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TWO-PARAMETER MULTIPLIERS ON HARDY SPACES

BY

PETER SIMON (BUDAPEST)

1. Introduction. In an earlier paper (see Simon [2]) we investigated
some multiplier operators from the so-called dyadic Hardy space H? to itself
(0 < p <1). By means of those multipliers and by suitable transformations
from #5 to 5 we defined operators A on HP which characterize the space H?
in the following sense: a function f belongs to HP if and only if Af € LP.
Moreover, || f||g» ~ |[Af]||p, where “~” means that the ratio of the two sides
lies between positive constants, independently of f. Among others, for the
Sunouchi operator U we showed the equivalence || f|g» ~ |Uf]l, (1/2 <p

In the present work we generalize those results to two-dimensional spaces.
As a special case we get the (HP, LP)-boundedness of the two-dimensional
Sunouchi operator if 0 < p < 1. This improves a theorem of Weisz [7].
Furthermore, the equivalence || f||g» ~ [|[Uf]l, (1/2 < p <1, Séf = 0) is
shown also in the two-dimensional case.

To prove these results we apply the atomic decomposition of LP-bounded
martingales. It is well known that the atomic characterization of the Hardy
spaces H? (0 < p < 1) plays an important role in the one-dimensional case.
In the two-dimensional case the situation is much more complicated because
the support of a two-dimensional atom can be an arbitrary open set, not
only a dyadic rectangle. However, by a theorem of Weisz [7] in the definition
of p-quasi-locality of operators it is enough to take p-atoms supported on
dyadic rectangles. Furthermore, a p-quasi-local operator which is bounded
from L? into L? is also bounded from H? into L? (0 < p < 1).

2. Notations. In this section some definitions and notations are intro-
duced. We give a short summary of the basic concepts of Walsh—Fourier
analysis and formulate some known results which play an important role in
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10 P. SIMON

our further investigations. In this connection as well as for more details see
the book by Schipp—Wade—Simon [1].

First of all recall the definition of the Walsh (~Paley) functions w,, (n =
0,1,...). Let r be the function defined on [0,1) by

1 (0<z<1/2),
(@) '_{—1 (1/2 <z <1),

extended to the real line by periodicity of period 1. The Rademacher func-
tions r,, (n =0,1,...) are given by r,(z) := r(2"z) (0 < z < 1). The sys-
tem of the functions r, (n = 0,1,...) is orthonormal (in the usual L?[0,1)
sense) but incomplete. The product system w,, (n =0,1,...) generated by
r,’s is already a complete and orthonormal system of functions. That is,
wy, = [[rey ri*, where n = > 32 ;nx2% (ng, = 0,1) is the binary expansion
of the natural number n =0, 1,...

For f € L'[0,1) let f(n) := S(l] fwy (n = 0,1,...) be the nth Walsh-
Fourier coefficient of the function f. The symbol fwill denote the sequence
(f(n), n=0,1,...). The nth partial sum S, f and the nth (C,1)-mean o,, f
of the Walsh-Fourier series Y - ]/”\(k)wk are defined by

n—1 n
Suf = fk)uw, anf::%ZSkf (n=1,2,...).
k=0 k=1

It is clear that o, f can be written directly in terms of the Walsh—Fourier
coeflicients of f as

onf = 2(1 —k/)f(K)w, (n=1,2,...).
k=0

If z,y € [0,1) are arbitrary and z = >_—, 227k gy = oo yp2 k1
are their dyadic expansions (i.e. zj,yr = 0,1, where limy z; # 1,limg yx
# 1), then let

[ee]

; |Zk — Yil
vhy=) e
k=0

be the so-called dyadic sum of x and y. Furthermore, the (dyadic) convolu-
tion of f,g € L*[0,1) is defined by

1

frg@) =\ft)glx+t)dt (v €l0,1)).

It follows immediately that for all f € L*[0,1) and n = 1,2,...,
Spf = [f*Dp, onf = f* Ky,
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where

n—1 n
1
Dn = E Wy, Kn ;:E E Dk (n:172,)
k=0 k=1

are the exact analogues of the well known (trigonometric) kernel functions of
Dirichlet’s and Fejér’s type, respectively. The functions Dan (n = 0,1,...)
have a nice property which plays a central role in Walsh—Fourier analysis:

_J2m (0<z <27 .

(1) Don (x) = {0 (2" <z < 1) (n=0,1,...).
Moreover, the following statements will also be used:

n—1
(2) > kwp=n(D, - K,) (n=12,.),

k=0

1 > .

(3) 0< Kae(2) = 5 <2—SDQS (z) + ; 215 Dy (z + 2—1—1)),

@) K@) <> 27> (Dai(2) + Do (w+2771) (28 <1< 2°H),
t=0 1=t

=\ wg > 1 1 Ky Do
LA K — — —
5) Z‘ k 2 l(z—1 l+1> 2 +1 20
k=2s 1=2541

(s=0,1,...; z €[0,1)).

The Kronecker product wy, ., (n,m =0,1,...) of two Walsh systems is
said to be the two-dimensional Walsh system. Thus

Wy (2,Y) = wy (2)wn(y)  (z,y €10,1)).

For the two-dimensional Walsh—Fourier coefficients of a function f €
L'[0,1)? the same notations will be used as in the one-dimensional case.
That is, let

11

fn,m) = “f(x,y)wn,m(m,y) dedy (n,m=0,1,...)
00

~

and f:: (f(n,m); n,m =0,1,...). Furthermore, let

n—1m-—1

Spomf = Z Z ]/”\(k,l)wk,l (n,m=1,2,...)

k=0 =0

be the (n,m)th (rectangular) partial sum of the two-dimensional Walsh—
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Fourier series 5% f(kz, Dwg, of f € LY0,1)2. Tt is easy to show that

11

Snmf(@,y) = \\ f(t,0)Dy(z + ) D (y +w)dtdu  (z,y € [0,1)).
00

In the special case n = 2%, m = 2! (k,1 =0,1,...) we have, by (1),
SZk,2lf(xay) = 2k+l S f (x’y € [Oa 1))’
I(z,y)

where the dyadic rectangle I(x,y) is defined to be the Cartesian prod-
uct

Iz, y) = Ii(z) x Li(y).
Here I;(z) (j = 0,1,...; z € [0,1)) stands for the (unique) dyadic inter-
val

Ii(z) =277, (v +1)277) (v=0,...,2/ = 1)
containing z.
The one-dimensional operator

20,05 f o (3 18 — 0w s2) = T

n=0

was defined and first investigated by Sunouchi [3], [4]. A simple calculation
shows that

Sf—Unf:ZS (n=1,2,...),

which leads obviously to the deﬁnltlon of the so-called two-dimensional
Sunouchi operator U:

[i i <221 QZI 2n+mf wk,l>2:| v (f € L'0,1)%)

n=0m=0 k=0 (=0

(see also Weisz [7]). By the Parseval equality it is clear that U is a bounded
operator from L?[0,1)? to itself. This result was extended to the LP-spaces
(1 < p < 00) in the one-dimensional case by Sunouchi [4] and in the two-
dimensional case by Weisz [6]. For further comments in this connection see
Section 4.

3. Preliminaries. The Hardy spaces play a very important role in
Walsh—Fourier analysis, especially in the two-dimensional case. (For details
see Weisz [5].) To define them, let F,, ,,, (n,m = 0,1,...) be the o-algebra
generated by the dyadic rectangles I, ,,(z,y) (x,y € [0,1)). Hence,
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Fpm o= o({[k27™, (k +1)27™) x [127™, (I + 1)27™) ;
k=0,...,2"—1; 1=0,...,2" — 1}),

where o(S) denotes the o-algebra generated by an arbitrary set system S.
Then the conditional expectation operator relative to F,, ,,, is just San om.
A sequence f = (fnm; n,m =0,1,...) of integrable functions is said to be
a martingale if

(i) fn,m is Fp m-measurable for all n,m =0,1,... and
(i) Son om frq = fn,m for all n,m,k,l = 0,1,... such that n < k and
m <.

In other words, for all n,m = 0,1, ... the function f, ., is a two-dimen-
sional Walsh polynomial of the form

2m—12m—1
fn,m = Z Z Qg |WE,1

k=0 1=0
(with suitable real coefficients «y; independent of n,m). For example, if
f € L'0,1)? then the sequence (Sgn om f; n,m = 0,1,...) is evidently a
martingale (called the martingale generated by f). Of course, f1 = (fn.0,n=
0,1,...) and fo := (fom,m = 0,1,...) are (one-dimensional) martingales
with respect to the sequence of o-algebras

c{[i27F, G+ 127 %) :j=0,...,2"~1}) (k=0,1,...).

The concept of Walsh-Fourier coefficients can be extended to martingales
by setting f(k,1) := ag, (k,1 =0,1,...). That is, f will denote the sequence
of the Walsh—Fourier coefficients of the function or martingale f.

Let [lg]|, := (S(l] S(l] lg(z,y)|P dz dy)*/P (0 < p < o0) be the usual LP-norm
(or quasi-norm) of g € L'[0,1)%. We say that a martingale f = (f,.n;n,m =
0,1,...) is LP-bounded if

[fllp = sup || fr,mllp < oo
n,m

The set of LP-bounded martingales will be denoted by LP. Thus, if F' €
LP[0,1)? then it can be seen that the martingale f generated by F belongs
to LP and their LP-norms are equivalent. This means that there exist positive
constants c¢,, C), depending only on p such that ¢, f||, < ||F|l, < Cpllfllp-
(Also later the symbols ¢,, C),, denote such constants, although not always
the same at different occurrences.) If p > 1 then LP and LP[0,1)? can be
identified.

The maximal function f* and the quadratic variation Q) f of a martingale
f = (fam; n,m=0,1,...) are defined by

[ = sup|foml

n,m
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and

(Zz‘fnm_fn 1m = fa,m—1+ fam1,m-1] )1/2

n=0m=0

where f_1 ) = fr,—1:=0 (k= —1,0,1,...). It can be shown that for each
0 < p < oo the norms (or quasi-norms) || f*||, and ||Qf||, are equivalent:

llf e < N1QFp < Cpllf*lp-

We introduce the martingale Hardy spaces for 0 < p < oo as follows:
denote by HP the space of martingales f for which

[l = (1], < oo

By the equivalence ||f*[|, ~ [|Qf|, we get || f||zr ~ [|Qf]lp- We remark that
with the help of the well known Khinchin inequality it is possible to linearize
the quadratic variation in the following sense:

6 col@flly < szrn D)y

n=0m=0

X (fn,m - fnfl,m - fn,mfl + fnfl,mfl)

<Gllefl, O<p<i)

(for details see Simon [2]).

The atomic decomposition of martingales is a useful characterization in
the theory of some Hardy spaces. Unfortunately, in two dimensions this char-
acterization is much more complicated. Indeed, in the two-dimensional case
the support of an atom is not a dyadic rectangle but an open set. However,
a finer atomic decomposition can be given, that is, the atoms can be de-
composed into elementary rectangle particles (see Weisz [7]). This makes it
possible in some investigations to examine only atoms supported on dyadic
rectangles. To this end, let 0 < p < 1. A function a € L?[0,1)? is called a
rectangle p-atom if either a is identically equal to 1 or there exists a dyadic
rectangle I such that

dx dy
P

ppa Il < 1M1,

(7) :
Sa =Va(u,y)du=0 (z,y €0,1)),
0 0

where |I|is the (two-dimensional) Lebesgue measure of I. We say that a is
supported on I. Although the elements of H? cannot be decomposed into
rectangle p-atoms, in the investigations of the so-called p-quasi-local opera-
tors it is enough to take such atoms.
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To define the quasi-locality let M be the set of all martingales defined
above and T be a mapping from M to itself. Assume that T is sublinear and
bounded from L? into L? (see also Simon [2]). Then T is called p-quasi-local
if there exists § > 0 such that for every rectangle p-atom a supported on
the dyadic rectangle I and for all » = 0,1, ... one has

(8) | |Talr <Cp27m.
[0,1)2\1"
Here I" is the dyadic rectangle defined as follows: I" := I x I}, where
I = I, x Iy for some dyadic intervals I1, I, and I7 is the (unique) dyadic
interval for which I; C I7 and the ratio of the lengths of I7 and [; is
equal to 2" (7 = 1,2). Then a simple modification of a theorem of Weisz
[7] says that for T' to be bounded from HP into LP it is enough that T' be
p-quasi-local. Hence, in this case | T'f||, < Cpl|flla» (f € HP).
Let z,y € [0,1) and

Rx,yf = Z Z 7WL(QU)Tm(y)

n=0m=0
X (fn,m - fn—l,m - fn,m—l + fn—l,m—l) (f € Hp)

If TR, , = R;,T for all x,y € [0,1), then T is also bounded from H? to
itself. Indeed, by (6), for every f € HP we get

1T fllere < Cp \YIT (Ray f)llp de dy

< Cp \ 1 Ray fll v dc dy < G| f | 12v-

Ot = O e
O ey = O ey

Furthermore, if T' is invertible and its inverse is bounded from HP to HP,
then T f can be estimated in HP norm from below: ||f||z» = [|T~Y(Tf)|| g <
CollT f|lm». Moreover, ||Tf||g» is equivalent to || f| a» (f € HP).

4. Results. In this work we investigate multiplier operators T' := T,
i.e. a bounded sequence A = (A\g;; k,l =0,1,...) of real numbers is given
and Z/B\\f = )\f (f € M). The boundedness of \ and the well known Parseval
equality imply that T is obviously bounded from L? into L2.

Let 0 < p < 1. If Ty is p-quasi-local, then by our previous remarks
Ty : HP — HP? is bounded. Moreover, in the case infy ; |Ag ;| > 0 the inverse
Ty L of T is bounded from L? into L?. Consequently, the p-quasi-locality
of T;l is enough for T;l : HP — HP to be bounded. This leads to the
equivalence [|Thf||ge ~ ||f | ze-
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Let T f be written in the following form:

Tf =YY NufGRwie = Y AN, f,

j=0 k=0 n=—1m=-1
where /1(3‘1)771 x f 1= Ao,of(O,O)wﬂ,U’
omtl_q
AN e fi= Y MorF(0, R)wo g,
k=2m
ontl_g
by = .
Agh),l * f = Z )\j,Of(j7O)wj,O
j=2m

2n+171 2m+171

A%)n * f = Z Z Aj,kf(j, Kywjr (n,m=0,1,...).

j=2n  k=2m
Consider the sequence df of functions defined by
df .= (AS‘_)Lm_l x finym=0,1,...).

Then Q(Thf)(z,y) = ||df (x,y)||e, for all x,y € [0,1). If ¢ denotes the set
of two-dimensional real sequences and § : £ — £ is a map satisfying the
l5-boundedness condition ||d(u)|le, < Csl|ulle, (u € £,Cs5 > 0 is a constant
depending only on ¢), then define

Af(z,y) :=d(df (x,y)) (2,y €][0,1)).

Since |Af(z,y)lle, < Cslldf (z,9)lle, < CsQ(INSf)(z,y) (z,y € [0,1)), the
operator A defined by

Af(z,y) = [|Af(z,9)lle, (f € H?, z,y €]0,1))
satisfies the estimate
[Afll, < CpllTafllae  (f € HP).

Furthermore, if § is invertible and its inverse § ! is fo-bounded, then df (z, y)
=61 Af(z,y)) (z,y €[0,1)), ie.

Q(InNf)(z,y) = ldf (z, y)lle, < Cs-1[[Af(z,y)lle, < Cs-1 Af (f € HP).
This implies the estimate

[fllar < CpllAfll,  (f € HP),

that is, || f||g» ~ ||Af||,- For example, let ® be the usual convolution in ¢
and, for a fixed sequence b € ¢ consider

S(u):=ueb (uel).
Then ||6(w)le, < ||blle [|ulle, (u € £), i.e. 6 is £o-bounded.
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By a special choice of b and A we get the Sunouchi operator U as follows.

Let b and A be defined in the following way:
1
bn,m 1= ntmt2’
ij

on+m’
where 2" < j < 2ntl 2m < j < 2m*l (n.m = 0,1,...). Hence, for f €
H? i l=1,2,...,

A91),_1 x f = £(0,0)wo,o,

)\070 = 1, Aivj = )\LO = i2_n, )\071' = j2_m,

2l 1
A
A(1)l1*f—211 Z f J)jwo,;,
21 1
21'—1 R
AP e f =273 F(k,0)kwy o,
k=2i-1
2t—1 2l—1

A
5)111*f_21122 Zf Jkjwr,
k=2i— 1] 2l—1
and the sequence Af = ((Af)n,m; n,m =0,1,...) is the following:
n
(Af)n, 222 n—m-+i+l— QAEA)IZ l*f
i=0 1=0
m  2'—1
=27 E0,0) 27 Y S (0, )wo
I=1 j=2i-1
no2-1
+27 NN k(K 0)wg o
1=1 k=92i—1
m  20-1 2'-1
PSS Y Kk
le1k211]211
2™ 1

_2nm2f(00 2nmIZ]f wOJ

2m 2" 12" -1
+2"mlzkfk0wko+2"mz Zk:jfkjwk]
k=1 j=1

It follows that
c(Uf = F0,0)=Ufr —Ufs) < Af <C(|f(0,0)|+Ufr +Ufo + US),
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where f1 = (fom,m = 0,1,...), fo := (fno,n = 0,1,...) and ¢,C are
positive constants independent of f. Recall that [|U f;||gr < Cpllfllar (4 =
1,2) (see the one-dimensional case in Simon [2]). We will prove

THEOREM. Let X\ be defined as above and 0 < p < 1. Then Ty : H? — HP
is bounded. Moreover, if 1/2 < p <1, then T,y : H? — HP is bounded.

On account of our previous remarks the first part of the Theorem implies

COROLLARY 1. For all 0 < p <1 there ewists a constant C), > 0 depend-
ing only on p such that

1Ufllp < Cpllfllg» (f € HP).

This improves a result of Weisz [7]. More specifically, he proved the same
statement (by another argument) assuming 2/3 < p < 1.
A simple calculation shows that the mapping £ > v +— beu € /is a
bijection and its inverse is £ > u +— b e u € £ with the sequence b given by
4
~ -2
(

bn,m = 1

n=m = 0),
=1lm=0o0orn=0m=1),
n=m=1),

0  (for other n,m =0,1,...).

This means that from the second part of the Theorem we get

3

COROLLARY 2. If 1/2 < p < 1, then there ezists a constant C, > 0
depending only on p such that

Ifllae < ColllF(0,0)| +TUH +TUfa+Ufl, (f € H).

Of course, for some martingales f the norms | f|| g» and ||U f||,, are equiv-
alent, that is, if fo,, = fno0 =0 (n,m =0,1,...), then

llfllae < NUFllp < Cpll fllar (F € HP).

5. Proof of the Theorem. Let 0 < p < 1. We prove the boundedness
of T). It is enough to show that Ty is p-quasi-local, i.e. (8) is true for all
rectangle p-atoms a supported on I. Without loss of generality it can be
assumed that

I=10,27") x [0,27M)
for some N,M =0,1,... Let r =0,1,... Then

| malr <> | Thal,
A

[0,1)2\I" i=1

where
Ay =27V ) x [0,27), A= 27V, 1) x 27 ),
Az = [0,27N) x 7M7), Ay o= 27N 1) x 271,
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We will show that
(9) | ITalP <27 (i=1,2,3,4)

A
with a suitable positive ¢ independent of a¢ and r. It is clear that the proof
for ¢ = 3 and 4 is the same as for ¢ = 1 and 2, respectively. Consequently,
we give details for ¢ =1 and ¢ = 2 only.

First we examine the case i = 1. By the definition of the rectangle p-atom
(see (7)) we have

(10) a(n,m) =0
if n < 2N or m < 2M. Therefore

oo 2ttl_q2itl_g

YRS D Db S

i=N j=M k=2t [=27
i.e.
1 2™M
| Thalr = § | |Taal
Aq 2=N+r 0
1 27M o 2ty & 2+t 1 I
SRR ZTZZQ—]@“W
2—-N+r 0 ¢=N"' k=21 Jj=M [=2J
. 1 =M o—N og—M 2i+1_ 1 ]{:
= Z S S S S a(s,t) Z gwk(x—i-s)
i=N2-N+r 0 0 0 k=21
co 2911 P
X Z Z —wl y—l—t)dsdt' dy dz.
j=M [=2J

Using Holder’s inequality we conclude that

00 1 2—M o=No-M
| map <20y § (] aen
Ay i=N 2—N+r 0 0 0
21“—1 oo 29T _1
X Z —wk (x +s) Z Z —wly—i-t dsdt‘dy) dx
k=21 Jj=M =27
00 1 2~ Nog-M o-M
<o | (] et
i=N 2—N+r 0 0 0
oo 2911 2t+l_1 k p
X Z Z —wl (y+1) dt‘dy Z gwk(m—i-s) ds) da.

j=M =27 k=21
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It follows by Cauchy’s inequality that

o 1 2~ N 1,27 M
iy <o0n S | (faef] ] ae
A i=N2-N+r ~ 0 ol o
co 2911 1722 1 P
X Z Z —wl (y+t)dt dy} Z Ewk(:ﬂ—l—s) ds) dx
j=M 1=27 k=2¢

2N

< 9~ M(1-p/2) i § < S [S als.t ‘2 dt] 1/2

i1=N 2—N+r 0

p
ds> dz.

2+ _1

Z %wk(az +5)

k=21

X

Now, applying the formulas (1)—(3) we obtain

1 2=N 1

SITAaI”ng“—W”i | ( | [§|a(s,t)|2dt}

Al =N 2—N+r 0 0

1/2

i
, S P
X Z 2 Dy (x F s+ 27171 ds> dx
1=0
< 9~ M{1-p/2) Z 9—(i+1)p
i=N
1 N—r—-1 27V

x| (Z §[|ast|2dt]

2—N+r =0

X Doi(z +s+27"Yds) dz

1
Jla(
0
)p
< 9—M(1-p/2) i 9—(+1)p

i=N
N—r—1 2—N

S (§ [§|a<s,t>|2dt]”2

=0 2— N+ 0

X Doi(x + s + 2_l_1)d8> dx

— 9= M(1-p/2) Z 9—(i+1)p
i=N
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N—r—1 27l=14o-N o-N

<X () [§la(s. ]

o—1—1 0

o

. p
X Dyi(z + s+ 27171 ds) dx

< 9~ MQ1-p/2) Z 9—(i+1)p
i=N
N—r—1 27l=1l4o-N 9= Ng 1/2
X Z vl S ([ S X|ast|2dtd8}
1=0 2-1-1 0 0
2 .. 1/2\p
X[ S Dgi(az—i—s%—Q—l_l)ds} > dx
0
N—r—1
— 9~ M(1— p/2)z2 (lJrl)pHaHP Z 2;Dl N2zp/2
=N =
N—-r—1
< 9~ MA=p/2)9=(N+M)(p/2~ 1)22 (i/2+1)p—N Z opl
i=N =0
< CPQ—NP/22—NP/22(N—T’)P = C,27"P,

Hence, (9) is true for ¢ =1 with § := p.

To show (9) for i = 2 we refer to (10) and to the definition (7) of the
atoms, which gives

1 1
S |Thal? = S X |T\al?
Ag o—N 9—M+r
0o o0 1 1 9=N g=M oitl_4 )
< QN +M < ‘ kwg(a + 5)
i:ZNj:ZM QSN 21§1+7~ § § k221 A
27+l _q .
<[ Y ml%’%ﬂ‘dsdtyczxdy
=273

oo 1 2~ N ity

S L (F g

2-N 0 k=2?

IN

p
ds> dm}
2+l _q

3 L(gf ) ‘ dt)p dy} —: AB.

=27

271\/1

9] 1
x[ oV | (g
j=M 92— M-+r 0
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As in the proof for i = 1 we get

2—N

S ( S Kgi(ﬂf—i—S)dS)pd,I
i=N  2-N 0

27N N—1

§Z2N p(i+1) X < S ol— 1D21x—|—5—|—2l1)d5) dr
i=N 2-N 0 1=0
00 1 N-1 2N »
< ZQN—p(i—H) S 2P(l—1)( S Dgi(x—i—s—i—Q_l_l)ds) dr
i=N 2-N =0 0
e’} N-—1
— Z 9N —p(i+1) Z op(i—1)
i=N 1=0

27l71+27N 27N
S P
X S < S Dgi(m+s+2_l_1)ds) dx
9—1—-1 0

[ee) N-1
_ Z 2N7p(i+1) Z 2p(l71)7N < Cp-
i=N =0

For B the proof is similar. The only difference is that we have to write
the sum Zl]\ioﬂfl instead of zl]igl (and, of course, M instead of N). There-
fore

00 M—r—1
pr(iJrl) p(l—1)—M —rp
By e S e < g
j=M =0

This completes the proof of (9) with ¢ := p, that is, the Theorem is true
for T).

The proof for Ty, is much more complicated. Assume 1/2 <p < 1. As
above it is enough to prove (9) for i = 1,2 and for T}, instead of T. First
we consider the case i = 1. Let a be a rectangular p-atom supported on
[0,27N) x [0,27M) for some N,M = 0,1,... and let »r = 0,1,... Then—as
in the proof for Th—we get

) 1 2~ N 1
{ e <20 3§ (] [{latsora)”
0

A i=N 9-N+r 0

p
ds> dx,

-
20t 1,

Z %wk(az +5)

k=2¢

X
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from which by the formulas (1) and (5) it follows that

S Ty nal? < 9—M(1-p/2)

. o 1 27N 1 1/2 »
X Z X < X H|a(s,t)|2 dt] Koyi(x + s) ds) dx
=N 2—N+r 0 0

fa 0o 3| (g[g (st at] "

=N 2—N+r 0

X K2i+1 (.%' —|— 8) ds) dx

+2*M(1*p/2)i2i7’ § (S “\a(s,t)]th]l/Q
0

=N 2—N+r 0
7t 1 1 P
1=2i4+1

=y L x@ L 56,
Taking into account (1), (4) and the proof for T we obtain
2O <027 (i =1,2).
Furthermore, (1) and (4) imply that

1 2~ N

50 < 0,2 M0-2/2 Yy g | (g[g .o ] "

=N 2—N+r 0

: . o P
X 27 ZQ” ¢ Z ng(x—l—s)—|—D2m(az—|—s—|—27”71))d8> dx

00 1 2~ N
< €2 M0=p/D) S g | ( X H 5.1) |2dt} 1/2
i=N 2—N+r 0

L ) o P
X ZZQ”(ng(x—i—s)—l—ng(x—l—s—l—Q 1))ds) dx

m=0v=0
1 27N 1 172
< 2 Ma- p/2>22 v (F [Slats, o) al
i=N 29— N+r 0
N—r—1 N—r—1

Z 2™ Dom (z + 8) + _Z

m=0 m=0 v=0
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t Z iQVDzm(wJFSwLT”‘l))ds)pdx

m=N—r v=0
G ‘ 2Nl 1/2
< Cp2_M(1—P/2) ZQ‘iP S ( S “|a(s,t)|2 dt}
i=N 29— N+r 0 0
N—-r—1 ,
X Z 2mD2m($4—5)d5) dx
m=0
o] 1 =N 12
oS § (] fusoral
i=N 9—N+r 0
N—-r—1 m

X > 2Dom(zds+277) ds)p dx

m=0 v=0

[es) 1 2= N 12
LR S (S[X (5.0 i
=N 9—N+r 0

i i 2" Dom (z + s +27771) ds)p dx

m=N—r v=0
= 2(31) + 2(32) + 2(33).

For Y1 it follows that

o N—-r—1
6 < Cp2—M(1—p/2) Z 9—ip Z opm
1 2= N 1
1/2 ) p
< <§ H|a(5,t)|2dt Dzm(x+8)ds> da
2-N+r 0 0

N—-r—1

< CPQ_M“_P/Q)H@HIQ’ Z 9—ip Z opm
i=N

oN-m_q (141)27N oW

. p/2
<Y ] (] i) w
=27 12—N 0
< €2~ MU-p/2) 9= (N+M)(p/2-1) 9PN

N-r—1 oN—-m_4

X 9pm 27N(22'm7N)P/2
=7 %

=27
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N—r—1

—Np/20N o—pN 2pmao—NoN—mao—Np/2

< C,2 Np/29Ng—p § 92pmo—NoN—mg—Np/
m=0

— Cp272pN2N2(2p71)(N77')
= C,2 1)

Now, we estimate X2 as follows:

1 2= N 1 1/2
DO < CamMODN (s, 1) dt]
29— N+r 0 0
N—r—1 N—r—1

X Z 2v Z Dzm(x—i—s—i—2_”_1)ds)pd:ﬂ
v=0 m=v

N—r—1 2= N 1/2
< G2 MU—p/2pN N7 g g (§ [g (s, )|
v=0 2—N+r 0
N—r—1 »
X Z ng(az—i—s%'—Q*”*l)ds) dx
m=v
N—r—1
< G MO ally 3T 2
v=0
1 27N N1 9 9
X S ( X < Z Dzm(x%'—s—i—Q*”*l)) ds)p/ dx
2—N+r 0 m=v
N—r—1
=Cp2_M(1_p/2)_pNHaH§ Z 9vp
v=0
N—r—v—2b—N+4r+1 27N /2
><( Z X ( S Dgu(x—i-s—i-Q’”*l)) ds> dx
b=0 2b—N-+r 0
277 27N N_y—1

+ 0 (10X Dzm(x+s+2*”*1)>2d5)p/2dx)

2-v=t 0 m=v
O (U
where
2532) < Cp2—M(17p/2)*pN2*(N+M)(P/2*1)

N—r—1 N—-r—v—2

% Z VP Z 2b7N+r(221/7N)p/2
v=0

b=0
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N—r—1
< Cpg—pN—N(p/Q—l) Z 92vp9—Np/2—N+roN—r—v
v=0
< Cp272pN+N2(2p71)(N77")
_ Cp2_r(2p_1).
The analogous estimate for 2532) can be verified in the following way:
N—-r—1
2532) < CPQ—M(l—p/Q)—pNHaHIQJ Z VP
v=0
o227 N N—p—1 /2
S(X(ZDzmx+s)dS> dx
m=v
N—r—1
_ Cp2—M(1—p/2)—pNHa||127 Z VP
v=0

o= N+r o= N N_,_1

><< S < S < Z ngx—i—s) ds)p/de

0 m=v

er/2”d+12N1/+d1

£ 1 (1 (X P n) ) )

d=1 2—v—d m=v
N—-r—1
<G NN gl ST
v=0
N—v—r
% <27N+r27Np/22(N7r)p_|_ Z 2fz/fd2pr/22p(y+d)>
d=1
N—r—1
:CPTM“*”/Q)*QPNHCLH’Q’ Z 9(2p—1)v
v=0
<2<N Mp-1) 4 Z o(p— 1>d>
d=1

< Cp27M(l—p/2)72pN27(N+M)(p/271)
N—r—1
% Z (270 Dy
< Cp272pN7N(p/271)2(217*1)(]\,*7")

< CPQ*T(QP*U .
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To complete the proof for i = 1 we have to estimate X(33):

3(33) < CpQ—M(l—P/Q) Z 9—ip

i=N
i 1 2= N 1 /
< S| (g H|a(s,t)|2dt]12
m=N—r2—-N+r 0 0

m
S p
X Z 2" Dom (x + 5 4+2771) d8> dx
v=0

o
— CPQ*M(I*ZJ/Q) Z 9—ip
i=N
i N—r—12717149—m o-N

<3 X (8 [Beora]

m=N—r = 2—1—1 0 0

S P
X 2lD2m(x+s+2*”*1)ds) dx

[ee) . i N—r—1
SR AR CD IR DN S
i=N m=N—r =0

27l71+27m 271\7 p/2
X S ( S D3 (x4+s+27"h ds) dx
9—1—1 0

< Cp2 MU g|f Y " 27
i=N
N N—-r—1

< Z 9—m Z 2pl 22m N p/2

m=N—r

N—r—1

+ Z 9—m Z 2pl2mp/2>

m=N+1

< Cp2 M2 Z 27"

=N

N
X<2—Np/2 Z 9(p—1)mop(N—r)

m=N—r

4 op(N=7) Z 2p/2—1—m>‘
m=N-+1
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If p < 1, then

oo
»63) < Cpng(lfp/Q) % Z 9—p
i=N
% (Q*NP/QQP(N*T)2(?*1)(N*7") + QP(N*T)Q(ZJ/Q*UN)
< CPQ*N(ZIJ/Q*UQZD(N*T)*ZDN(Q*NP/QJFPN*N*(ZU*DT + 2pN/27N)

< Cp27'P.
On the other hand, for p = 1 we obtain
o0
2(33) S CIQ_M/QHG/HQ Z 2—ir(2—N/22N—T‘ 4 2N—T‘2—N/2)
i=N
< Cyr27" < 0272

Finally, we consider the case ¢ = 2:

fe's) 1 o= N gitl_4 27] p
T, yalP < oN - Fs)ds) d
| mipar s | oo § (05| X Feted o) as) ae]
A, i=N 2-N 0 k=2i
1 2—M oitl_q .

S

e

j=M  2-M N 0
where R < C), by the one-dimensional case (see Simon [2]). We will show a
stronger estimate, that is, V < C,27" with a suitable § > 0 independent of
a,r and M. To this end, estimate V as follows (see the analogous situation
above):

> ?wz(yirt)'dt)pdy} = RV,

=27

VSCPiQMJrjP
=M
1 2=M i+l . 1 1 p
<3 (] ‘ 3 Kl(y+t)<l_—1—l+—1>'dt> dy
o—M+r 0 li=2i41
00 1 2~ M »
+Cp YoM [( | ng(y—i-t)dt)
j=M  o-M+r 0
9—M
. p
+( | Kam(yitydr) | dy
0
:‘/1+V2

As in the proof for i =1 (see the estimation of B) we get Vo < C,27"P. For
V1 we follow the method of the proof for the case i = 1 (see the estimation



MULTIPLIERS ON HARDY SPACES

29

of X)), Hence,

) 1 2~ M A1
neM Yo | ([ [ Y 2 Damly e
j=M 2—M+r 0 m=0

M—r—1 m

TSI SE T AR

m=0 v=0

00 1 2~ M pf—p—1 »
<2 S 2w | [( I S 27Dan(yt0) dt)
j=M 9—Mr 0 m=0

27M M—r—1 m

+( P> ZQ”DQm(ertJrz—”—l)dt)p

0 m=0 v=0
9—M

7 m

o P

+( P> 22”Dzm(y+t+2—”—1)dt> ]dy
0 m=M-—rv=0

_ 0 Ly

Now, for Vl(l) we have (see the examination of ¥V in the proof for the
case i = 1)

M—-r—1

R
j=M m=0
oM=m_1 (1+1)2~ M oM »
< 3 | < { Dzm(y4—t)dt) dy
=27 2-M 0
M—r—1 oM=m_1

< Cp2M7pM Z gpm Z 27M(2me)p
m=0 =27
M—r—1
< Cp2—2pM Z 22pm2M—m
m=0

< CPZ_T(QP_I).

Similarly to the estimation of X(?) in the case i = 2 we have

M—-r—1
V1(2) S Cp2M—pM Z 21’17
v=0
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M—r—yp—220-M+r+tl  o-M

> i (] Dzu(yirtirr”—l)dt)pdy

b=0 20— M+r 0

27v 2=M M _r—1

+ ] (1 (X pebrde i)

2—v—1 0 m=v

2 2
= Vl(l) + V1(2),

where
M—r—1 M—r—v—2
V1(12) < Cp2M7pM Z VP Z 2b7M+r(2ufM)p < Cp2fr(2p71)
v=0 b=0
and
M—r—1 =Mt o=M A »
Vi) <M 3 2”1’[ | < { < 3" Danly 1) dt) dy
v=0 0 0 m=v
M—p—p27v=dFL o=M g 1 »
+ Y ( > ng(y—i—t)dt) dy}
d=1 2—v—d 0 m=v
M—r—1
SCPQprM Z VP
v=0
M—r—v
% <27M+r27Mp2(M77")p_|_ Z 271/7d27Mp2p(11+d)>
d=1
< Cp27rh),
To examine Vl(g) we apply again the argument from the case i = 1, i.e.

similarly to the estimation of X% we get

o0
V1(3) < CPQM Z 9—Jjp
=M
j 1 2~ M

m
< 3 <SZZ”DQm(ertJrQ_”_l)dt)pdy
m=M—r2—M+r 0 v=0
o
< Cp2M Dy 2
=M

j M—r—1 g=l=1lyg-m o-M

< 33 | < { 2’D2m(y+t+2—”—1)dt)pdy

m=M-—r =0 2—1—1 0
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o0
< Cp2M Dy 2

j=M
M M—r—1 J M—r—1
(3w y wemiys 3 oy )
m=M—r =0 m=M+1 =0
0o M
<2 Y 2 <2—pM 3o gpmemeMen) 2,j+p<M,r))
=M m=M—r
2—7‘(2p—1) (p < 1)
<C ’
- p{QT/Q (p=1).

This completes the proof of the theorem.
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