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LINEAR COMBINATIONS OF CANTOR SETS

BY

J. E. NYMANN (EL PASO, TEXAS)

1. Introduction. At least three recent papers [7], [8], [9] have been
concerned with the (previously known) fact that C + C = [0, 2] where C
is the Cantor ternary set. This paper will be concerned with investigating
the topological structure of some sets of the form α1E + . . . + αnE where
α1, . . . , αn are real numbers and E is in a certain class of sets which includes
C and many sets homeomorphic to C.

Let
∑

an be a convergent series with 0 < an+1 ≤ an for all n and let

E =
{∑

εnan : εn = 0 or 1 (n = 1, 2, . . .)
}

denote its set of subsums. Also let

rn =
∞∑

k=n+1

ak

denote the nth “tail” of the series.
The following three facts (which will be needed later in this paper) were

discovered in 1914 by Kakeya [4], and rediscovered by Hornich [3] in 1941
(see also the papers by Barone [1], Koshi and Lai [5] and Menon [6]):

A. E is a perfect set.
B. E is a finite union of closed intervals if and only if an ≤ rn for n

sufficiently large. (Also, E is an interval if and only if an ≤ rn for
all n.)

C. If an > rn for n sufficiently large, then E is homeomorphic to the
Cantor set.

In a 1988 paper [2] the following theorem, which characterizes the topo-
logical structure of E, was proved.

Theorem 1. If E is the set of subsums of a positive term convergent
series, then E is one of the following :

(i) a finite union of closed intervals;
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(ii) homeomorphic to the Cantor set C;
(iii) homeomorphic to the set T of subsums of

∑
bn where b2n−1 = 3/4n

and b2n = 2/4n (n = 1, 2, 3, . . .).

R e m a r k 1. In order to help visualize the set T above, we give the
following example of a set which is homeomorphic to T (see [2]). Let Sn

denote the union of the 2n−1 open middle thirds which are removed from
[0,1] at the nth step in the construction of C. Then

C = [0, 1] \
∞⋃

n=1

Sn.

T is homeomorphic to C ∪
⋃∞

n=1 S2n−1.

R e m a r k 2. Statement B above gives necessary and sufficient conditions
for E to be a set of type (i) in Theorem 1. An interesting unsolved problem
is to determine similar conditions for E to be of type (ii).

2. Topological structure of E+. . .+E. For any set S of real numbers
and m any positive integer, we let⊕

m
S = {s1 + . . . + sm : si ∈ S (i = 1, . . . ,m)}

denote the algebraic sum of S with itself m times. Then using the notation
of Section 1 for an, rn and E we have

Theorem 2. There is a positive integer m for which
⊕

m E is a finite
union of intervals if and only if

lim sup an/rn < ∞.

Moreover , the smallest positive integer m for which
⊕

m E is a finite union
of intervals is the smallest integer m such that an/rn ≤ m for all but a finite
number of integers n.

P r o o f. Let m be a fixed positive integer. Construct a new sequence
〈cn〉 such that

c(q−1)m+1 = c(q−1)m+2 = . . . = cqm = aq

for q = 1, 2, . . . Note that
∑

cn is a convergent series, 0 < cn+1 ≤ cn for all
n and

⊕
m E is the set of subsums of

∑
cn. Let

rn =
∞∑

k=n+1

ck

denote the nth tail of
∑

cn. Then by statement B above,
⊕

m E is a finite
union of intervals if and only if cn ≤ rn for all but a finite number of integers
n. This inequality is clearly true if m 6≡ 0 (mod n). Now if n = mq, then
cn = aq and rn = mrq. Therefore

⊕
m E is an interval if and only if



LINEAR COMBINATIONS OF CANTOR SETS 261

aq ≤ mrq for all but a finite number of integers q. The theorem is now
clear.

With slight modifications in the above proof we have the following special
case of Theorem 2.

Corollary 1. There is a positive integer m for which
⊕

m E is an
interval if and only if

lim sup an/rn < ∞.

Moreover , the smallest integer m for which
⊕

m E is an interval is the
smallest integer m for which an/rn ≤ m for all n.

R e m a r k 3. The Cantor set C is the set of subsums of
∑

an with an =
2/3n. For this series an/rn = 2 for all m. Hence by Corollary 1,

⊕
2 C =

C + C is an interval and the interval is clearly [0, 2].

Example 1. We now give an example of a series
∑

an for which
⊕

m E

is not an interval for any m. Let an = 2−n2
. Then

rn =
∞∑

k=n+1

2−k2
=

∞∑
i=1

2−(n+i)2 < 2−(n+1)2
∞∑

i=1

2−i+1 = 2 · 2−(n+1)2 .

Hence
an/rn > 2−n2

/(2 · 2−(n+1)2) = 22n →∞
as n →∞, and by Theorem 2,

⊕
m E is not an interval for any m.

R e m a r k 4. Since
⊕

m E is the set of the subsums of the series
∑

cn

constructed in the proof of Theorem 2, we see from Theorem 1 that
⊕

m E
is always a set of one of the three types given in Theorem 1.

3. Topological structure of aE + bE. As before, E will denote the
set of subsums of

∑
an where 0 < an+1 ≤ an for all n. Letting s denote the

sum of the series, the following facts are easy to check.

(1) E = s− E.
(2) aE + bE = aE + (−b)E + bs for a, b any real numbers.
(3) aE + bE = a(E + (b/a)E) for a, b any real numbers.

In this section we will be concerned with exploring the topological struc-
ture of aE + bE for arbitrary real numbers a and b. By (2) and (3) above,
it is sufficient to study the topological structure of E + xE for 0 ≤ x ≤ 1.

Theorem 3. Assume an+1/an < x ≤ 1 for all n.

(i) E + xE is an interval if and only if

(an − rn)/rn−1 ≤ x ≤ rn/(an − rn)

for all n for which an > rn.
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(ii) E + xE is homeomorphic to the Cantor set if

rn/(an − rn) < x < (an − rn)/rn−1

for n sufficiently large.

P r o o f. Construct a new sequence 〈cn〉 for which c2n−1 = an and c2n =
xan for n = 1, 2, . . . and note that cn+1 ≤ cn since an+1/an ≤ x ≤ 1. Also
note that E + xE is the set of subsums of

∑
cn. Let rn =

∑∞
k=n+1 cn

denote the nth tail of
∑

cn. Now by statement B, E + xE is an interval
if and only if cn ≤ rn for all n. It is easy to check that r2n = (1 + x)rn

and r2n−1 = xan + (1 + x)rn. Hence E + xE is an interval if and only if
xan ≤ (1 + x)rn and an ≤ xan + (1 + x)rn for all n. The first part of the
theorem follows immediately.

Similarly, by statement C, E + xE is homeomorphic to the Cantor set
if cn > rn for n sufficiently large. Hence E + xE is homeomorphic to the
Cantor set if xan > (1 + x)rn and an > xan + (1 + x)rn for n sufficiently
large. Part (ii) is now clear.

In what follows we specialize to the case an = an with 0 < a < 1 and
denote the set of subsums of

∑
an by Ea. By statements B and C, it is easy

to check that Ea is an interval if 1/2 ≤ a < 1. Consequently, if 1/2 ≤ a < 1,
Ea + xEa is an interval for all x in [0, 1]. The author’s goal is to determine
the topological structure of Ea + xEa for all a in (0, 1/2) and all x in [0,1].
The remainder of this paper will give some partial results toward this end.

Corollary 2. Assume a ∈ (0, 1/2) and a ≤ x ≤ 1.

(i) Ea + xEa is an interval if and only if 1− 2a ≤ x ≤ a/(1− 2a).
(ii) Ea + xEa is homeomorphic to the Cantor set if a/(1 − 2a) < x <

1− 2a.

P r o o f. This is an immediate consequence of Theorem 3 with an = an,
noting that rn = an+1/(1− a) and an > rn for all n since a ∈ (0, 1/2).

Lemma 1. Assume a ∈ (0, 1/2) and z ∈ [0, 1]. If Ea + zEa is an interval
and za ≥ 1− 2a, then Ea + zaEa is also an interval.

P r o o f. It is easy to check that Ea = aEa∪(a+aEa). Hence Ea+zEa =
a(Ea +zEa)∪(a+a(Ea +zEa)). Now a(Ea +zEa) is an interval with length

a(a + za)/(1− a) ≥ a(a + 1− 2a)/(1− a) = a.

Therefore Ea + zaEa is also an interval.

Theorem 4. Assume a ∈ [1/3, 1/2] and 1−2a ≤ x ≤ 1. Then Ea +xEa

is an interval.

P r o o f. There exists a positive integer k such that ak+1 ≤ x < ak.
Hence a ≤ x/ak < 1. Setting z = x/ak, we have z > x ≥ 1 − 2a and
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z ≤ a/(1 − 2a) since a ≥ 1/3. Therefore by Corollary 2(i), Ea + zEa is an
interval. By the lemma, Ea + zaEa is an interval. Invoking the lemma k−1
times we conclude that Ea + xEa is an interval.

Theorem 5. Assume a ∈ (0, 1/2). If ak(1 − 2a) ≤ x ≤ ak+1/(1 − 2a)
for some positive integer k, then Ea + xEa is a finite union of intervals.

P r o o f. Let z = x/ak. Then 1 − 2a ≤ z ≤ a/(1 − 2a) and by Corol-
lary 2(i) and Theorem 4, Ea + zEa is an interval. Let

F =
{ k∑

i=1

εia
i : εi = 0 or 1 (i = 1, 2, . . . , k)

}
.

It is easy to check that

Ea =
⋃

f∈F

f + akEa.

Hence
Ea + xEa =

⋃
f∈F

f + ak(Ea + zEa),

which is a finite union of intervals.

Corollary 3. If a ∈ [1/3, 1/2], then Ea + xEa is a finite union of
intervals for all x ∈ [0, 1].

P r o o f. It is easy to check that if a ∈ [1/3, 1/2), the sequence of intervals

[ak(1− 2a), ak+1/(1− 2a)] (k = 1, 2, . . .)

is overlapping and the union is (0, 1]. The conclusion then follows from the
theorem.

Corollary 2(i), Theorems 4 and 5 and Corollary 3 give all the information
presently known about the values of a ∈ [0, 1/2] and x ∈ [0, 1] for which
Ea + xEa is an interval or a finite union of intervals. The information
known about when Ea + xEa is homeomorphic to the Cantor set is given in
Corollary 2(ii) and the following theorem.

Theorem 6. Assume a ∈ (0, 1/2). If ak+1/(1− 2a) < x < ak(1− 2a) for
some positive integer k, then Ea + xEa is homeomorphic to the Cantor set.

P r o o f. Let z = x/ak. Then a/(1 − 2a) < z < 1 − 2a and by Corol-
lary 2(ii), Ea + zEa is homeomorphic to the Cantor set. In the notation of
the proof of Theorem 5,

Ea + xEa =
⋃

f∈F

f + ak(Ea + zEa),

which is a finite union of sets homeomorphic to the Cantor set and hence is
itself homeomorphic to the Cantor set.
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The following theorem gives the only known values of a ∈ [0, 1/2] and
x ∈ [0, 1] for which Ea + xEa is homeomorphic to the set T of Theorem 1.

Theorem 7. E1/4 + (1/4)n(2/3)E1/4 is homeomorphic to the set T of
Theorem 1 for n = 0, 1, 2, . . .

P r o o f. The set T of Theorem 1 is 3E1/4 +2E1/4 = 3(E1/4 +(2/3)E1/4),
which proves the theorem for n = 0. By the reasoning in the proofs of Theo-
rems 5 and 6, the other sets in the theorem are finite unions of contractions
of T . By reasoning similar to that in Theorem 3, the sets can be viewed
as sets of subsums of infinite series. Since the sets contain infinitely many
intervals, by Theorem 1, the sets must be homeomorphic to T .
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159–164.

[5] S. Koshi and H.-C. La i, The ranges of set functions, Hokkaido Math. J. 10, special
issue (1981), 348–360.

[6] P. K. Menon, On a class of perfect sets, Bull. Amer. Math. Soc. 54 (1948), 706–711.
[7] J. E. Nymann, The sum of the Cantor set with itself , Enseign. Math. 39 (1993),

177–178.
[8] M. Pavone, The Cantor set and a geometric construction, ibid. 35 (1989), 41–49.
[9] J. Sha l l i t, Q785 , Math. Mag. 64 (5) (1991), 351 and 357.

Added in proof (September 1994):

[10] P. Mendes and F. Ol ive i ra, On the topological structure of the arithmetic sum of
two Cantor sets, Nonlinearity 7 (1994), 329–343.
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