{ d=(1—sp)"'(sq+r)g,
a=p(l—sp)~(sq+1)g+aqg.
Define X =1—tq, Y =1—sp, P =sq+r and () = tp + u. Since we have
(tq)(sq)~L(sp)(tp)~! = 1 it follows that

(16) L-X)P-r) ' 1-YV)Q-w " =1.
The previous equations can be written in the form

g=49,
(17) Y 'P=Q 'X and { d=Y 1Pg,

a= (pY 1P +q)g.

Next we consider further equations derived from (15) (second columns):
a+b=pe+qh,
{ d+e=sb+rh,
g+ h=1tb+ ue.
By eliminating b = pe + gh — a we obtain
d+ sa=(sp—1)e+ (sq+1)h,
g+ta=(tp+u)e+ (tg —1)h.
After eliminating e, h vanishes and we get
(sp— 1) H(d + sa) = (tp +u) " (g + ta).
By (17) we have
d+sa= (Y 'P 4 spY 1P+ sq)g
=Y 'P+(1-Y)Y P+ (P-r)g=(2Y 'P—-r)g
and
g+ta= (1+tpY 'P+tq)g= (1+(Q—uw)Y 'P+1-X)g = (2—uY 'P)g.
Therefore
(18) Y 'QY'P—r)=Q ' (2—uY'P).
Any solution of the last system of equations with respect to b, e, h has the
form
— B,
-Y-Y((2Y 1P —r)g — Ph),
—pY Y ((2Y 1P —7r)g — Ph) +qh — (pY 1P +q)g
—pY N QY T'P —r+ P)g— Ph)+q(h —g).
Now, consider the remaining equations coming from (15) (third columns):

(19)

h
e
b

b+c=pf+qi,
e+ f=sc+ri,
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By eliminating ¢ = pf + ¢i — b we obtain
e+sb=(sp—1)f+ (sq+7)i,
h+tb= (tp+u)f + (tg — 1)i.
After eliminating f, ¢ vanishes and we get
(sp— 1) (e +sb) = (tp+u) " (h +tb).
By (19) we have
etsb= —Y Y2V 'P—r)g— Ph)
+ (=sp)Y (Y 'P —r + P)g — Ph) + sq(h — g)
Y=Y (2Y"'P —r)g — Ph)
+ (Y - 1)Y Y QY 'P—r+ P)g—Ph)+(P—7r)(h—g)
=Y '(=2@Y'P-r)+ P)g+ (2Y 'P—r)h

and

h+th=h+(—tp)Y 1 ((2Y'P —r 4 P)g — Ph) + tq(h — g)
=h+u-Q)Y QY 'P—r+P)g—Ph)+(1—z)(h—g)
= (u—Q)Y 'Y 'P—r)+uY 'P-QY 'P -1+ X)g
+(2 = (u=-Q)Y'P—X)h
=(u—Q)Y QY 'P—r)+ (—2+uY 'P)+1)g
+2-(w-QY'P—X)h by (17)
= (u—Q)Y 'Y 'P—r)+ QY 12V 'P—7) +1)g
+2-(u—-Q)Y 'P—-X)h by (18)
=Y 'QY'P—r)+1)g+ (2— (u— Q)Y 'P— X)h.
Hence
Y Y N(—202Y P —7) + P)g+ (2Y P — 1)h]
=Q MuY 'Y TP —r+1)g+ (2— (u— Q)Y P — X)h].

By (17) and (18) we have =Y "1 (2Y "1 P—r)h = Q71 (2— (u—Q)Y "1 P—X)h.
Hence —Y 2(—2(2Y 1P —r) + P) = Q' (uY~1(2Y 1P —r) +1). This
implies
(20) 2-YQ 'lu)Y 'y 'P—r)=Y'P+YQ .
Set P=Y 'Pand Q = YQ™!. Then (17) becomes X = Q~'Y P, and (16),
(18) and (20) can be rewritten as

1-Q YYP)YYP—-r)1(1-Y)(Q 'Y —u)"t =1,

—(2P —7)=Q(2—uP), B

(2-Qu)Y 2P —-r)=P+Q.
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Next we will prove that P # 0. If P = 0 then
() 'A-Y)QY —u)~t =1,
r=2Q, B
(2-Qu)Y-r)=Q.
Eliminating r we get
(2-QuY~'(-2Q) = Q.
Hence 3 = 0, a contradiction.
Our system of equations is equivalent to

{ QP =Y)(Y —rP H(A-Y)(Y - Qu)™' =1,

{Y —1=2QQ7'Y —u),

;P -2=2QP "~ Qu.
2-Qu)Y 12-rP)=1+QP L
Define A = QP~!, B=rP~! and C = Qu. Then
(A-Y)(¥ = By {1-Y)(Y —C) T =1,
-2+ B=2A-C,
2-C)Y 1(2-B)=1+A.
Substituting A = %B + %C — 1 we obtain
Y-iB-1C+1=( -C)(Y -1)"'(Y - B),
e2-0)y-l2-B)=1iB+1C
If B+ C =0then B=2or C = 2. Let for example B = 2. Then C = —2.
Hence (Y +1) = (Y —2)(Y — 1)"}(Y — 2). This is equivalent to 0 = 3, a
contradiction. Hence B+ C # 0. Set S = (B+C)™', T = B(B+ ()™,
(1-T=C(B+C))and Y =Y (B+ C)~'. Then
Y+S5-— % =Y -1-T)H)Y -8)"YY —-T),
(2S-(1-T)Y '(25-T) = 3.
Hence B B B B
Y+S-HY - =Y +T-1)(Y -5,
Y=31025-T)25+T-1).
The first equation will be transformed equivalently:
(V-T)+(T+85-3)Y -T)"' = (Y =)+ (T+S-1)Y -8,
(T+S-3)Y-T)'=T+S-1)(Y -85,

Y-T)(T+S-4H) "' =F-8)T+5-1)7",
+S5-DT (T +5-1)) =T(T+5-4) " =5T+5-1)",
Y((T+5-3) (T+5-1)-1)=T(T+85-4) (T+S5-1) -5
1

(T45-5)-3)-1] =T(T+5-3) " (T+5-3)-1) -5,
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= -1 —1
V(=) +8-3) =T0-3(T+S-3) )-8,
(~iY+ 1T (T+5-4H) ' =T-5

Substituting ¥ = (25 — T)(25 + T — 1) we have
—§(2S—T)(2S+T—1) +1T = ST +
3724 18T — TS+3T 0,
—3T §(ST Hr —1T(ST) $=0,
(2ST-1)(T — 1) — (T — 1)(2ST~ ):T—l.

If T =1then 0 = C = Qu = YQ 'u, a contradiction. Hence T'— 1 # 0 and
we have

(GST )T -1 (T -1)—(T-D[(EST )T -1)"'] =1
Define M = (25T')(T —1)"' and N =T — 1. Then MN — NM = 1.
Hence D contains a copy of AlAfl

(<) Let M,N € D be such that MN —NM = 1. We will find a solution
of the system of equations arising from (15). This may be done by following
the argument of the proof of (=) in reverse order. If M = 2ST-1(T —1)~!
and N=T-1then T =N+1and S = SMN(N +1). Hence Y =

125 -T)2S+ T —1). Now we get B = T'S™1,C = (1 -T)S™! and
A = 1B+ 1C— 1. Put P=1. Then Q = A,r = B,u = A~'C. Moreover,
P = YF, Q = Q'Y and X = Q'Y P. We have defined X,Y,P,Q,r,u
such that (16), (18) and (20) are satisfied.

Next we use (16) to define p,q,s,t. Put p=1. Then s =1-Y, ¢ =
s71(P —r)and t = Q — u. Now, the proof of (=) yields a solution of the
system of equations arising from (15), with p, ¢, r, s, t,u given. For example
let g=1,d=Y 'Pgand a = (pY 1P +q)g. From (19) we can read h,e,b
(h can be chosen arbitrary), and so forth.

Now we have to prove that the solution just constructed leads to an
invertible matrix g. Let

~3):

p p 0
W = q|:pqgreD, glql|= 0
T T

110 1
Then by (15), (0 1 1> W C W. Hence if W # 0 then (0) € W and
001 0

the first column of g is zero, a contradiction. Therefore =0 and g is
invertible. Hence
0 -1 0 0 0 O 0 p ¢q
I=gl0 0 —1)g*+|s 0 0]+[0 0 r
0 0 O t u 0 0 0 0

is the desired decomposition. m
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It is easy to see that the assertions of Theorems 8 and 12 remain true,
with the same proofs, if D is any division ring of characteristic # 2, 3.

Now we can give an example of an idempotent e such that e = z+y and
2% = y% = 0. The assertion of Theorem 12 will be used in the construction.

EXAMPLE 13. Let T, T be the free semigroup, respectively monoid,
generated by 1,1’,2,2",3,3. Put X ={1,2,3}, X' ={1,1/,2,2/,3,3'} and
define an order < on X’ by 1 < 1’ <2 <2’ <3 < 3. In a vector space over
K consider the following system of equations in unknowns v, for r € T":

Zz‘eX/ Uryiry = Upyry,  Where r,m €T,
(21) Vpyiirg = 0 where r1,79 € T',5 € X/,
Upyiitry =0 where r1,79 € T',i € X.

We will find a solution of (21) which satisfies the condition
(22) D v #£0.
ieX’

Assume that D is a division ring such that A; A7 C D. From Theorem
12 we know that there exist by, by, b3 € M3(D) such that I = by + by + b3
and b3 = b3 = b3 = 0. Each b; can be written as

0 1 0 0 0 0 010
00 1)J=(100T1}+]10 00
0 0 0 0 0 0 0 0 0

in some basis of D3. Hence we can find a;,a; € M3(D) such that b; =
a; + ay and a? = a;a;y = a? = 0. Let v € D3\ {0} be such that ajv # 0.

Define Vig..iy = Gy, -+ - Q3 U for 21,y 0k € X' If r = ijij_l .. .ik+1 and
ro = lpig—1...191 foriq,... 05 € X', then
E Uriiry = E aij .. .aikﬂaiaik 03V = aij .. .aik+1< E ai)aik ...V
e X’ €X' €X'
= al']. “. aikHaik e QU= Upqry,

Upriiirg = aij “. aik+1 a;a;Qgp, - A3V = O,
Upyiitry = 0 similarly.
Hence (21) is satisfied. Since ) oy, v1i = D ,cxs a1a;v = a1v # 0, (22)

holds. Let V' be a linear space (over K) spanned by the vectors v, (r € T),
subject to the relations given in (21). Define e, z,y € Endg (V') by

1
x(vp) = E Vrij, y(vp) = g vy forreT”, e=xz+y.
GEX:j>i JEX:j<i

Then z,y are indeed well defined since they preserve the relations defining
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V. For example: if 7o = rbk for v, € T and k € X', then

1'( E Urlir;k) - xvrlrék = ( E vrlirékj) - < E vrlrékj)

iex’ ijEX >k JEXj>k

= > K > UTlZ’(TéM))”n(rékj)} =0.

JEX'i>k €X'

Moreover, e is a nonzero idempotent because

e(ev,) = e( Z fum-> = Z Upij = Z < Z vm-j> = Z Upj = evy

ieX’ i,jex’ jEX! ieX! jEX!

forr € T and e(v1) = Y,c ¢/ v1i #0. Let ' € T! and i € X' It is easy to
see that

3 —
(i) = > Ur'ijijajs-
J1,J2,J3€X"1i<j1<j2<Js
Since certain neighbouring elements of the sequence i, j1, j2, j3 are equal to

k, k' for some k € X, from (21) it follows that v,;j,j,j, = 0. This proves
that 2% = 0. Similarly one can show that y® = 0.

Examples of the following two types were constructed in [4]: an identity
element which is a sum of four nilpotent elements of degree 2, and a nonzero
idempotent which is a sum of three nilpotent elements of degree 2. Another
construction of this type can be obtained from [1, Prop. 2.2.1]. Here we give
new examples by considering Ms(D). As in the preceding constructions,
this leads to the first Weyl algebra.

PROPOSITION 14. There exists an idempotent e € My(D)\{0} which is a
sum of three nilpotent elements if and only if D contains a copy of AlAl_l.

Proof. (=) Let e = x+y+2z where z,y, z € My(D) are nilpotent. Then
22 = y? = 22 = 0. Since e — z is a sum of two nilpotent elements, by Lemma

2 we can assume (changing the basis) that e — z = (2 g) for some p,q € D.
Let z = (Z Z), a,b,c,d € D. Since 22 = 0 and z # 0, either b # 0 or ¢ # 0.
Let for example b#0. From 22 =0 we get a® + bc=0. Hence c=—b"1a?.

Also ab + bd = 0, so that d = —b~1ab. (It is easy to see that

a b\ _ a b
c d) \=b71a®2 —blab

is nilpotent). Therefore

o a b+q
“\p-bta? —bltab )"
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Define p = p — b~ 'a? and ¢ = b+ ¢q. Then

_ (e 1
€_<p-¢*w>'

If p =g = 0 then from e? = e we get a®> = a and b~'a?b = —b~tab.
Hence a = 0 and e = 0, a contradiction.

So suppose for example that p # 0. Then e? = e implies pa+(—b"lab)p =
p. Hence (abp)(p~1v~1) — (p~1b~1)(abp) = 1. Defining z = abp and y =
P~ 'b~! we obtain zy — yx = 1. Therefore D contains a copy of AlAfl.

(<) Assume that z,y € D such that xy — yz = 1 are given. Let a = zy,
b=y !, p=1and ¢= a2y — (zy)®. Then

(@ q
€_<pb1m>

is a nonzero idempotent. Put p=p+b"'a? =14+ yryryand q=q—b =
xy — (ry)? —y~1. Then

(0 0 0 ¢ a b
6_<p 0>+<O 0>+<—b1a2 —blab)

is a sum of three nilpotent elements. m

PROPOSITION 15. I € Ms(D) can be represented as a sum of four nilpo-
tent elements if and only if D contains a copy of AyA7*.

Proof. (=) Let I = x+y+ 2+t where z,y, z,t € My(D) are nilpotent.
By Lemma 2 we can assume that z +¢ = (2 g) for some p,q € D. Similarly
there exists an invertible A € My(D) and r,s € D such that

o 0 s 1
x—i—y—A(T 0>A .

- 0 s 0 ¢
A_A<r O)—l—(p O>A'

Assume that A = (a b), a,b,c,d € D. Then our equality is equivalent to

Hence

cd
a = br + qc,
b=as+ qd,
(23) ¢ =dr + pa,
d = cs + pb.

If one of p,q,r,s is zero then I can be represented as a sum of three
nilpotent elements of degree 2. This contradicts [4]. Hence p, q,r, s # 0.
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Next we show that a,b, c,d # 0. Let for example a = 0. Then we get

0=br+ qc,
b= qd,
c=dr,
d = cs + pb.

Substituting b = ¢d and ¢ = dr to the first equation we get 0 = 2¢qdr. Hence
d=0and b =qd =0, c =dr =0, a contradiction (A is invertible). The
proof that b, ¢, d # 0 is similar.

Now we eliminate ¢ from the first and second equations of (23) and p
from the third and fourth equations of (23):

{ (a—br)ct = (b—as)d™?,
(c—dr)a=! = (d—cs)b L.

Defining f = b~'a and g = d~'c we get

{f—TZ(l—fS)g,

g—r=(1-gs)f.

After eliminating r we obtain —f + g — fsg = —g + f — gsf. Define h by
g = f+h and substitute it to the previous equation. We get 2h = fsh—hsf.
If h =0 then b~ 'a = d~'c and A is not invertible. Hence h # 0. Therefore
1= (3h71f)(sh) — (sh)(3h7'f). Put = h™'f and y = sh. Then 1 =
zy — yx. Hence D O AlAl_l.

(<) Assume that x,y € D such that 1 = 2y — yx are given. Put h = 1.
Then reading the proof of (=) in reverse direction we have f = 2hx = 2z,
s=yh =9y, g=f+h=2x+landr = f—(1—fs)g = —1+2xy+dzyx. Put
alsob=d=1. Thena = bf = 2z,c=dg =2z +1,q = (a—br)c™! = 1-2zy
and p = (c—dr)a=t = 1+2~ ! —xyz=' +2xy. The elements a, b, c,d, p,q,r, s
just found satisfy (23) and A is invertible because h # 0. This gives the
desired decomposition of /. m

4. An application. In [6, 7] Kegel proved that a ring R which is a sum of
two nilpotent subrings R; and Rs must be nilpotent. If R is an algebra over
a field K, then we may assume that R C Endg(V'), where V is a K-linear
space. Define W; = {v € V : Rlv =0} and Z; = {v € V : Rlv = 0} and
i,7=1,2,... Then Wy C...C W, =V and Z; C ... C Z,, =V where
n, m are the nilpotency degrees of Rq, Ry respectively. By Lemma 1 we can
find subspaces Y;; C V such that Wy = @, Yi; and Z, = P, Vi
Since RyW; € Wi_1, RoZ; C Zj—q fori,j = 1,2,... (Wy = Zo = 0) and
R = R; + Ry we have

R(Y; ;) CWi_1+ Z;_1 C @ Yii.
(k,1)#(%,9)
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So it is natural to consider the following problem. Let V = @, V; where V;
are subspaces of a K-linear space V and let R C Endg (V) be a subalgebra
satisfying R(V;) C @, V;. Is R necessarily nilpotent?

The answer is negative in general by Theorem 8 (take R = Ling(e)).
Hence we shall discuss the case where V' is finite-dimensional. Then R must
be nilpotent since tr(R)=0. The natural question that arises here is whether
the nilpotency degree of R is bounded by a function depending on n only
(as in Kegel’s theorem). We answer this question in the more convenient
setting of a semigroup R (clearly, if R satisfies the desired conditions, then
the linear span of R also satisfies them).

PROPOSITION 16. Let V = @, V;, dimg (V) < oo and let S C Endg (V)
be a semigroup satisfying S(V;) C @j# Vj. Then

(a) if n =2 then S? =0,
(b) if n =3 then S* = 0.

On the other hand, if n = 4 then S may have an arbitrarily large nilpotency
degree.

Proof. (a) For any s € S we have s(V3) C V45 and s(V2) C V5. Let
s1,82 € S. Then s182(V1) C s1(Va) C Vi and s152(Va) C s1(V4) C V. Since
s182 € S, we have s152(V1) CViNVe =0 and s152(Va) C VonVy = 0. This
implies s152 = 0. Hence S = 0.

(b) First we show that it is sufficient to prove the claim for semigroups
S generated by one element. Let sq,...,s4 € S. Consider 5 € Endg (V?)
defined by §(vl,v2,v3,v4,v5) = (811}27821)3,837)4,841}5,0) for any v; € V.
Then the condition s;...ss = 0 is equivalent to 3% = 0. Moreover, V° =
@le V5 and 58(V?) C D, VP for k = 1,2,... Hence it is enough to
consider the semigroup generated by 5. So we can indeed assume that S is
generated by some s € S.

Let v; € V1. Then s(vy) = va+vs for some vo € Vo and v € V3. Similarly
s(vg) = v + vh, s(vs) = v} + v} for some v}, v} € Vi, vl € V5 and v} € V.
Since

s2(v1) = s(vg +v3) = (V) +vf) +vh+vh € Vo @ V3,
we get v = —v]. Moreover, s(v]) = Ty + T3, s(vh) = U1 + U3 and s(v}) =

U1 + Dy for some 1,71 € Vi, U2, 0y € V5 and U3, 03 € V3. Now
s2(vg) = s(v] +v8) =T1 + (Vo +02) +T3 € V1 © V3
implies that U5 = —7,. Since
s2(v3) = s(—v} + b)) =Ty — Ty + (U3 +03) € V1 @ Vs,
we get U3 = U3. Similarly
s3(v1) = s(vy +vy) = (U1 +01) + 02 +03 € Vo O V3
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implies that 77 = —v;. We also have s(71) = U2 + U3, s(v2) = U1 + 03 and
s(T3) = v1 + Vs for some v;,v; € V;, i = 1,2, 3. Since

82(?)1) = 8(@2 +@3) = (:61 +i}\1> 4 Uy —l—ﬁg e Vo Vs,

it follows that v; = —v;. From
s*(vh) = 8(Uy +T3) =01 + (Vo + V) + 03 € VI B V3
it follows that U5 = —v5. Similarly
s2(vy) = s(—T1 —Tp) = —0y — Vg + (V3 —U3) € V1 O Va
leads to U3 = —73.

Next note that

83(1)2) = S(—@l +53) =7 + (—’172 +i)\2) — 03 = -0 — 20 —v3 € V] D V3,

and consequently v5 = 0. Since
83(1)3) = 8(@1 —52) = —71 + Vg + (:173 — @\3) =01 +v3+203€ V] @ Vs,
we also get v3 = 0. Finally,

84(1)1) = S(—@g +@3) = (—51 +€)\1) + Uy —U3 =20, — Uy +03 € Vo @ Vs,
so that ¥, = 0. This implies s*(v;) = 0 because v; = 0 for i = 1,2,3.
Similarly one can prove that st|y, = 0 for i = 2,3. Hence s* = 0, as desired.

To prove the remaining assertion, fix some n € N. Let T be the free
monoid generated by 1,2, 3,4. We denote by |w| the length of a word w € T.
Put X ={1,2,3,4}. Consider the system of linear equations with unknown
vectors v,., where r € T, and |r| < n,

(24) > Vririn, =0 forr,ra €T, i€ X, ke NU{0}

T:|r|=k ..
reTr] such that |ryirirs| < n.

We show that there exists a solution of (24) satisfying
(25) > v #0
reT:|rl=n

Let e € M4(D) be an idempotent with zero diagonal arising from The-
orem 8. Let e; € My(D) denote the projection on the ith coordinate in
D* i = 1,2,3,4. Define v; = (1,0,0,0), v, = v3 = v4 = 0 € D* and
Uiy = (€5,€) ... (e,e)v;, for k> 2,dq,...,i € X. We check that (24) is
satisfied.

Let ry =41...9 and 72 = j1...j4. Then

E Uryirirg

reT:|r|=k

= Z (ej.e)...(eje)(eie)[(eze) ... (e e)](eie)(eie) ... (ene)vi



82 A. SALWA

= (ej,e) ... (eje)(ee) ( Z eie)k(eie)(eipe) ... (ee)vi
i=1
= (ej,e) ... (ej e)(eieeie)(eje) ... (ee)vy, =0

because e;ee; = 0 and e;ev; = 0 if |r1| = 0. Moreover,

4 n—1
Z vy = Z (€, €)...(ene)vy = (Z(em)) v; = evy; # 0.
reT:|r|=n 01 yeeeyin €EX i=1
This yields (25).

Let V,, be the K-linear space spanned by the vectors vy, (t € T) subject
to relations (24) and v; = 0 for |t| > n + 1. Define s € Endg(V,,) by
s(vp) = >0 vy for [r| <m—1 and s(v,) =0 for |r| > n. Then s is indeed
well defined since it preserves the defining relations of V,,. Namely,

4 4
S( Z Uniri'rg) — Z Zvrlirirgj — Z ( Z Unirirgj) =0
reT:|r|=k reT:|r|=k j=1 j=1 reT:|r|=k
and s(v;) = Z?zl vy = 0 for t € T such that [t| > n+ 1. Let V,; =
Ling{v,; : 7 € T},i € X. Since the defining relations of V,, are homoge-
neous with respect to the last letter of the index r € T' of v, it follows that

Vn = @?:1 Vn7i' . _
We check that s (V,, ;) C @#i Vy,j. Let ri € T. Then

Sm (,Urli) = Z vrliil-ninz

il,---,imGX

- E U’r‘liil...inb_li + E U""liil-ni'm—linz
7;1,...,’L'm,1 il,...,irml’im,;ﬁi

- Vryiiy im 1im € €D Vs
P1yeeybm i FD JFi

Moreover, s"(vy,) = >, i cx Ury...i, = 0 and
STHor )= Y v, #0
reT:|r|=n

because there exists a solution of (24) satisfying (25). Hence s is nilpotent
of degree n and the semigroup generated by s has the desired properties. m

Our final example shows that the bound on the nilpotency degree of the
semigroup S in Proposition 16(b) cannot be improved.

ExaMPLE 17. Let vy,...,v9 be a basis of a K-linear space V. Define
s € Endg (V) by s(vi) = vg + v7, s(v2) = vg + vg, s(vs) = 0, s(vq) =
vy + vs, 8(vs) = v3 + vy, s(vg) = 0, s(v7) = —va + vs, s(vs) = —v3 — Vg
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and s(vg) = 0. Set also V3 = Ling (v1,v2,v3), Vo = Ling (v4, v5,v6) and
V3 = Ling (v7,vs,v9). Then V. = V] @ Vo @ V5. It is easy to check that
sk(V;) C@,,Vifork=1,2,...,i=1,2,3 and s* #0.
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