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1. Introduction

The main purpose of this paper is to study the eigenvalues associated to the
Laplace operator with (locally) constant boundary conditions in relationship
with the geometric domain. On the one hand we consider globally constant
boundary conditions (simply denoted const. b.c.) and on the other hand locally
constant boundary conditions, which we call conductivity boundary conditions
(denoted cond. b.c.).

The isoperimetric inequality for the first non zero eigenvalue for the const.
b.c. eigenvalues was discussed by Greco and Lucia (2008). It is proved there
that the union of two equal balls minimizes the first non-zero eigenvalue among
all domains of prescribed measure. Several more properties are also obtained
in Greco and Lucia (2008), among which relationships with the Dirichlet eigen-
values of the Laplacian and with the twisted eigenvalues of the Laplacian (see
also Freitas and Henrot, 2004).

The first purpose of the paper is to investigate the shape stability of the
spectrum of const. b.c Laplacian in relationship with the ~y-convergence (see
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Bucur and Buttazzo, 2005). The v-convergence is, roughly speaking, the geo-
metric convergence of shapes for which the solution of the Dirichlet-Laplacian
is stable. We prove that the spectrum of the const. b.c. Laplacian is stable for
the y-convergence if and only if the Lebesque measure of the moving domains
is preserved at the -limit (which in general is not the case).

As a second purpose, we discuss the isoperimetric inequality for a general
shape functional depending on the const. b.c. Laplacian eigenvalues, of the
form F(A1(Q),...,Ax(Q2)). We prove that for every bounded design region D
the problem

Qggllg‘:cF(Al(Q), oy AR (82))
has a solution in the family of quasi-open sets, provided mild monotonicity
and continuity assumptions on F. A similar result was obtained by Buttazzo
and Dal Maso (1993) for the Dirichlet eigenvalues of the Laplacian, based on ~y
continuity of the eigenvalues. In our problem, the mapping

Q — Ax(Q)

is not ~y-continuous so that the main theorem of Buttazzo and Dal Maso does
not apply. Our argument is based on the study of a modified version of the
weak gamma convergence (see Bucur and Buttazzo, 2005) which preserves the
measure. We also refer the reader to Greco and Lucia (2008), where existence
solutions for isoperimetric inequalities for the const. b.c. Laplacian eigenvalues
were studied in the class of convex sets.

The third purpose of the paper is to study the isoperimetric inequalities asso-
ciated to the conductivity eigenvalues of the Laplacian. This study is motivated
by the analysis of the defect identification of a material by electrostatic bound-
ary measurements. Friedman and Vogelius (1989) introduced a dual problem to
the defect identification problem, where the perfectly insulating defects become
perfectly conductive regions. In this last model, the locally constant bound-
ary conditions are naturally used (see also Alessandrini and Diaz Valenzuela,
1996; as well as Bucur and Varchon, 2002; Belhachmi and Bucur, 2007). In
Belhachmi and Bucur (2007), the following space is introduced for the study
of the conductivity problem in an arbitrary two dimensional bounded domain.
For a bounded open set of R™ we introduce

H},,a(Q) = clioy{u € HL.(R") | 3e >0 Vu =0 a.e.(Q°)°}

cond
where K¢ is the Minkowski sum
K& B(0,e) = | J Blx,9).
xeK

It turns out that if Q¢ is connected, every function in H}  ,(2) is constant on

the boundary, in the sense that there exists ¢ € R such that u — ¢ € H}(Q).
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Consequently, in this case the space H! .(Q) coincides with the space con-
sidered previously by Greco and Lucia (up to the zero mean value). If Q¢ is
not connected, on the boundary of the smooth connected components of Q°, a
function u € H!, () is locally constant (the constant may differ from one to
another connected component). These regions can be seen as perfectly conduc-
tive regions in the frame of the dual defect identification problems of Friedeman
and Vogelius.

The eigenvalue problem for the cond. b.c Laplacian is well posed, and the
same questions (see Greco and Lucia, 2008), as for the const. b.c. Laplacian can
be raised. Unfortunately, we are not able to perform a complete shape analysis
of the problem because of major new difficulties which are related to the (open)
problem of the relaxation of the Neumann Laplacian.

The isoperimetric inequality of the first non-zero cond. b.c eigenvalue can
be treated by a two step rearrangement. As in Greco and Lucia (2008), by
a Schwarz rearrangement of two level sets of a test function u, we reduce the
search of the optimum to the family of the unions of two sets of concentric
annuli. In a second step we prove by a second rearrangement procedure that
the annuli can be stretched to balls and finally, that two equal disjoint balls
minimize the first non zero eigenvalue among domains of constant volume. We
refer the reader to Henrot (2006) for a recent survey concerning isoperimetric
inequalities for eigenvalues.

Shape stability is achieved only in two dimensions provided that the number
of connected components of the moving complements is uniformly bounded and
the Lebesque measure is stable. Some numerical computations for the solutions
of the isoperimetric inequalities for the first three cond. b.c eigenvalues are also
provided.

2. The Laplacian with constant boundary conditions

Let D C RN, N > 2 be a bounded open set. We denote by  an open or
quasi-open subset of D (we refer the reader to Bucur and Buttazzo, 2005, for a
detailed introduction to the shape analysis of quasi-open sets).

We introduce the following space:

1
Hconst

(Q)={uec H(Q) | 3c € R,u—cec HHN)}

and consider the closed subspace:

Uuones() = {1 € Hlyy(@) | [ ude =0}
Q

It is easy to observe that Ueons:(2) can be equivalently endowed with the scalar
product

(’U,, U)Mc,,mf,(Q) = (vua VU)LQ-
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Indeed, the following Poincaré inequality holds. There exists a constant M > 0,
depending only on the measure of 2 such that for every u € Ueonst(2)

lull L2(0) < M||Vul p2(q).-

To prove this assertion, one can apply the Poincaré inequality to u —c € Hg (£2)
and obtain [[u — c||2q) < M||V(u — ¢)||12(q). Since Vu = V(u — ¢) and since
Jo udz = 0, we immediately get

ull 2@y < llu = cllL2@) < M[IVulL2@)-

We consider the Laplace operator acting on the space Ueonst(2). More pre-
cisely, we define

T : L3(Q) — LE(Q), TszRQf—ﬁ/QRQfd:c.

Here L3(Q) = {f € L*(Q) | [, fdz = 0} and Rg : L*(Q) — L*(Q) is the
resolvent of the Dirichlet Laplacian on €2, i.e. Rqf = u, where u solves

—Au=fin
{ u e H2(Q) (1)

in the weak variational sense. The eigenvalues of T 1 are the inverses of the
eigenvalues of the const. b.c. Laplacian.

Alternatively, they are defined with the Rayleigh quotient

2
M) = min max M (2)
VEClUeonst (Q) veVIN{0} [ v2dx
where V¥ stands for an arbitrary subspace of dimension k in Ueonst ().

We notice at this point that we can also define the Laplacian on H} (),
in which case the first eigenvalue is zero. For this reason we refer to A{'(2) as
the first non zero eigenvalue.

If A{'(2) is an eigenvalue defined by (2), there exists a non zero function
U € Ueonst(2) such that formally

{ —Au = (Q)u 3)

u e Uconst (Q)
This formal relation is understood in the following sense: u € Ueonst(2) and
¥6 € Uoon(@) | Tu-Vods =) [ uoda,
Q Q

Notice that the relationship

—Au =\ (Q)u (4)
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holds also in the sense of distributions. Indeed, V¢ € D(Q), and for a suitable
constant ¢ such that ¢ — ¢ € Ueonst(2) we have

/QVU V(¢ —c)dx = )\f(ﬂ)/ u(¢p — c)dx.

Q

Since fQ udx = 0 one can eliminate ¢ on both sides above.

We recall from Greco and Lucia (2008) the following properties of A{(9):
1. if Ql g QQ then )\?(Qg) S )\?(Ql),

2. X)) = t 2N (Q),
3. () < AF(Q) < AL(Q) < Xeta (),

where A () stands for the k-th Dirichlet eigenvalue of the Laplacian and A} ()
for the k-twisted eigenvalue (see Freitas and Henrot, 2004).

Greco and Lucia (2008) studied the isoperimetric inequality for A¢t. There,
it is proved that among all domains of given volume (say m), the union of two
disjoint balls of volume 7 minimizes X¢t. By a Schwarz rearrangement of the
level sets (u — )™, (u—c)~ of a test function u € Ueonst(2) which is such that
u —c € HE(Q), the optimization problem is reduced to the family of unions of
two balls.

In order to study more general isoperimetric inequalities associated to A (£2)
we recall some results for the Dirichlet Laplacian. For the convenience of the
reader, we recall the definition of the -convergence.

DEFINITION 1 Let Q,,,Q C D be open (or quasi open) sets. It is said that ),
y-converges to Q if Rg, — Rq in L(L*(D)).

For a detailed study of the ~-convergence, we refer the reader to Bucur and
Buttazzo (2005).

From the following general inequality (see for instance Dunford and Schwartz,
1963)

A (Ra,) — Ak(Ro)| < [|Ra, — Rallzz(p))

and from the fact that

1
M) = S/

we get that
Q0 = M(Q) — M(Q).
We also notice that if Q,, —— Q, we have

lo(z) <liminflq (z) a.e. z € D

n——oo
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and consequently
|Q| < liminf |,].
n——-maoo

If we assume both v convergence and convergence of measures, then we get L!
convergence of the characteristic functions 1o, — 1q.

The following general existence result is due to Buttazzo and Dal Maso
(1993). Let us denote A(D) the family of quasi open subsets of D.

THEOREM 1 Let F': A(D) — R be a y-lower semi continuous functional which
is non increasing to set inclusions (up to zero capacity). Then

min{ F(Q)|Q € A(D), |2 = m}
has a solution.

If F(Q) = ®(A1(Q), ..., A\ (Q)) where ® : RF — R is Ls.c. and non decreasing
in each variable, then Theorem 1 applies for

F(Q) = 2(M(Q), ..., Ae(€)).
In particular, the isoperimetric problem

i A (€
QEA(%l)lﬁlﬂ\zm k( )

has at least one solution.

In order to answer a similar question for shape functionals depending on
AFE(Q), ..., A& (£2) one can not use Theorem 1, since the mappings @ — ¢ (Q)
are not in general y-continuous. This lack of y-continuity is due to the possible
"loss" of measure in the v-limit process and of the failure of convergence of the
resolvent operators.

We prefer to (re)define the operators Tq, on the fixed space associated to the
design region D C R™. In this way, all operators on the moving sets are defined
on the same functional space, so that the comparison of their eigenvalues is easier
to handle. For every (quasi) open set Q C D, we introduce Tq, : L3(D) —
L3(D) by

R R

We state the following proposition which has a standard proof.

PROPOSITION 1 For every (quasi) open set Q C D, TQ is positive, self adjoint
and compact.

_ In the sequel we establish the relationship between the eigenvalues of T and
Tq.
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PROPOSITION 2 Let §2 be a (quasi) open set. The operators T and fg have the
same set of eigenvalues, and there exists a natural bijection between eigenspaces.

Proof. Let X be an eigenvalue of Tg. There exists u € LZ(Q) such that Tou =
Au. One can prove that there exist u* € L3(D) such that Tou* = Au*. Indeed,

lot u* — uif x € Q
CU = oifzeD\ Q.

Since [, u*dx = 0 then u* € L§(D). We obtain
T ox * 1 * * *
Tou* = To(u f—/u dz) = Tou* = lu
12 Jo

since fQ u*dr = fQ udxr = 0. Consequently, A is an eigenvalue for To. Con-
\iersely, let A be an eige~nvalue for TQ There exists u € LZ(Q) such that
Tou = Au. Since u € ImTq we get that uw = 0 in D\Q and fQ udr = 0. Conse-
quently, we have Tou="Tq(u — I_fll\ Joudz)=To(u— I_fll\ Joudz)=Tou=\u. =

Here is the shape stability theorem for the eigenvalues of To operator.

THEOREM 2 Let Q,,Q C D be non empty (quasi) open sets such that Q, 2,Q.
Then Tq, — Tq in L(L3(D)) if and only if |Q,| — |9].

Proof. Assume that Q,, —— Q and |[Q,| — |Q|. There exists f, in the unit
ball of L3(D) which realizes the supremum in

sup ||Tﬂnf - TQfHLS(D) = Hfﬂn(fn) - TQ(fﬂ)”Lg(D)- (5)

”fHLg(D)Sl

We may assume, without restricting the generality, that (f,, ), converges weakly
to f. We have

1T, (f2) = Ta(fa)llz oy = [ Ta. (fa) = Tof + Taf = Talfa)llz2p)
< |Tq, (fn) = Tafllzzoy + 1Taf — Ta(fo)llL2(D)-
Let ¢ € L2(D). The convergence of T, ¢ to T is strong in L2(D), since

Q, - Q. Indeed, To,¢ = To, (¢ — ﬁ an ¢dx) = Tq, gn, and g, converge

to g, where g, = ¢, — ‘Q—l‘ an ¢pdr and g = ¢jq — \ﬁllfﬂ ¢dx. Using the
continuity of Rq and the hypothesis of y-convergence, we obtain

1 1
To,9: = Rog0 ~ g / Ra,guds — Rag — o / Regde = Tag.
nl JQ, Q

Consequently, we have in L3(D)
< T, fus & >=< fu, T, >—< [.Tad >=<Taf.¢ >.
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The weak L3(D) convergence of Ta, (fa) to To(f) implies the strong L3(D)
convergence of a subsequence (still denoted usmg the same index).
To conclude, it remains to discuss ||Tof — Ta fol| £2(p)- This term converges

to zero as a direct consequence of the continuity/ compactness of To and the
weak L3(D) convergence of f, — f.

Conversely, we assume that Q,, —— Q and TQ — To. Let ¢ € LE(D). The
convergence TQ ¢ — TQQS reads

1 1 1
S —(— 1+—— 1
Foo= J, Fnots=(g [, ote) e v [, ot [, Raiis

1 1 1
_>RQ¢—@/QRQ¢CZ:C— (@/ﬂwm)RQHW/QMI/QRQMx,

We denote by ¢, = Rq,1, fn = Ra,¢. The hypothesis on the v convergence
yields that g, and f, converge strongly H}(D) to g = Rql, and f = Rq¢,
respectively, in H} (D). We obtain

1 1 1
SR degn — —— | fodo + —— d nd
N /Qf”g |Qn|/Df “mnP/mM/mg v
1 1 1
R — drg — — d:EJr—/ d:c/ dx.
|Q|/Q¢’ g |Q|/Df 2 Jo O J 0

We can rewrite simply a,,g,(+)+b, — ag(-)+b, where a,, = *ﬁ Jo ¢dz,a=

—ﬁ Jo ¢dz, by, = —ﬁ In fndyc—i——lﬂi|2 an odx an gndr and b = _\ﬁll Jp fdx+
ﬁ Jo ¢dz [, gdx. Since the function g is non vanishing, we get a, — a.
Assume |Q,,| — a > |Q| and define ¢ by

p cin Q)
= c|| -
_IDl\K‘N inD\

where c is a positive constant. The convergence a,, — a implies that fQ ¢pdr —
) Jo #dz. On the other hand

1€\
pdx = c|Q| — Q==
/. Trar
We obtain 1 — % — ﬁ > 1, which is absurd, since ||%’\\g?‘| > 0. Conse-
quently a = [Q]. m

A direct consequence of Theorem 2 is the following.

COROLLARY 1 Let Q,,,Q C D be such that Q,, —— Q and |Q,| — |Q|. Then
AF () — A ().
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We recall the definition of the weak gamma convergence of quasi open sets. It
is said that Q,, weakly gamma converges to 2 if R, 1 converges weakly H} (D)
to a function w, and Q = {w > 0}. We write €, —- Q. The main property
of the weak gamma convergence is the following: assume that ¢, € H}(Q,) is
weakly convergent in Hg (D) to a function ¢. Then ¢ € Hj(Q).

The following result is the key of the optimization problem.

THEOREM 3 Assume Q, —5 Q and Q C Q*, such that || = liminf,, . [Qy].
Then
AZ(QF) < lim AF(Q).

n——oo

Proof. Let € >0 and S C Ueonst(Q,) be a k-dimensional space such that:

Jo IVv|?da
AL > — o
(@) +e= uerg’;ai}io} Jo, vidx

and let v,, be a maximizer function such that fQ vidr = 1. Let v,i=1,...k
be a L2-orthonormal basis for SE.

We assume that liminf, ., A$(£2,) < oo, otherwise the conclusion is obvi-
ous. Since [, |v7|2dx = 1 we get that Ja., |[Vo?|2dx is bounded. Consequently
Jo, IV(0} — ¢)[da is bounded (here v} — ¢' € Hy()). Up to a subsequence
we may assume that v — ¢ converges weakly in Hg (D) to w;, so the conver-
gence €, =3 Q implies w; € H} (). Let Q* C D be such that |Q*| = a, where
« is such that |Q,| — «. Since H}(Q) C Hg(Q2*) we obtain w; € H}(Q*).

Assume that |Q,| — « and ¢} — ¢;. Then

/ (vi' —ci)dz —>/ (w;)dx :>/ vfdm—/ cldx —>/ widz =—cj |Qn| —>/ w;idez,
D D Qn Qn o o

and we get fQ* widr = —c;a. Let v; = w; + ¢; € Ueonst(2*). Indeed, we have
Joo vidz = [, (wi + ¢;)de = —cia + ;|0 = 0.

We introduce the space S = span(vi, ..., vg). One can verify that (v;, v;)2 =
d;; so that S is a k dimensional subspace of Ueonst(£2*). The construction of
S and the convergence €2, 2 Q) implies that for all v € S, v = YF_ a;v; the
sequence h,, € S, defined by h, = X¥_ a;o" converges weakly to v in H}(D).
Moreover,

n—ao0

liminf/ |th|2da:2/ Vol2da. (6)
Qn Q*
To prove that

Vhy,|?dx Vol2d
lim inf fQ 2| dx > Jo- v|2 <
n——oo fQ" hn fQ* v

dx (7)
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it is enough to prove that

limsup/ hidzg/ v2dx. (8)

n—oo

By the definition of v; we obtain
/ vidr = / (BE_ ) ?de = / (2E_ a(wi + ¢))?dx
= / (SE_ aw; + B8 aye)de = / (B ayw;)?dr — 2C%a + CPa
* Q*

:/ 2k apw;)?de — CPa,

where C' = Eleaici. On the other hand we get

| o= [ (stanp?de = [ (Sl - )+ e s
Qy, Q Q

n n

— [ Eatr-enydeiesiae | S air-de (S a) i)
Q,

n

3

- / (SE ag(ol — ) 2da — 20200 + C2a.

n

Inequality (8) is equivalent to

lim sup(/ (BE_ (=) 2de — 2C?|Q,| + C?a) < / (Bk_ aw;)?dx — CPa.
n—oo Q
9)

*
n

Passing to the limit gives
—liminf 20?|Q,| + C%a < C2a.
n—oo

Finally,

Jo IVv|?dx
liminf A{"(Q,) + & > liminf max >
n-—00 n—oo veSk\{0} anv dx

Vh,|*dz . |[Vv|2d
liminf f9n|72"| > max w
n—oo an h2dz veS [, v3dx

> ()

so liminf, oo AL () + & > AH(Q*). Making € — 0, we conclude the proof. m
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THEOREM 4 Let ® : R¥ — R U {+oc} be a lower semi continuous function,
nondecreasing in each variable. Then

i DA (), .., AT (D 1
ealdi L, 2OT (@), A (@) (10)

has at least one solution.

Proof. Let us denote A (Q) = (A§(Q), ..., A¢(Q2)). From the monotonicity prop-
erty of A, the function ®(A\“*(Q)) is non-increasing with respect to set inclu-
sions. We assume that ®(A\“(Q)) is not identically +o0, otherwise every open
set of measure m is a solution. We notice that ®(A“(£2)) is bounded from below
by ®(\°*(D)).

Let Q, be a minimizing sequence for the problem (10). From the com-
pactness of the w~y convergence, we may assume that 2, 2, Q, and we get
|Q < m. If |©2] = m then Q is solution from Theorem 3. Otherwise, we find Q*
such that |Q* = m and Q C Q*. Then, from the monotonicity and the lower
semicontinuity of ® we get ®(A“(Q*)) < liminf ®(A\“(12,)), consequently Q* is
a solution. L]

3. The conductivity eigenvalue problem
Let D be a bounded, connected open subset of RV such that R\ D is connected.
For every open set {2 C D we introduce the conductivity space

H}a(Q) = el y{u € HL.(R™) | 3e > 0, Vu =0 a.e. on (R*\Q)}.

cond

Here, for a set K C R™ and for € > 0 we denote

K= | B(x,e).

reK
Let u € H} (). Clearly, there exists a constant ¢ such that u — ¢ € H}(D).
Indeed, by definition there exists a sequence of functions u, € H} (R™) such
that Vu, = 0 on (R"\Q)* and u,, — u in H'(Q). Consequently, there exists
¢, such that u, — ¢, € H}(D), and we may see the limit u,, — u in H(Q) for

the extensions of u, in H} (R"). Since Vu, = 0 a.e. on (R"\ Q) we have

2 n
that Vau, © & Va, we H (R™). Since [p, [Vun|?dz = [, [Vu,|?dz we get
that [5, [Vun, — Va|*dz — 0, where
~ Vu on )
Vi = { 0 on Q°. (11)

Up to a sequence (still denoted using the same index) and since D is bounded

L*(D) - ~
and connected, we have u, ~(D) u and u = w on (). Let K be a connected
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component of R™ \ 2. We get that u is quasi everywhere constant on K. In
particular, u equals the constant ¢ on the unbounded component, so that u—c €

We notice that if Q; and Qs differ on a set of zero capacity, it is possible
that H (1) and H} ,(€2) are not the same! This is not a real problem for

cond cond
the the study of isoperimetric inequalities, as will be observed in the sequel, but

is a hard difficulty for the study of the shape stability question (which remains
open).
We introduce the following closed subspace in H! . (€2)

Ueona() = {u € HL, 0 (0] /Q udsz = 0.

The mapping v — ||[Vu| z2(q) is @ norm on Ueond(€2). Moreover, the Poincaré
inequality

/|u|2dx§C(D)/ IVl da
Q Q

holds with a constant C(D) depending only on D. Indeed, we can write for a
suitable value c,

/ (u— ¢)2dz < C(D)/ IV (u— o)|?da,
D D
since u — ¢ € Hg(D). Consequently
/(u —¢)?dx < C(D)/ |Vu|*dz.
Q Q
Since [, udz = 0 we get [, u*dz < [ (u— ¢)*dx < C(D) [, |Vu|?*dz. The

eigenvalues of the Laplace operator with conductivity boundary condition are
defined as the eigenvalues of the operator

Ag : LE(Q) — L3(Q)
defined by Aq f = u where u solves the problem

U € Upona () /Q Vu - Védr = /Q Fodr Yo € Usona(9).

Alternatively, © minimizes

1
min —/ |Vu|2d:cf/fud:c.
u€Ueona(Q) 2 Jq Q

PROPOSITION 3 The operator Aq is self adjoint, positive and compact.
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Proof. The continuity of Aq is a consequence of the Poincaré inequality in
Ueona(€2). Its compactness comes from the compact embedding Uepna(2) —
L3(Q), while selfadjointess is inherited from the Laplacian. ]

A direct consequence of Proposition 3 is that the spectrum of conductivity
b.c-Laplacian consists of a sequence of eigenvalues

0 < X)) < AHQ) < ...
It is straightforward to observe that
M) = t72A(Q).

The monotonicity property 2; C Qs = )\%d(ﬂg) < )\gd(Ql) is a consequence of
the min max principle:

Vul?d
Q) = min ; JolVulds
VEEUeona(@\{0} ueVi{0} [ uda

For every VF C Uona(1), VF = span{vi,...v,} we consider v;, extended to
elements v} of H}  .(Q2) and v} — ¢k € Ueona(2). The extension is done as
follows: consider a sequence v§ converging in H} ., (€1) to vk, such that Vo§ = 0
on (RV\ ;). We extend vi by suitable constants to elements (vi)*HL . (Q2)
and define v as the limit of (v{)*.

It is straightforward to observe that

Ja, |Vog|?dz - Ja, IV (v = cx)|2dx

le vide sz vy — cx|?dx
Indeed, [o, |vf —cklPdx > [o |vi —cpPda > [o || dz.
PROPOSITION 4 For every k € N the following inequality holds true
Me—p+1(2) S A1 () < AHQ) < AF(Q) < M ()
where p > 1 is the number of the connected components of Q2°

Proof. The first and the last inequalities are proved in Greco and Lucia (2008).
The third inequality is a consequence of the min-max formula and the inclusion
uconst (Q) g ucond(Q)~

For the second inequality, let us consider a k-dimensional subspace Sy C
Ueond(2). Tt is easy to notice that Sy has a k — p+ 1 dimensional subspace
Sk—pt+1 C Ueconst(2). Consequently, the min-max formula implies the second
inequality. [
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The shape stability question for )\Zd is much more difficult than for A{’. No
general continuity result could be obtained, since many small pieces carrying
different constants may produce a relaxation process into the limit process,
which it is not clear how to handle. It turns out that this relaxation process is
close to the relaxation of Neumann problems, which is an open question.

PROPOSITION 5 In two dimensions of the space, assume that 2, C D, §Qf <
M. I Q, 25 Q and |, — |Q| then Ae4(Q,) — Acd(Q).

The proof is a consequence of the Mosco convergence Ueond(Sn) t0 Ueona(£2).
The difficulty is in handling the constant values of varying functions on merging
connected components. We refer the reader to Bucur and Varchon (2002) for a
discussion of this topic.

4. The isoperimetric inequality for the first conductivity
eigenvalue

In Greco and Lucia (2008), the authors proved the following isoperimetric eigen-
value for A§t:

AT(B1U B2) < AT(Q)

where ) is a bounded open set of measure m and B;, By are two disjoint
balls of measure m/2. The main idea consists in rearranging in the sense of
Schwarz (u — ¢)™ and (u — ¢)”, for some test function u € Ueons(2), such
that u — c € H}(Q). This rearrangement leads to searching the minimizer only
in the union of two disjoint balls of total measure equal to m, and an analysis
depending on the radius drives to the conclusion that the balls have to be equal.

In the sequel we shall prove a similar isoperimetric inequality for the con-
ductivity eigenvalue. The new difficulty is that on the boundary of 2, the test
function has different constant values, so that several regions with flat parts may
appear in the rearrangement procedure. Consequently, a second rearrangement
process has to be introduced in order to eliminate the flat parts.

THEOREM 5 Let Q be a bounded open set of RY. Then
A(B1 U Bz) < X14(9Q)

where By and Bs are two disjoint balls of measure ‘%l

Proof. Let u € Ueona(€2) be a test function such that Vu = 0 on (R™ \ Q)°.

In particular, this implies the existence of a finite number of flat parts of w,

corresponding to the (finite number of) connected components of (R™ \ £)°.
Let ¢ € R such that u—c € HY(R") (i.e. u = ¢ on the unbounded component

of (R™\ £2)€). We make a Schwarz rearrangement of (v —¢)™ and (u—c)~ (see,

for instance, Henrot, 2006; Kawohl, 1985). Let us denote ut = [(u — ¢)*]* and
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u” = [(u—c¢)7]*. If (u—c)™ = ¢; on a connected component K of (R™ \ )¢,
after the rearrangement procedure there is an annulus K ,, », with measure at
least equal the measure of |K|, where u™* equals c;.

The set 2 with the test function w is replaced by the set 21 U Qs with
the test function ¢ — u~, ¢ + uT obtained in the following way. We remove
from the flat part of value ¢; the annulus KO,m,r'l such that 7"1 < 7o, and
|K07T1’T1| = |[K N (R"\ Q). Making this procedure for every flat part of wu,
(without ¢), we construct the new test function @ consisting of c—u~ on € and
c+ut on Qy, where Q; and €, are respective unions of concentric annuli. In this
way, [ U Q| = |Q] and [, o, Udz =0, [o o @dz = [,u’dz. Moreover,
U € Ueona(Q1 U Q2) and leUm |Vau|?dz < Jo |Vu|?dz.

At this point, we have to search the minimizer only among configurations of
the form (u, Q4,82). We make a new rearrangement procedure which will keep
constant the measures of the level sets of u and diminish the Dirichlet energy,
in order to create a test function in U.,ns:. Consequently, we will be able to use
the isoperimetric inequality of Greco and Lucia and conclude the proof. In fact,
we will stretch the annuli in order to eliminate the flat parts of u which are not
counted in the measure |21 U Q.

It is enough to prove the following result corresponding to one annulus. Let
u € H}(B(0,7r3)), u = 1 on B(0,7r1) be a positive radial function symmetric
in the sense of Schwarz. For 14, < ry such that |B(0,75)] > Ko .|, we
introduce the function ¢ : [r1, 7] — [r, 1), ¢(r) = 3/(ry)" —r% + 77, such
that |K0,c(r),r;| = |Ko,rry|- We define the rearrangement of u by {u* > ¢} =
B(0,¢(r)) if ¢ is such that {u > ¢} = B(0,r). Clearly, since the measures of the
level sets are constant, we have that

V1<p<+oo upd:c:/ (u*)Pdx.
Ko,rq rg K,
T
We evaluate the behavior of the gradient. Since u is radial, we can use spherical
coordinates to express [; |Vu|?dz. We notice that u* € H}(B(0,r5)), since
271,72

u*(c(r),01,....,0n_1) = u(r,01,...,0,_1), and c is a Lipschitz function. Then, we
have (below, w(n) is the measure of the unit sphere of R™)

"2 Ou
2 _ N2 n—1
/K |Vu|“dz = w(n) /h (87“) " dr
*|2 T; du* 2 "\n—1 3 '
|[Vu*|“dz = w(n) (=) (r)" " dr.
K ./ o or

1

0,r1,mg

while

0,777
We perform the change of variable

ro=c(r) r=c ()
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/

and u* (') = u(r) = u( /(r" )" + 13 — (ry)"), so that

o _ou ¢y
ooy
Consequently
T; o , "\2(n—1) , )
Jo = [ G e () Lar
Koty o or 0 + 15 — () P
and we write 7 = ¢(r) and dr’ = \/[(7‘;);'_"7;11_%7‘"]%1dr so that (r)" tdr =
r"tdr,
™ u., (r)AnD . (el el
*|2 _ U\ o ) .
/I( ’ |VU | dz*‘H(n) \/Tl (87") TQ(nfl) (r/)n_ldr.
0,7‘1,7‘2

"2 Qu g T
—wln) [ (GERE Py
o Or’ oo
Since L < 1, we deduce that fKO,r’ | VurPde < fKo,7-1,7-2 |Vul?dx. "

172

5. Numerical results

In this section we address the problem of numerical minimization of the con-
ductivity eigenvalues with respect to a domain € in R2. We refer the reader to
Delfour and Zolésio (1992), Sokotowski and Zolésio (1992) for a detailed expo-
sition of classical shape optimization methods.

We recall that the eigenfunctions have to be constant on each connected
component of the boundary of the domain. Since the topology of the optimal sets
is unknown, a classical boundary variation optimization is not relevant here. To
tackle this difficulty, we propose an optimization procedure based on standard
genetic algorithm techniques (see Pardalas and Romeijn, 2002, for details on
stochastic optimization methods). The parametrization of domains and the
cost evaluation are the main new features of our approach. Our algorithm has
the following principal ingredients:

e description of the unknown sets by a small number of parameters

e identification of the topology of each set (in order to handle the constant
levels)

e computation of the conductivity eigenvalues imposing the locally constant
boundary conditions (relaying on the topology).

The first point is based on the study of level sets of functions described by
Fourier series. Let (am,,) C [0,1] be a family of parameters. We consider the
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function f defined on [0, 1] x [0, 1] by

flz,y) = Z A SINTNET COS TMY.

m,n

We associate to the set of parameters (a.,,,) the open set

maxf}

Q::{(m,y)e[0,1]><[O,1],f(x,y)< 5

By classical linear interpolation technique, it is straightforward to get a com-
plete polygonal approximation of the boundary of 2. Notice that the boundary
of Q is, by construction (for almost every family of parameters), a union of none
overlapping simple closed curves. We show in Figs. 1 and 2 two random sets
obtained with a family of 30 parameters.

0 01 02 03 04 0S5 08 07 08 09 1

Figure 1. A% = 45.84 Figure 2. \§? = 53.54

The next step is to give a complete description of the topology of 0£2. We
have to determine on which connected components of 02 the eigenfunction
must take the same value. We construct a tree structure whose vertices are the
polygonal connected components of €2 and whose edges represent the “direct”
inclusion of those lines. More precisely, two polygonal lines are connected by
an edge if one of them contains the other and there are no other polygonal
lines contained in between. With this tree, it is straightforward to identify the
polygonal lines on which the eigenfunctions must have the same value.

Using this information, we can proceed to the computation of eigenvalues.

First, we generate a triangular mesh of our set. This has been done with
the very performing 2D mesh generator Triangle (see Shewchuk, 1996). Then,
we compute the standard stiffness matrix A associated to Neumann boundary
condition. Next, we impose the constraints on the boundary by penalization.
Imposing the condition u; = u; is handled by the matrix penalization indicated
below:

i 1/e —1/e
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In the sequel we present a few examples for the calculus of optimal shapes
(together with eigenvalues and eigenfunctions). A good exploration of the space
of parameters by genetic algorithms leads to the following numerical results (see
figures below) for the shape optimization problems

min \¢4(Q), k=1,2,3.
[Q=m
We notice that for £k = 1 we numerically find the optimal solution consisting on

two disjoint balls, as Theorem 5 states, while for k = 3 the optimal shape is a
ball.

Optena vae 352856
T o2
~ 015
o1
o0s
- y ' 3
B "
o1
~ ool ;|
02 o8
o8 o1
0a” P .
03 04
02 . ¥ -

Figure 3. \§?

Optimal value 46.3334

Figure 4. \§?
Figure 5. A\§?

References

ALESSANDRINI, G. and DI1AZ VALENZUELA, A. (1996) Unique determination
of multiple cracks by two measurements. SIAM J. Control Optim. 34 (3),
913-921.

BELHACHMI, Z. and BUCUR, D. (2007) Stability and uniqueness for crack
identification problem. SIAM J. Control Optim. 46 (1), 253-273.



The eigenvalue problem with conductivity boundary conditions 829

Bucur, D. and ButTAZZO, G. 2005 Variational Methods in Shape Optimiza-
tion Problems. Progress in Nonlinear Differential Equations and Their
Applications 65, Birkhduser, Basel, Boston.

Bucur, D. and VARCHON, N. (2002) A duality approach for the boundary
variation of Neumann problems. SIAM J. Math. Anal. 34 (2), 460-477.

ButTAzZO, G. and DAL MAaso, G. (1993) An existence result for a class of
shape Optimization Problems. Arch. Rational Mech. Anal. 122 (2),
183-195.

DELFOUR, M. C. and ZoLEs1O, J.P. (2001) Shapes and Geometries. Analy-
sis, differential calculus, and optimization. Advances in Design and Con-
trol 4. Society for Industrial and Applied Mathematics (STAM), Philadel-
phia, PA.

DunrorD, N. and SCHWARTZ, J.T. (1963). Linear Operators. Part II: Spec-
tral Theory. Interscience Publishers, New York, London,

FREITAS, P. and HENROT, A. (2004) On the first twisted Dirichlet eigen-
value. Commun. Anal. Geom. 12, 1083-1103.

FRIEDMAN, A. and VOGELIUS, M. (1989) Determining cracks by boundary
measurements. Indiana Univ. Math. J. 38 (3), 527-556.

GRECO, A. and Lucia, M. (2008) Laplacian eigenvalues for mean zero func-
tions with constant Dirichlet data. Forum Math. (to appear).

HENROT, A. (2006) Extremum Pproblems for Eigenvalues of Elliptic Opera-
tors. Frontiers in Mathematics, Birkhduser Verlag, Basel.

KawoHL, B. (1985) Rearrangements and Convezity of Level Sets in PDE.
Lecture Notes in Mathematics 1150. Springer-Verlag, Berlin.

PARDALOS, P.M. and RoMELN, H.E., EDS. (2002) Handbook of Global Op-
timization. Vol. 2. Nonconver Optimization and its Applications 62,
Kluwer Academic Publishers, Dordrecht.

SHEWCHUK, J.R. (1996) Triangle: Engineering a 2D Quality Mesh Genera-
tor and Delaunay Triangulator. In: Ming C. Lin and Dinesh Manocha,
eds., Applied Computational Geometry: Towards Geometric Engineering
of Lecture Notes in Computer Science 1148, Springer-Verlag, Berlin, 203-
222.

SOKOLOWSKI, J. and ZOLEsIO, J.P. (1992) Introduction to Shape Optimiza-
tion. Shape sensitivity analysis. Springer Series in Computational Math-
ematics 16, Springer-Verlag, Berlin.






