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Abstract: In this paper a primal-infeasible interior point al-
gorithm is proposed for linearly constrained convex programming.
A positive primal-infeasible dual-feasible point can be taken as the
starting point of this algorithm in a large region. At each iterates it
requires to solve approximately a nonlinear system. The polynomial
complexity of the algorithm is obtained. It is shown that, after finite
iterations a sufficiently good approximation to the optimal point is
found, or there is no optimal point in a large region.
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Introduction

In this paper we consider the linearly constrained convex programming problem:

min f(x)

subject to Az =b, >0

where © € R", A € R™*" b€ R™, m <mn, and f: R" — R is a sufficiently

smooth convex function.

The dual problem for the problem (1) can be put in the form

max bly — (" Vf(z) - f(2))
subject to Vf(z) — (ATy+s) =0, s> 0.

*Submitted: December 2006; Accepted: February 2009.
TCorresponding author. This author was partly supported by NSAF(10676005).



688 Y. WANG, P. FEI

We let © denote the feasible point set of primal-dual problem (1) and (2)
Q={(z,y,5): Az =b,Vf(z) = ATy —s=0,(x,5) > 0}.

It is well known that (z,y,s) € R™ x R™ x R™ is a primal-dual optimal
solution of the problems (1) and (2) if and only if the point (z,y,s) satisfies
the following first-order optimality conditions (called KKT-Condition) for the
problems (1) and (2):

Aty+s = V()
Ar = b,
(x,8) > 0,
zT's = 0.

If we relax the fourth condition of KKT-condition as follows
Xs— ﬁlﬂe =0,

where X = diag(x), p > 0 and B; € [0,1] are two constants, then KKT-
condition is said to be perturbed. Clearly, as p — 0, then the point (z,y,s),
which satisfies the perturbed KKT-condition, will converge to an optimal point
of problems (1) and (2).

In recent years various feasible interior point methods have been developed
for solving various optimization problem based on the idea of either reduc-
ing the primal-dual complementarity gap z”'s or reducing the value of some
primal-dual potential functions, we refer here to publications by Hertog (1994),
Nesterov and Nemirovski (1994), Wright (1997) and Ye (1997), and the refe-
rences therein. The interior point method is also considered to solve convex
programming (see, e.g., Giiler, 1997; Kortanek, Potra and Ye, 1991; Potra and
Wright, 2000; and Shi, 2002) and nonlinear complementarity problems (see,
e.g., Ralph and Wright, 1997, 2000, and Potra and Ye 1996). Most of these
algorithms have the property of global linear convergence with polynomial com-
plexity. The infeasible-interior-point algorithms for linear programming (see,
e.g., Kojima, Megiddo and Mizuo, 1993; Kojima, Noma and Yoshise, 1994,
and Mizuno, 1995) have been extended to solve convex programming (see, e.g.,
Monteiro and Zhou, 1997, and Yamashita et al., 2001), nonlinear complemen-
tarity problems (see, e.g., Tseung, 1997, and Wright and Ralph, 1996), and
these algorithms have property of global convergence. However, as far as the
authors know, there is no result of polynomial complexity of infeasible interior
point algorithms for convex programming. This motivates us to further study
an infeasible interior point algorithm for convex programming.

In this paper we are interested in a polynomial infeasible interior point
method for convex programming. The infeasible interior point method for prob-
lems (1) and (2) is more intricate than the analysis of the infeasible interior point
algorithm for linear programming because of the nonlinear term of the convex
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object function for problems (1) and (2). Thus, in order to avoid the nonlinear
term, here we present a primal-infeasible dual-feasible interior point algorithm
based on the interior point algorithms (Kortanek, Potra and Ye, 1991). The
starting point of this algorithm requires a positive primal-infeasible dual-feasible
point in a large region. It needs to solve an approximate solution of a nonlinear
system in our algorithm. In this paper, under some assumptions, we analyze the
complexity of our algorithm, we also prove that after finite number of iterations
we get an approximate optimal point, or show that there is no optimal point in
a large region.

Throughout the paper, the following notations are used. All vectors are
column vectors. We frequently use (,y) as shorthand for the vector (z7,yT)T.
R™ denotes the m-dimensional Euclidean space. The set of all m x n matrices
with real entries is denoted by R™*™. The diagonal matrix corresponding to a
vector z is denoted by X, i.e., X = diag(z), and e = (1,1,---,1)T € R™ We
also denote by ||z||1, ||z||2 and ||z||c the 1-, 2- and co-norm of z, that is to say,

n n

lzll = X2 |zl |zl = (32 |£Ci|2)% and ||z]l.c = max |z;|. For simplicity, we
i=1 i=1 1<i<n

use ||z to replace ||z||2. The superscript 7 denotes transpose.

The rest of the paper is organized as follows. In Section 2, we describe the
primal-infeasible dual-feasible interior point algorithm for convex programming;
in Section 3, we analyze the polynomial convergence of our algorithm.

2. Algorithm

Throughout the present paper, we always make the following assumptions:

ASSUMPTION 1 Without loss of generality we let Rank(A) = m.

This assumption is quite standard for convex programming.

ASSUMPTION 2 f(z) is continuously differentiable and convex. V f(x) satisfies
the Lipschitz condition with the Lipschitz index L, i.e.,

IV/) — V@) < L2’ - "]
where L > 0 is a constant.

Under the next assumption, Lipschitz condition above is weaker than twice
continuous differentiability.

ASSUMPTION 3 If there exists an optimal point (z*,y*,s*) of convex program-
ming (1), then we assume that (x*,y*,s*) € ®, where

O ={(x,y,5) € R" x R™ x R": (z,8) > 0,|(z,5)]|cc < p}

with p > 0.
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Note that Assumption 3 is a frequently used assumption for infeasible interior
point methods to obtain polynomial complexity bounds.

ASSUMPTION 4 Let Qy = {(z,y,s) : (z,5) > 0 and s = Vf(x) — ATy}. Here
we suppose that Q1 (P # 0.

Obviously, this assumption is also weaker than one, according to which the
feasible interior point set of problems (1) and (2) is not empty.
The central path of problems (1) and (2) is defined as follows

T
S = {(z,y,s):a:>O,s>O,Ax—b—O,ATy—i-s—Vf(x)—O,Xs— —e}

in primal-dual form.
Without considering feasibility, we let the neighborhood set of the central
path be as follows:

T T
N = {(x,y,s): I>O,S>O,HXS—%€” §a%,a€ (0,1)}.

We note that for an infeasible interior point algorithm it always defines a neigh-
borhood set of the central path just like the set above.
From the definition above, we can easily get the following lemma.

LEMMA 2.1 For (z,y,s) € N,

T
max{x;s;} < (1—!—0)2,
n

.ITS

min{x;s;} > (1—o0)—.
n
The primal-dual affine scaling search direction (Az, Ay, As) at a given in-
feasible interior point (z*,4*, s¥) € R™ x R™ x R™ is computed by applying one
step of Newton’s method to the perturbed KKT-condition as

AAr = —(Azb —b)
V2f(aM)Ax — ATAy — As = —(Vf(zF) — ATyk — s) 7 3)
XFAs + SFAz = —(XFsk - By <w’“31Ts’f)

where 31 > 0.

According to the idea of the infeasible interior point algorithm (Kojima,
Megiddo and Mizuo, 1993; Kojma, Noma and Yoshise, 1994; Mizuno, 1995),
the search direction of an infeasible interior point algorithm is the solution of
the system above. It is difficult to analyze the complexity of the primal-dual
infeasible interior point algorithm for convex problem (1) and (2), because of
the nonlinearity of f(x) which appears in the second equation of (3). In order
to avoid this difficulty, here we will consider the dual-feasible point, thus we can
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cancel solving the second equation of the system (3). Since it is dual-feasible
point, we choose the next iterate s**1 such that

P = sF 4 As(aF)
= Vf(a* +arAz) — AT (" + oF Ay).

That leads to the following: As(a*) = Vf(z* + o*Az) — Vf(aF) — aF AT Ay.
By substituting As(a*) in (3), we get

AAx = —(Az¥ —b) )

{ XFVf(aF+akAx) =V f(a*)—a* AT Ay)+a* SF Az = —ak (X F*sk— 3 pe)
where o and p are some positive real numbers.

We know that it is difficult to find the exact solution of the previous nonlinear
system, especially the first equation. In these situations it is reasonable to
approximately solve the first equation of (4). Then the system (4) is rewritten
in the following form

XV (P +akf Ax) =V f(z*)—ab AT Ay|+ ok SFAx = — o* (X Fs* — By pe)
+akrt (5)
AAz = —(Az* —b)

where r* satisfies ||[7%||; < vu and v is some small positive constant. Here we
can use

REMARK 2.1 Note that, if we also introduce the inexact technique to the linear
equation in (5), then the property A(z* 4+a*Az*) —b = (1—aF)(Az* —b) cannot
be valid at each iteration. And then the analysis of the polynomial complexity
of our algorithm in Section 3 cannot work. So, above we just consider solving
the first equation of (4) inexactly.

Providing a polynomial complexity for the case of solving both equations
of (4) inexactly will be one of our future works. Here we refer to Korzak (2000)
and Mizuno and Jarre (1999) for linear programming with inexact computation.

In addition, noting that the equations (5) use the step size o*

determine o* before solving the equations (5) in our algorithm.
Now we are in a position to state our primal-infeasible dual-feasible interior
point algorithm:

, we have to

ALGORITHM 2.1

Step 0. Let (2°,4°,5%) in Q1 N ® NN. Choose v, 31, f2 and o with the
properties 0 < v <1/2< 1 <2 <1,0< 0 <1,006 >2v, 32> +v, and
p>p°>0.Set k=0and 6° = 1.

Step 1. If the point (z¥,y*, s*) satisfies

|Az* —b|| < ¢, and (2%)7s* <, (6)
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then the algorithm is terminated.
Step 2. Compute o as follows

2 min{o By — 2v, B2 — 1 — v/n} min(z¥sk)
oF (,,) : , (7)

2
P o2+ x +7)2 (1 F(1+ L)n%) (aF)T sk
where
Lnp?
pg
A
(20)Ts0
0o = min{x?,l‘g,-~o 7x%75?,sg7... ,891 .
(k)T sk
Step 3. Let p = , then find (Az, Ay) € R" x R™ satisfying the

equation (5).
Step 4. Set zFt! := zF 4+ oF Az, yF 1l = yF + oF Ay, sF = Vf(2F +
o Az) — AT (y* + ¥ Ay), 081 .= 0% (1 — o¥) and k := k+ 1, then go to Step 1.

REMARK 2.2 Note that
2
0 <min{oB; —2v,02 — f1 —v/n} <1< 2n(2+ x + 7)? (1 +(1+ L)n%) ,
0 < min(zFs¥) < (a*)T sk

From (7) we obtain
0<af<1.

This algorithm guarantees that the step size a € (0, 1) and p reduces at each
iteration, since (z**1)T sk < (1 — (1 — B1))(z*)T's*, see Lemma 3.4.

3. Convergence

In this section we analyze the polynomial convergence of Algorithm 2.1.
Before we state the complexity result of Algorithm 2.1, we will claim several
lemmas. Throughout this section we denote D = (X k)%(Sk)*% for a point
(zF, s%) > 0.

Now we first introduce a lemma to show the relation between ||(x*,s*)|;
and (2%)T's*, which will help us estimate the solution of (5).

LEMMA 3.1 Assume that the problems (1) and (2) have an optimal point
(x*,y*,s*) € ®, and the point (x7,y7,s7) is generated by Algorithm 2.1 with
j=12,---k for k> 1 and satisfies
(z7,s7) > 0, (8)
)5 > (11— b)) s, )



Primal-infeasible interior point algorithm for convex programming 693

(a*)s* (10)

for k > 1, where x and T are defined in Algorithm 2.1 depending on the starting
point and the large region P.

Proof. From Algorithm 2.1, by direct computation we have

Az —0%2% — (1 - 0%)z*) =0 (11)
and by the dual-feasible point (z*, y*, s*) we obtain

(s = 0" — (1-0%)s") = (Vf(") - ATy") — 0" (Vf(2") — ATy")

—(1=0")(Vf(a*) - ATy").

Noting 0 < #* < 1, from the above equations and the fact that (& —3)7 (V f (&) —
Vf(#)) >0 we get

(x% — 0%2° — (1 — %)) T (s* — 075" — (1 — 0%)s™)

= (2" = 052" — (1= 0")a")T(Vf(a*) = 0°V f(2°) — (1 = ")V f(2"))"

= [0%(2" —2%) + (1 = %) (2" — 2")]T[0° (V f (") = V f ("))

+(1 = 0°)(VF(a*) = Vf(a*))]
> 0%(1 - 0") (" — 2°)T(Vf (") = Vf(z"))
+08 (1= 0°) (" — 2*)]T (Vf(z") = Vf(2?))
=0F(1—0")(a" — 2" + 2% —2°) T (Vf(a") — Vf(z"))
+ 051 = 0") (" — 2% + 20 — )T (Vf(2*) — Vf(a"))

> —0%(1 - 0%) (2" — %) (Vf(2*) - Vf(2?)),
which implies that (6820 + (1 — 0%)a*)s* 4 (%) (650 + (1 - 0%)s%) < (6%2° +
(1=6)2*)T (0% 04 (1—0F )57 )+ (%) T 55408 (1—0%) (2 —20) T (V f (&) =V f (2°)).

Thus, according to the definition of the starting point (2°,9% s%) in our

algorithm, Assumption 3 and (8) we know that

9kp0||($k,sk)||1 < 9k [(xo)T Sk + (SO)Txk}
< (02 + (1— 0%)2)T sk + (2F) T (0Fs° + (1 — 0%)s”)
) k
< (1 0%)((2") 750+ (s")7a%)) + (aF) " s*
+ 0% (" — ") (Vf(a") = Vf(a°)
<
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where
P Gl )T (Vf(z*) = V(")
(20)T 50 )
2780 1 (§%)T 20
¢= &) (.IO—)’—T(SO) > 1.

By Assumptions 2, 3 and Cauchy-Schwartz inequality we see that

(= )" (Vf () = V@) _ Ll® =22 _ Lng?
(JJO)TSO — (JJO)TSO - pg ’

where pg = min{z9, 29, .-+ 20,50, 9 ... s0}.

We also have by (9)
(Ik)Tsk > (1 _ akfl)(xkfl)TSkfl > ek(ZEO)TSO.
And from Assumption 3 it follows that ¢ < 7. Thus we have

2
(e, 9l < ST ()T
Heretofore we have completed the proof of this lemma. ]

Based on Lemma 3.1, we next give out estimates on the solution of (5).

LEMMA 3.2 Assume that the problems (1) and (2) have an optimal point
(x*,y*,s*) € ®. Let the points (z7,y7,s7) with j = 1,2,--- ,k be generated by
Algorithm 2.1 and satisfy (8) and (9). Then there are the following estimates

1 1p (z)Tsk
ID7'Az|| < (14+ 2+ x+7) (1 +L)n2=+ 6 +v/n | — -, (12)
Po min(x;s;)2
kN\T k
|DAs(aM)] < o (1+<2+x+r><1+L>n%ﬁ+61+u/n> ETS )
Po min(z;s;)?

where As(a¥) = Vf(2F + aFAz) — Vf(2¥) — aF AT Ay.

Proof. In the proof, sometimes we will omit the superscript k of 2* and s*.
Firstly, we consider the following equation: (Az’, As’) satisfies

(2 )(3)=(3) as

where As’ = Vf(x¥ + Az’) — Vf(2*) — AT Ay’. Then, by the convexity of f(z),
(Az")TAs’ > 0 we have

D™ 'Az’ + DAs' = (XkSk)f%p,
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thus we see that the following estimates are valid
ID-1AL | = ID(AS — (X*)~1p)]| < [I(X*S%)~ 4], (15)
IDAS| = 1D~} (A7’ — (85 1p)]| < I(X* %)~ ). (16)
And obviously we have
|D7'Az" + DAS'||?> = |D7TAZ||? + | DAS||> + 2(Az")T As'
> ||ID7'AL|]? + | DAS'|2.
This leads to
AAz = —(Az* —b)
= —AF2" + (1 - 0F)z*) + b
= —0FA(z° — 7). (17)
Let Az = ¥ (Az+6%(2° —2*)) and As = Vf(xk—i-ﬁ\x)—Vf(xk)—ozkATAy
where /A\y i/s\the solution of the system (5) at kth iteration of Algorithm 2.1,
then (Az, As) satisfies the system (14) with

p= _ak(XkSk _ﬁluke) +ak9ksk(x0 —.’IJ*)
+ XF(Vf(a® + ¥ (Ax + 672 — 2%))) — V(" + oFAx)) + oFrP.
Now let (E\:vl, KS\l),(E\(EQ, Ks\g), (5\$3,A/S\3) and (5547&9\4) satisfy the sys-

tem (14) when p is —a*(Xks* — gypFe), akoF Sk (20 —2*) | XK (V f(aF +ak (Az+
0F (20 — %)) — Vf(z* + o*Ax)) and oFr¥ | respectively. By (14) we see that

24: A 0 Az; \ [ A 0 Az
- Sk xk Z\SZ - Sk xk A\S

—ak(x* k—ﬁlﬂ €)

= +ak ok Sk (20 )
—i—Xk(Vf(:z: +af(Ax + k(xo—x*)))
—Vf(z* + aFAz)) + oFrk

Thus we obtain that
|o* D~ Az| = |D"Y(Azy + Ay + Az + Azy — aF6F (20 — 2))|
< |ID7 Az || + || D7 Az + || D~ Az || + | DA ||
< aF|[(XS)7F(Xs — Bupe)|| + aF[|(XS) 2|
+ a"0%||D(s° — 5|
+ ||D71[Vf(x+ozk(AI+9k( 0 _ z*))) — Vf(a:—l—oekA:z:)]H
< a"|(XS)"2(Xs — Bipe)|| + F|(XS) 2"
+ "% | D(s° — s*)|| + o*6F L[ D71 - ||la* — 2°,
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where the first inequality uses the fact that (S*¥)~!py = a*0% (20 — 2*), where
p2 is the corresponding p with (Axa, Ass).
Using Assumptions 2, 3 and (8) we have
D Al < I(XS)72(1+ Br)a”s + w]|(XS) 2| (a*) " /n
_1 *
+OR(XS) = - X - (1(8° = 57
_1 .
HORLI(XS)Z | - 18] [l (2® — 27|
1

. (1+ B+ v/n)als
min(z;s;)?2

1 p (24 x +7)(aF)T sk

+(1+L 6 n?
( )min(fpisi)% 0% po P
KNT .k
< (1@ Dnt £y ) I
Po min(x;s;)2

where the second inequality follows from Lemma 3.1.
Similarly, we can also get

IDAs(a®)|| = [ D(Asy + Asy + Ass + Asy
~[Vf(z + o (Az + 0" — 2°))) = Vf(z + o Ax)))|
(xk)Tsk

<a” (1+(2+x+r)(1+L)n5ﬁ+Bl+u/n) —
Po min(z;s;)?

Let (2, y*, s*) be generated by Algorithm 2.1. Under appropriate assump-
tions, we next show that (z¥)7s* does not reduce too much at every iteration.
Thus, in our algorithm it does not happen that o gets close to 1.

LEMMA 3.3 Assume that problems (1) and (2) have an optimal point (x*, y*, s*)
satisfying ||(x*,8")||ee < p, (xFHL yFHL s8+Y) s generated at the (k + 1) st
iteration of algorithm 2.1. Then we have

(xk-‘rl’Sk-‘rl) > 0, (18)
(:CkJrl)TSkJrl 2 (1 _ ak)(xk)TSk (19)
for k >0, where oF is defined as (7).

Before starting the proof, firstly we introduce two auxiliary functions as
follows

" | ok Ax;
spl(ak) = Z % )

i=1 L

" | As;(aF 2
pafal) = 3[R
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which will play an important role in the proof. Obviously, under the condi-
tion (z¥,s*) > 0, if p1(a¥) < 1 and po(a®) < 1 are valid, then we see that
(zFH sFH) = (2F + oFAx, s + As(a¥)) > 0 must be satisfied. Moreover,
under the same assumption, (xk, sk) > 0, we have

k - OékAxiQ - kzDiiQ —1 2
prlah) = 2| 5T =30 |28 (o A
i=1 i i=1 i
1
< (o) ———= | D7 Az (20)
min{z s
And, similarly, we have
1
pa(a”) < (%) ——== [IDAs ("), (21)
min{z} s

Proof of Lemma 3.3. The proof uses an induction argument. We first consider
the case: k = 0.
It is obvious that (2%, s%) > 0. Then we have by (17)

A(Az + (20 — %)) = 0.

Under the assumption that the problems (1) and (2) have an optimal point
(x*,y*, s*) satisfying ||(z*, s%)]|cc < p-

Let (Az, As) = (a®(Az+ (20 — 2*)), Vf(zF + Az) — Vf(2*) — o* AT Ay) satisfy
(14) with

p= —QO(XOSO _ﬁl,uoe) —I—OZOGOSO(:EO —:ZT*)
+ XO(Vf(a? + (A 4 0°(2° — 2%))) — Vf(2° + a®Az)) + a’r°.

Now let (E\:vl, KS\l),(E\(EQ, Ks\g), (@,,A/s\g) and (5547&9\4) satisfy the sys-
tem (14) when p is —a®(X%s% — g1 u%), a®0°5°(2° —2*) , XO(V f(2" +a®(Az+
0°(2° — 2%))) = Vf(2" + a®Az)) and a’r, respectively. Thus, as in Lemma 3.2
we also have

D7 Az] < [[(X°8%) 2 [[(1+ £1)(x®)Ts® + [[(X°8%) % v (2°)Ts% /n
OO (XOSO) 7= | X0 - [I(s° — 57
FOOL)(X08%) 73 || - [|S°]| - [|(2° — )|

(ZUO)TSO 1 (UCO)TSO 1/2

<(1+p +v/n) +(1+1L) on

min(z}s})!/2 min(z?s7)"/%  po

((EO)TSO
0

min(z9s9)1/2
2

< (1 + B +v/n+ pﬁ(l +L)n1/2>
0



698 Y. WANG, P. FEI

And similarly,

(20)T 50
mln(x s9)/2

|DAS(0)] < o <1+m+u/n+p 1+ Dn 1/2>

Thus, by the facts that 7 > 1, 61 +v/n < B2 < 1, v < 1, (7) with k = 0,
(20) and (21) we easily see that ¢1(a”) < 1 and ¢2(a”) < 1 hold. That is to
say,

(z',s') = (2° + a®Ax, s° + As(a?)) > 0.
Furthermore, we have

(xl)Tsl = (2" + onAa:)T(so + As(a?))
= (297" + (a°(s") " Az + (2°)T As(a?)) + o’ (Az)" As(a?)

= (2975 — a1 = 1) (@) Ts® + oF ZT? + o’ (Az)T As(a?)
i=1
=(1-a)(@")Ts" + a8 (29)Ts" + a ZT O(Az)T As(a)
i=1

> (1-a)(2%)Ts + a®(B1—v/n) (") T s -l || D7 Az| - | DAs(a®)).

Then, by the definition of a°, the estimates of | D~ 'Ax|| and || DAs(a?)|| above,
0<B<1l,0<o<landoB —2v< B —v/n< B <1 wesee that for a®
with the form of (7) the following is satisfied

0®3) (z)7s° — %] D=1 Agl] - [ DAs(a®)]| > 0.
Thus, we have completed the proof of the case k = 0: (2!, s') > 0 and (2!)Ts! >
(1 —a%)(2)T's0.
We can now assume that it is valid that
(x*,5%) >0, (22)
(Ik)TSk > (1 _ a(kfl))(xkfl)TSkfl (23)

for any integer k > 0.

We next consider the case of k + 1. By the hypothesis of this lemma, (22)
and (23) we see that Lemmas 3.1 and 3.2 hold. Thus, by Lemma 3.2, (7), (20)
and (21) we easily obtain that ¢1(a*) < 1 and ¢pa(a*) < 1 hold, which implies
that

(x5 > 0. (24)
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In addition, we have

(@ = (@ + oFAz)T (s* + As(a?))

= (@")Ts* + (F(s") T Az + ()T As(a)) + oF (Az)T As(a¥)

Y+ of (Az)T As(aF)

&-

Il
-

_ (:Ek)TSk _ Ozk(l _ 61)(5Ek)TSk —|—O¢k(

= (1—a®) (@) TP +ak 81 (a")TsF +a* (Y " rF) + oF(Az)T As(a)

NE

=1
N

NN

> (1= af)(@*)"s" + o (81 — v/n) ("
+ ¥ D7 Az|| - | DAs(aF)|

> (1 - ab)(@h)Ts* + ok (B = ) ()Tt

Nl

) () 5*)?

— (a®)? <1+(2+X+T)(1+L)n —i—ﬁl—i-g min (z57)

»
Po ’
where the third equality comes from the equation (5), and the last inequality

uses Lemma 3.2.
Thus, by the definition (7) of o and o8 — 2v < 1 — v/n, we see that

2
(81— %)(fck)Tsk —a (1+(2+X+7)(1 + L)n%p_p()+ﬁl+%> %

> 0,

which implies that it holds that (zFT1)Tsk+1 > (1 — oF)(2F)Ts*.

Hereunto, we have completed the proof of Lemma 3.3. ]

From the proof above we note that, for k = 0, (Ax, As(a¥)) also satisfies
(12) and (13).

In the next lemma we show that the complementarity gap of the problems
(1) and (2) will decrease at each iteration of Algorithm 2.1, and it is also shown
that the sequence {(z*,y*, s¥)} remains in the neighborhood A of the central
path.

LEMMA 3.4 Suppose that (x*+1 yk+1 sk+1) is generated by Algorithm 2.1,
(%, s%) € N, and the assumptions of Lemmas 3.1, 3.2, 3.3 hold. Then the
following statements are true

(xk-i-l)TSk-‘rl < (1 _ ak(l _ ﬁg))(wk)TSk, (25)
(P Py e W, (26)

where oF is defined as in (7).
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Proof. First, we have by (5)
XLkl — (XF 4 o*AX)(s* + As(a))
= X*sF 1 (XFAs(aF) + oF ST Ax) + P AX As(aF)

(xk)TSk

= XFksk — oF(XFsk — gy e) + afr¥ + o AX As(a®), (27)

and
(@M = (@) T sk —ab (1= 1) (") TP +aP (O rF) + " AaT As(a®). (28)
1=1

We next seek to prove the inequality (25).
(1= (1= B)(ah)Ts* — (o +1)T sk
=af(By — B1) (") Ts* — a* Azt As(a Zr

i=1

a®(By — B1) (") 8" — aF||r¥||y — oF||DT A]| - | DAs(a®)|
> a(By — B —v/n)(z")"s"

—(aF)? (1 +p+v/n+2+x+7)(1+ L)nép—’;>

If the right-hand side of the last inequality above is not less than zero, i.e.,

(B2 — 1 —v/n) mlnxf ¥

[0 S 2 ) (29)
(1 +B+v/nt 2+ x+7)(1+L)ns p%) (k)T sk

then the inequality (25) must be valid.

By (7) we easily see that the inequality (29) is satisfied. The proof of (25)
is terminated.

For (26), from Lemma 3.3, we just need to prove the following inequality

(karl)T k+1 (IkJrl)TSkJrl

”XkJrlSkJrl _

e <o
n

Then, by (27) and (28) we obtain

k+1\T ENT ok
”Xk-i-lsk-'rl _ (CL‘ S eH < (1 _ ak)”XkSk _ MeH

n

AzT As(a®)

n

—l—akHrk — lzl eH +0¢k||AXAS( ) el
n
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AzT As(aF -
By the fact that Ae and ¥ — (Z 7¥/n | e are the orthogonal
n
i=1
projections of AX As(a*) and r* on the one dimensional subspace by e respec-
tively, we obtain that

k+1\T k+1 BT ok
| XFHIskHL ue” <(1- ak)a(x )5 + oF||rF|| + ¥ | AX As(ab)].
Thus,
k+IN\T k+1 k+IN\T k+1
0(17 ) s _”Xk-',-lsk-i-l_ (@) s |
n n
k+1\T kt1 AT ok
> Tl ah)o T ok 4 afAX Asah))
KT ok
> abop E) S
" AzT As(ak)
=" (I + 1 i) /nl) = oF(|AX As(ab)] + =0
i=1
(%) T s

> a®(ofy — ) —2a"|| D7 Az - | DAs(a")]

(xk)Tsk

> o (o1 — 2v)

—2(ak)? (1 +0i+v/n+2+x+7)(1+L)n

By (7), we see that the following inequality holds

(@) YA
(of1 — 2v) — 2" (1—}—51+V/n+(2+x+7)(1+L)n5p—) X
0
EAT k)2
()T
minzkFsk —
Thus, it is true that (zF+1, yF+1 sk e A/ .
We have obtained all of our desired results. [

Using Lemma 3.4, by (2°,9°, s°) € ®NQ NN we see that {(xF, y*, s*)}r>0 C
N. Since p = (zk)Tsk, by (25) we see that

n

k

p=TT0 a1 = 52)) )70 — 0

i=0
as k — oc.
Now we are in a position to provide the complexity result of Algorithm 2.1.
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THEOREM 3.1 Suppose that the problems (1) and (2) have an optimal point
in ®. Then Algorithm 2.1 will terminate in at most

(30)

L In(1 - Z(1 - @)J
iterations, where
_ <@>2 min{(of1 = 2v), (B2 = b1 —v/n)}(1 ~ o) (31)
P 2(2+ x + 7)2 n? (1+(1+L)n%)2

0\T 40 0_
= max< In (@) ,In 1 A=” = b] , (32)
€ €
P

o)

(1]

and [£] denotes the least integer which is not less than &.

Proof. By Lemma 2.1, we see that o > a.
Using Lemma 3.4, we have

(:CkJrl)TSkJrl < (1 _ ak(l _ ﬁg))(,@k)TSk < (1 _ &(1 _ ﬁg))(l‘k)TSk,
| A"~ bl| = (1 — o) Az* — b]| < (1 — @] Az* —
< (1=a(l =) Az* —0].

Then we easily obtain the result of Theorem 3.1. [

From all the proof above, we easily have

THEOREM 3.2 If we insert “Step 1’ If (x*,y* s*) does not satisfy one of
(10), (12) and (13), then Algorithm 2.1 terminates.” between Step 1
and Step 2, and “Step 3 ' If (Ax*, As(a*)) with o not satisfying either
(18) or (19), then Algorithm 2.1 terminates.” between Step 8 and Step
4, of Algorithm 2.1, then Algorithm 2.1 will terminate in at most

Bl %
iterations.

Furthermore, if it terminates by Step 1, (z*,y*, s*) is the e-optimal solution
of the primal-dual problem (1) and (2); or else, if it terminates by Step 1' or
Step &, there is no optimal solution (z*,y*,s*) of the problems (1) and (2)
satisfying || (z*, s)||co < p-

Proof. If the algorithm is terminated by Step 1 at the kth iteration, then the
iterative point (xk, y*, sk) satisfies our requirements, so we say that our desired
approximate optimal point has been obtained.

On the other hand, if the algorithm is terminated by Step 1’ or Step 3', we
next use a contradiction argument to show that there is no optimal solution
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(x*,y*,s*) of the problems (1) and (2) satisfying ||(z*, s*)||cc < p. At first,
suppose that there exists an optimal point (z*, y*, s*) satisfying ||(z*, s*)|lec < p-
Then by Lemmas 3.1-3.4 and Theorem 3.1 we see that (10), (12), (13), (18) and
(19) must be valid. There is a contradiction. Thus, we see that in this case
there is no optimal solution (z*,y*, s*) of the problems (1) and (2) satisfying
12", 8%)loo < p- n
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