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0. Introduction. The concept of “tent space” was introduced by
R. Coifman, Y. Meyer and E. M. Stein in [3] and [4]. These spaces seem
well adapted for the study of a variety of questions in Harmonic Analysis.
The theory developed in [3] and [4] uses a functional which maps functions
on ]R?fl into functions on R", given by

AN ={ [ Ifwordatne}”

I'(z)

where 1 < ¢ < oo, I'(z) is the cone of aperture 1 whose vertex is z € R",
and da(y,t) = dydt/t. The tent space T(a),1 < p,q < oo is defined as the
space of functions f such that A,(f) € LP(R").

In this note we study tent spaces TP?(«a) for different measures a. Our
purpose is twofold:

First, we show that the boundedness of an operator T" from LP into
TP(«) is equivalent to the boundedness of a related operator S from L?
to the Bochner-Lebesgue space L¥, where A is an Li-space; in some cases
the operator S behaves as a vector-valued Calderén—Zygmund operator (see
Theorem 1). The proof of this theorem says that, in some sense, 77 () is a
subspace of L.

Secondly, in the case that p is a Carleson measure we show that some
operators, associated to particular kernels, are bounded from LP into Tg’( 1).
This is applied to the Poisson integral (see Theorems 2 and 3). The method
can be extended to vector-valued functions, and then some maximal opera-
tors fall under its scope (see Theorem 4).

The organization of this paper is as follows: in Section 1 we introduce
some notations and state the main results, in Section 2 some technical re-
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sults related to Carleson measures are presented, in Section 3 we give some
applications, and Section 4 is devoted to the proofs.

1. Notations and main results. R = R" x [0, co) will be the usual
upper half-space in R"*!. We shall denote by I'(x) the cone of aperture 1,
I'(z) = {(y,t) € R : |z —y| < t}. Given a cube Q in R", we shall
denote by @ the tent over @), i.e. if () has center x and side length [, then
Q= {(y,t) : |x —y| +t < 1}. A positive measure y on R’ will be called
a Carleson measure if there exists a constant C such that u(Q) < C|Q|, for
every cube @ in R™ (where |@| stands for the Lebesgue measure of @ in
R™). Replacing balls with cubes leads to an equivalent definition.

For A, B Banach spaces, let L(A, B) stand for the set of bounded lin-
ear operators from A into B. We shall denote by L% (R"; dz), 1 < p <
00, the Bochner—Lebesgue space of A-valued strongly measurable functions
[ defined on R™ such that [ ||f(z)|% dz < oco. Analogously, we define
LE(R%TY: dp). Sometimes, we shall write L (dz) or L% (du), for short.
["(A), 1 < r < oo, stands for the usual space of A-valued r-summable
sequences.

The space H}(R"; dz) can be defined in terms of A-valued atoms in
the usual way (see [5]). In [2] it was proved that the Riesz transforms
R; are defined in L} (R™; dz) if the space A is UM.D., and in this case
HL(R"; dz) = {f € LY (R™; dz) : R;f € L}}(R"; dz),1 < j <n}.

Given a positive measure y on R and 1 < g < oo, we define (see [4])
the following functional over B-valued functions on RZ‘FH:

q n) 14 n
AN@={ [ If@0lsdu.n/e} ", werr.
I'(z)
The tent space ch,B (dp), 1 < p,q < o0, is defined as the space of B-valued
strqngly mgasurable functions f such that A,(f) € LP(R™). T, ;’7 g (dp) is
equipped with the norm || flre | () = 144(£) 15
In the following, we shall denote by B? the space L% (R"; dx) where A
is LL(RYHY; dp/t™). Now we state the main results.

THEOREM 1. Let p be either a Carleson measure or the dx dt/t measure
on R’}fl, A, B Banach spaces and 1 < p < o0, 1 < q < oo. Then the
following are equivalent:

(i) An operator T is bounded from L% (R™; dx) into T, 5 (dp).
(ii) The operator S given by Sf(x)(y,t) =T f(y,t)Xr)(y,t) is bounded
from LY (R™; dx) into BE.
Moreover, if T has an associated kernel K(x,y,t) in the sense of Theo-
rem 2 below satisfying (K.1) and (K.2) then S has an associated
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L(A, LE (R du/t™))-valued kernel (in the sense of standard vector-valued
theory of singular integrals, see [6]) given by

K(l‘, Z)(a){(ya t)} = K(ya 2, t)(a)XF(r) (y) t) ’
a€ A x,zeR" (y,t) e R?fl, and satisfying

(K.3) If f is an A-valued function with compact support contained in
a cube QQ, then

Sf()= [ K(z,2)f(2)dz forz¢Q.
R’n
(K4)  If |z — 2| > 2|z — 2/| then
|z — 2]
IK(z,2) — K(z,2)| < Cm-

THEOREM 2. Let A and B be Banach spaces and p a Carleson mea-
sure on Ri‘“. Let T be a bounded linear operator from LY (R™; dx) into
L% (R:L_Jrl; du) for some pg, 1 < py < oo. Suppose that there exists an
L(A, B)-valued function K in R™ x R" x RT \ {(x,z,t) : x € R", t > 0}
such that:

(K.1)  For any pair (z,t) € R, the function y — K(z,y,t) is locally in-
tegrable and if f is a function in L¥ (R™; dx) with compact support
contained in a cube Q, then

T, t)= [ Ky t)f@dy for(z,t)¢Q.

R
(K.2)  There exists a« > 0 such that
ly —y'[t”
(e = T+ e
for |z =y'|+1>2ly =y

1K (2, y,t) — K(z, 9", 1)l cam) < C

Then:

(i) T maps L% (R™; dz) into T, g (du) for 1 < p,q < po, ¢ < 0.
(ii) T maps HY(R™) into qu’B (dp) for 1 < q <pp, q < 0.
(iii) T maps Lfr(A)(R"; dx) into T;ZT(B) (dup) for 1 < p,q < r < po,
r < oo.
(iv) T maps HIT(A)(R”) into qu’lT(B) (du), 1 <qg<r<pg,r<oo.

2. Some technical results. In [7] the following are proved:

THEOREM A. Let A and B be Banach spaces, p a Carleson mea-
sure on Ri'H. Let T be a bounded linear operator from LY (R™; dx) into
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L% (Rfrl; du) for some pg,1 < pg < 0o. Assume that T has an associated
kernel K satisfying (K.1) of Theorem 2 and
ly—v|
(lz = y/| + )" +!
for lz =y +t>2[y —y.

(KQ/) ”K(.f,y,t) - K(xay/7t)HE(A,B) < C

Then:
(i) T maps Lfr(A)(R”; dx) into L‘l”T(B)(R’}FH; du), 1 <p<r<pyg.
(ii) T maps HIT(A)(R”) into LZIT(B)(RKH; du), 1 <r <pg.

Remark 1. When we speak about boundedness of an operator T' from
LfT(A) into Lfr(B) (or T;lT(B)(du)) we mean that the assignment (f1, fa,...)
— (T f1,Tfa,...) (where the f; are A-valued functions) is bounded from

Lfr(A) into Lfr(B) (or T;lr(B) (du)). Observe that the L(I"(A),I"(B))-valued

kernel associated to this new operator is given by K(z,y,t) = K(z,y,t)®Id,
and so ||K(z,y,t)| = ||K(z,y,t)||. Therefore this operator is of the same
type as T and its kernel satisfies the same bounds.

THEOREM B. Let A and B be Banach spaces. Let T be a linear operator
which is bounded from LY (R™; w(x)dx) into L (R’ dv) for every pair
(w,v) which satisfies condition Cy, i.e. sup{v(Q)/|Q|: Q 3 z} < Cw(x), -
a.e. (see [7]). Assume that T has an associated kernel K satisfying (K.1)
of Theorem 2 and (K.2") of Theorem A. Then the following vector-valued
inequalities hold for any Carleson measure p:

(i) T maps LfT(A) (R™; dzx) into LfT(B)(]RTfrH; du) for 1 <p, r < oo.

(ii) T" maps Hl,‘(A)(R”) into Lzlr(B) (R dp) for 1 < r < o0.

Remark 2. If in the last theorem A is U.M.D., then (ii) can be written

as
e 1/r n © 1/r
" < T
s}, ., < O IR IR},
7=0 =0 7=0
where Rof = f and R;,i = 1,...,n, denote the Riesz transforms.

The following result, which we state for further reference, is a conse-
quence of Theorem B.

PROPOSITION 1. The following conditions are equivalent:

(i) p is a Carleson measure on R’
(ii) For1 <r,p<oo

H{iml(fj)v}”’"]

Lv (dp)

BT [T
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(iii) For1<g<r,p<oo

H{jf% A}

j
(iv) The operator T f(x,t) =t=" fB(m't) (y) dy is bounded from LY. (dx)
into LY. (du) for 1 <r, p < co (where B(xz;t) is the ball centered at x with

radius t).
(v) For 1 <q<p<oo, T} (du) C TP (du).

— Lv (dp)

i <CIZ 7}
f

Proof. To show that (ii)<(iii) it is enough to observe that for any ¢
with 1 < ¢ < co and f positive, A;(f)(x) = {A,(f/9)(z)}9. On the other
hand, applying Fubini’s theorem we have

[ Arf(z)g(x)dz = [ f(y,)Tg(y,t) dp(y,t) for f(z,t)and g(x) positive,

and this identity gives us (ii)<(iv).

In order to prove (i)=(iv) observe that the operator T' can be majorized
by the maximal operator 9 introduced by Fefferman and Stein, which sat-
isfies the vector-valued inequalities from L?. (R"; dz) into L}, (R dy) for
1 < p, r < oo, as a consequence of Theorem B (see [7]).

For the converse, take B = B(z; s) and (z,t) € B; then B(x;t) C B(z; s).
Now, if (z,t) € B and J = XB(z;s), We have

Tf(l‘, t) =t" f X B(z;s) (y) dy >t " f X B(x;t) (y) dy = Cn
B(x;t) B(z;t)
and therefore
u(B) < p({(x,1) : Tf(,1) > en}) < ¢, [ |TF(a,t)|P dps
<C [|flrdz <C|B].

Finally, we shall show that (iii)=(v)=-(i). If we assume (iii), then for
1 < ¢ < p we have

[Aq(Nlzr ey < Cllflle @ny = enll Fllzg @) -

where in the last identity we have used the fact LP (du) = TF (du) (see
Lemma 2 in Section 4).
On the other hand, if we take a ball B = B(xg;r), we have

p(1=p/9) (BP9 = =10/ f w(B)P/9 dx

B

=l [ f ng(y’t)lqdu(y,t)y/qd:v

B I'(z)
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< [( [ wownldue)” d
B I'(z)
p/q
< [ ([ hawordatyn/e) de,
R*  I'(z)

and by (v) this is less than

J(f a0l duty./e) de = eu(B).
R™ I'(z)

3. Applications. Our first application deals with operators of Poisson
type.

THEOREM 3. Let ¢ be a measurable function on R™ such that there exists
a > 0 with

(a) ‘¢(x>‘ < C’(]w\ + A)infa and (b) ’v(b(x)’ < C(‘.%" + B)fnflfa

where A, B,C" are constants independent of x. For the function ®(x,t) =
t="p(x/t), t > 0, the operator

Of(x,t) = [ Bl —y,0)f(y)dy,

R™

and for any Carleson measure p, the following vector-valued inequalities

hold:
> |fj|’“}1”\
=0

sy (e}
=0
j for 1 <p,q,r <oo,

s = o S 5}

i=0 j=0

<C
- p7q7T
T (dp)

Lr (dx)

LY (dz)

@2 [{Sler}”

for 1 <q,r < .

Proof. Observe that |@f(x,t)| < |flleoll®ll1, and thus for any pair
(v, w) satisfying condition C; (see Theorem B), ¢ maps L>®(R™;w(z)dx)
into L>°(R’™'; dy). Moreover, it is easy to check from condition (b) that if
|z —y'| +t > 2|y — /| then

P(z —y,t) = D(x =y, )| = t7"|o((x — y)/t — d((x — ') /1)]
ly — 't
<C
= = yTr oy
and so @(x — y,t) satisfies (K.2) of Theorem 2 and, in particular, (K.2") of
Theorem B. Therefore, ¢ is bounded from L}, (R™; dz) into L} (R%H; dp)
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for 1 < p,r < co and any Carleson measure .

Summarizing, ¢ satisfies the hypothesis of Theorem 2 with A = B =",
1 <r < oo, and any py with 1 < py < 0o, and Theorem 3 is a consequence
of Theorem 2.

Remark 3. In the case of positive linear operators, extensions to vector-
valued functions are trivial. Therefore, if ¢ is positive then the vector-
valued inequalities (3.1) and (3.2) remain true for 1 < r < oco. This is
the case for the Poisson kernel P(z,t) = @(z,t), where ¢(x) = P(x) =
enl|z]? + 1)~ /2 with ¢, = T'((n +1)/2)7~ (/2.

The next application can be viewed as Zo’s maximal theorem (see [9]):

THEOREM 4. Let p be a Carleson measure and ¢ a measurable function
n errﬂ such that

(a) [gn [0(x, 1) dz < A < 00,VE >0,
(b) |Vaed(x,t))| < Ct/(|z| + )" 1T for some a > 0.

Then the operator
M, f(.t) =suplo™" [ ol(x—y)/6.t/6)f(y) dy]

satisfies the vector-valued inequalities (3.1) and (3.2).
Proof. Let S be the linear operator defined by

Sfa ) ={07" [ olx—v)/st/0)fw)dyf

R™

By (a) it is clear that S is bounded from L*(R™;w(x)dz) into
L2 (RTTY: dv) for any pair (v,w) satisfying Cq; moreover, S is given by
an L(C,l®) = [*°-valued kernel K(z,y,t) = {0 "¢((x — y)/d,t/0)}s>0
which satisfies (K.2) since ¢ satisfies (b). Therefore, by Theorem B, S
is bounded from L, (R"; dz) into Lfr(lw)(RfﬁH; dp) for 1 < p,r < oo and
from H}. (dz) into Lllr(loo)(Riﬂ; dp). Thus Theorem 2 applies, and S is
bounded from LY. (R™; dz) into thzr(m) du) for 1 < p,q,r < oo and from
H} (dz) into qu,lT(ZOC) (du), 1 < g, < co. The result follows by observing

(

that [|Sf(z,t)||ic = My f(x,1).

COROLLARY 1. Given ¢, 0 < ¢ < 1, we define the maximal operator
M. f(z,t) = sup|Q|~! fQ |f(y)| dy, where the supremum is taken over the
cubes in R™ containing x and having side length [(Q) such that el(Q) < t <
l(Q). Then M. satisfies the vector-valued inequalities (3.1). (Observe that
in the limiting case € = 0 this operator is 91.)
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Proof. Take a differentiable function ¢. on ]Ri+1 such that if Qg is the
unit cube in R, A = Qo x ([-1,1] — [—¢,¢]), B =2Qo x [~2,2] then x4 <
¢ < xp and |Vyo.(z,1))] < Cet®/(|z| + )" T+ for some a > 0. Finally,
observe that M. f(x,t) < My, f(z,t) and apply Theorem 4 (notice that we
have used cubes instead of balls and therefore some constants depending
only on the dimension and ¢ should appear in the last inequality).

4. Proofs

LEMMA 1. Let ju be a Carleson measure. Let €,b > 0 and define I'*(z) =
I'(z)n{(y,t) € R ¢t > b} and Ty(z) = I'(x) N {(y,t) € RTT ¢ < b}
Then

@) [ T fdplyty<cobe, (@) [ tTEdp(y.t) < O
I'’(z) Iy (z)

Proof. Let IV = I'(x) N {(y,t) € R 2071h < ¢ < 27b} and I =
I(z)N{(y,t) € R :279p < ¢ < 279F1p}. We have

f " du(y, t Z f " du(y, t Z (27)~ (B(z;27b))
rb(z) i=1r? =

[ee]

bEy ()T <Ch e,

Part (ii) is analogous.

LEMMA 2. Let p be a positive measure on RZ‘FH and A a Banach space.
Then T 4 (dp) = LA (R dp) for 1 < p < o0.

Proof. By Fubini’s theorem,

1AW iy = ([ 1O duy, 1)) da

R™  I'(z)

J rf<y,t>|p( J Xy 1) do/t") duly, /¢

n—+1
R+

= Cn f ‘f(y7t)’p d/"(y7t) :

R™

Proof of Theorem 1. By the definition of the norm in 7} 5 (du) we
have

Uty ¥ = [ ([ 1501 duty.0/er)" d

R”  I'(z)
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= [ (TR ) duty. /) e

R™ R:L:Fl
/
= [ (] 185@w 0l duty, /)" da
R"™ Ri+l

f {ISFf (@)L, (duyeny}’ da .
R™

Suppose that f is a function in L%} (R™; dx) with compact support con-

tained in @ and = ¢ Q. It is clear that if (y,t) € I'(x) then (y,t) & Q, and
therefore using (K.1) we obtain

Sf(l')(ya t) = Tf(yv t)XF(x) (y7 t) = { f K(y> Zs t)f(z) dz}XF(x) (ya t) ’
R™

which is (K.3).
Assume now that |x — 2’| > 2|z — 2| and @ € A. Then

{IK(x,2)(a) — K(x, 2') (@)l 12 (dyujem) }*
= [ Ky, 2 0)(a) - K(y, ', t)(a)||% duly, t) /"

A\
=
=

[+ ) IK@ et - K20 duy, )"
rl==="l(z) Iy (@)

= llal{f1 + Iz} .
If (y,t) € I'(x), then |y — z| < t, and therefore
2z 2| <|z [ <|r—y|+|y— 2| <t+|y— 2.
Thus, by using (K.2) and Lemma 1(i), we have
L<Clz=21" [ (t4|y—2) e du(y, )
rl==='l(z)

|z = 2]

S C‘Z . Z/|q f t_Q(n'i‘l)t—n d,l,l,(’y7 t) S Cm .

rl==="l(z)
On the other hand, by (K.2) and Lemma 1(ii) we have
L<Cl—t [ (t+]y— 2l gy g
F\w—z/|(z)

SClmaft [ fe— A arn gy
F\zfz’|(a:)
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2 = ]tz — /| 2= 2/|s

|z — 2/|(n1ta)q - |z — 2/|(ntDa

<C

This proves (K.4) and the theorem.

Proof of Theorem 2

Casel <p < q<pg. By Theorem A and Theorem 1, S is a bounded
linear operator from L% (R"; dx) into BP, 1 < p < po, with an associated
kernel satisfying (K.2). Thus the standard vector-valued theory of singular
integrals can be applied (see [6]), and we conclude that S is bounded from
L% (R™; dx) into BY for 1 < p < ¢ < pp and from H (R"; dz) into B(}
for 1 < ¢ < po, ie., T is bounded from L (R"; dx) into T} 5 (du) for
1 <p < q<pand from H}(R"; dx) into T, g (du) for 1 < q < po.

Casel < q<p<py By Lemma 2 and Theorem A, T is bounded from
L% (R™; dz) into BP, so by Proposition 1, T" is bounded from LY (R™; dx)
into B,

In order to obtain (iii) and (iv), observe that by Theorem A and Theorem
1, S is bounded from LfT(A) (R™; dz) into I"(B)Y for 1 < p <r < pg. Then,
by repeating the arguments above (with ["(A), ["(B) instead of A and B) we
find that S is bounded from LfT(A) (R™; dz) into lT(B)g forl<p<qg<r<
po and fromle(A) (R™; dz) into I"(B),, for 1 < ¢ <7 < po. This means that
T is bounded from Lfr(A) (R™; dz) into Tglr(B) (dp) for 1 < p < g <r <pg
and from Hllr(A) (R™; dz) into qul?“(B) (dp) for 1 < g <r < po.

The case 1 < ¢ < p < r < pg follows since by Lemma 2 and Theorem A,
T is bounded from Lf,.(A)(R”; dx) into Lf’,.(B)(RiH; du) for 1 < p < r < py,
and Proposition 1 again concludes the proof.

Remarks. The idea of applying vector-valued Calderén—Zygmund the-
ory in the context of tent spaces can be found in [8] for the space TZ .

The fact that T?(«) is a subspace of L%, where A is L (R du/t™) can
be used to develop a general abstract theory of the spaces TP («) . This will
appear elsewhere.

Acknowledgement. We thank the referee for his suggestions which
have contributed to clarify and improve Proposition 1 and the proof of
Theorem 2.
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