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ON SYSTEMS OF COMPOSITE LEHMER NUMBERS
WITH PRIME INDICES

BY
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1. Introduction. I proved in [3] two theorems about the so-called
Lehmer numbers:

THEOREM L. If «,( are different from zero and o/ is not a root of
unity, then there exists an integer k > 0 such that for every integer D # 0
there exists a prime q satisfying the condition

g—1
QIP(Qfl)/k(aaﬁ% <k7D> = 1.

THEOREM II. If «,( are different from zero and «/( is not a root of
unity, then Conjecture H implies the existence of infinitely many primes p
such that P,(c, 3) is composite.

The Lehmer numbers are defined as follows:

P.(a,f) = { (e =p") /(= p)  if nisodd,

(a™ — B")/(a? — %) if n is even,

where a, 3 are the roots of the trinomial 22 —+/Lz+M and L, M are rational
integers.
Here is an equivalent definition:

P =P —1. P — LP, 1 —MP, > ifnisodd, -3
T " | Py-1 —MP,—»  ifnis even, =
Conjecture H was put forward by A. Schinzel (see [2], p. 188) and reads
as follows:

H. If f1,..., fr are irreducible polynomials with integral coefficients and
positive leading coefficients such that the product fi(z)... fix(z) has
no constant factor greater than 1, then there exist infinitely many
positive integers x such that fi(z),..., fi(z) are primes.
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The aim of this paper is to extend the above results to the system of
Lehmer numbers. Let 1 < j < s and let «;, 3; be the roots of the trinomial
2?2 —\/Ljz + M;, where L;, M; are rational integers.

We shall show

THEOREM 1. If «j,B;,a; — B; (1 < j < s) are different from zero
and the multiplicative group generated by the numbers aq/f1,...,as/Bs is
torsion-free, then there exists a positive integer k such that for every positive
integer D there exists a prime q satisfying the condition

—1
q| Pig—1y/k(cr, 1), -, q| Pg—1y/i(as, Bs), (qT,D) =1

THEOREM 2. If oy, B, 0;—0; (1 < j <'s) are different from zero and the
multiplicative group generated by the numbers a1 /P, ..., as/Bs is torsion-
free, then Conjecture H implies the existence of infinitely many primes p
such that the numbers P,(oq, 31), ..., Py(as, Bs) are all composite.

It is easy to see that all assumptions of Theorem 1 are essential. As
to Theorem 2 we shall prove much more. Namely, we shall prove that the
numbers P,(a1,51),..., Pp(as, Bs) are positive and divisible by the same
prime not dividing pM; ... M.

The proof of Theorems 1 and 2 is based on Theorem 1 of [4] which we
quote below with some changes in notation:

THEOREM 1’. Let K be an algebraic number field. Let of,...,al, €
K*. Assume that the multiplicative group generated by oy, ..., o is torsion-
free. There exists a positive integer ko such that for every positive integer
k divisible by ko and for all positive integers F and t, with (t,F) = 1,
t =1modk and F = 0modk, there exist infinitely many prime ideals q of
degree one of K(() such that

/ /
<al> :17_,_,<as> =1, Nq = tmodF.
q /% 9/

2. Proof of Theorems 1 and 2. Let D be any positive integer. Put
oy =a; /B (1<j<s), K=Q(a),...,a}), k = 2ko, where ko denotes the
constant in Theorem 1’. Moreover, let Ko = K((x), let no be the degree
of K3 and N(-) = Ng,/q(-). If an extension §2,/(25 is abelian, f(§2,/2)
denotes its conductor. Let g be the minimal polynomial of an integer 6 such
that Ky = Q(0). Let us put

!|disc(g HN (K2(/a;)/K2))| D
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Further, put F' = kF and F = F| F,, where F; contains only prime factors
dividing k and (Fy, k) = 1.
Let t satisfy the congruences

_ J k+ 1modk?,
“ | 2mod Fy.

Now, F3y is odd since k is even. Hence
t—1
(2) (t,F)=1, t=1modk and <k,F>:1.

By Theorem 1’ there exists a prime ideal g, of degree one of K5 such
that

! !
(3) <Oél> :1,...,<%> =1, Ngy=tmodF,
0/ k 90/ &

Ny, is sufficiently large so that qq15;(c; — 55).

By (1)-(3),
F = 0mod k(2n2)!disc(g), Ngy = 1modk,

4 Ngy—1

@) (do, F) =1, <C|3€F> ~1.

Put ¢ = Nqy. Then ¢ is a prime. By (3) and Euler’s criterion,
o,

(a;/B;) @ V/* = <J> = 1 modq,.
0/ k

Hence qq | P(g—1)/1(c, B;) and
q| Pq-1ymlag, By)  (1<j<s).

Further, by (4) and (1), (%, D) = 1, which proves Theorem 1.

Next we shall prove Theorem 2. By Lemma 5 of [4] and by (4) there
exists a polynomial fi(z) such that the polynomials fi(x) and fo(z) =
(fi(z) — 1)/k satisfy the assumption of Conjecture H. By this conjecture
there exist infinitely many positive integers = such that ¢ = fi(z) and
p = fa(x) are primes. Again by Lemma 5 of [4],

(5) g=Nq, ¢ ~qy' modF,

where ¢’ is a prime ideal of degree one of Kj.
By (5), (3), (1) and Euler’s criterion,

a/‘ a/‘ —1
(a;/8;) =" = <f> = <J> = 1modg’
9 /g 90 / k
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in view of Artin’s reciprocity law. Hence q’ | P—1)/x(c;, 8;) and

(6) 0| Bplay, B5) (1<j<s)
because (¢ — 1)/k = p.
Put A; = L; —4M; (1 < j < s). We may assume without loss of
generality that L; > 0 for each j. Assume that A; >0,...,4, >0, A1 <
Ay <0,

For 1 < j < u by inequality (5) of [1] we have

o)

f [1] we obtain

) P = (M
and for u + 1 < j < s by inequality (5) o
(8) |Py(a, 8;)] > (V2)P75' P for p > N(ay, 8;).
By (7) and (8) for sufficiently large p we have

[Py, B5)| > kp+1=¢

and (6) implies that the numbers P,(c;, 3;) are composite. m
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