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1. Introduction

The relationship between mathematical programming and classical calculus of
variation was explored and extended by Hanson (1964). Thereafter variational
programming problems have attracted some attention in literature. Optimal-
ity conditions and duality results were obtained for scalar valued variational
problems by Mond and Hanson (1967) under convexity and by Bhatia and Ku-
mar (1996) under B-vexity assumptions. Motivated by the approach of Bector
and Husain (1992), Nahak and Nanda (1996) extended the results of Mond,
Chandra, and Husain (1988) to multiobjective variational problems involving
invex functions. Type I functions were first introduced by Hanson and Mond
(1987). Rueda and Hanson (1988) have defined the classes of pseudo-type I and
quasi-type I functions as generalizations of type I functions. Kaul, Sunja and
Srivastava (1994), Aghezzaf and Hachimi (2000) obtained optimality conditions
and duality results for multiobjective programming problems involving type I
and generalized type I functions.

Recently, Bhatia and Mehra (1999) introduced a class of B-type I functions,
an extension of invex functions defined by Mond, Chandra, and Husain (1988)
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and B-vex functions defined by Bhatia and Kumar (1996), and used the con-
cept to obtain various sufficient optimality conditions and duality results for
multiobjective variational problems.

In this paper, we propose a class of vector-valued functions called general-
ized B-type I and derive various sufficient optimality conditions and mixed type
duality results for multiobjective variational problems. To establish our results
with our new classes of vector-valued functions, we do not require the assump-
tion of scalarization of vector objective function made in Bhatia and Mehra
(1999).

2. Notations and preliminaries

Throughout this paper the following conventions for vectors in R™ (n > 1) will
be followed:

r=y<=uz, =y Vi=1...,n

r<y<=z; <Y Vi=1,...,n

r<y<=z<y, and x#yY;

r<y<=uw; <y, Vi=1...,n

Let I = [a,b] be a real interval and f : I x R™ x R™ — IRP and g :
I x R™ x IR — IR™ be continuously differentiable functions. In order to
consider f(t,z, &), where z : I — IR™ with its derivative &, denote the p x n
matrices of first partial derivatives of f with respect to x, & by f, and f;, such
that

Ofi afi
Ox1' 7 Oy,

af  of

fiwz( 8$1,78$n

) and fm = (

), i=1,2,....p.

Similarly, g, and g; denote the mxn matrices of first partial derivatives of g with
respect to z and . Let C(I, IR™) denote the space of continuously differentiable
functions  with norm ||z|| := ||z||cc + ||D%||c0, where the differential operator
D is given by

u= Dz < z(t) = z(a) + / u(s)ds.

Therefore, D = d/dt except at discontinuities. We consider the following mul-
tiobjective variational problem,

(MOP) Minimize /ftxwdt /fltxx /fptxxdt

subject to  z(a) = a, z(b) = 3,
g(t,z, &) <0, t el
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Let K :={z € CUI,R"), z(a) = a, z(b) = 3, g(t,z,z)<0, Vtel}
be the set of feasible solutions of (MOP). Due to the conflicting nature of the
objectives, an optimal solution that simultaneously minimizes all the objectives
is usually not obtainable. Thus, for the (MOP) problem, the solution is defined
in terms of an efficient solution.

DEFINITION 2.1 A point z* € K is said to be an efficient (Pareto optimal)
solution of (MOP) if there exists no other x € K such that

b b
/f(tw,a'c)dtg/ f(t,z* &*)dt.

3. B-type I and generalized B-type I functions

It will be assumed throughout that f is the vector objective function and g is
the constraint vector function in problem (MOP). The definition of B-type I
for the objective and constraint functions of Bhatia and Mehra (1999) can be
generalized to the objective and constraint vectors in the spirit of Aghezzaf and
Hachimi (2000).

DEFINITION 3.1 (f,g) is said to be B-type I at uw € C(I,IR™) with respect to
bo, b1 and n if there exist functions by, by : C(I,IR™) x C(I,IR™) — IRy and
n:Ix R"x IR" — IR"™ such that for all x € K,

bo(:v,u)[/abf(t,x,gb)dt - /abf(t,u,u)dt}
b

g/ n(t,x,u)t[fx(t,u,a)—%fi(t,u,a)}dt, (1)

a

—by(z,u) /abg(t,u,u)dt
> / bn(t,x,u)t [gz(t,u,ﬁ) - %gi(t,u,u)} dt. 2)

If in the previous definition, (1) is satisfied as a strict inequality, then we say
that a pair (f,g) is semistrictly B-type I at u € C(I, IR"™) with respect to by, b1
and 7.

Now we propose new classes of vector-valued functions called generalized
B-type I as follows.

DEFINITION 3.2 (f,g) is said to be weak B-strictly pseudo-quasi-type I at u €
C(I,IR™) with respect to by, by and n if there exist functions by, by : C(I, R™) x
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C(I, R") — IRy andn: I x R"™ x R" — IR"™ such that for all x € K,

b b
/ F(t, @, d)dt < / F(t,u, @)dt

b
= bo(x,u)/ n(t,z,u) [fw(t,u,u) - %fi(t,u,u)} dt <0,

a

b
- / g(t,u,u)dt <0
b

— bl(x,u)/ n(t,x,u)t[gz(t,u,zl) -

a

d .
agi(t, u, u)} dt <0.

This definition is a slight extension of the B-strictly pseudo-quasi-type I func-
tions of Bhatia and Mehra (1999). This class of functions does not contain the
class of B-type I functions, but does contain the class of semistrictly B-type I
functions with by > 0.

DEFINITION 3.3 (f,g) is said to be strong B-pseudo-quasi-type I at u €
C(I, ]R”) with respect to by, by and n if there exist functions by, by : C(I, R™) x
C(I, R") — IRy andn: I x R" x R" — IR"™ such that for all x € K,

/ftxxdt</ftuu

= bo(:c,u)/ n(t,z,u)’ [fm(t,u,ﬁ) - %fx(t u u)}dt <0,

a

b
- / g(t,u,u)dt <0
b

d
= bl(x,u)/ n(t,z,u)t [gz(t, u,u) — agi(t, u,u)} dt <0.

a

Instead of the class of weak B-strictly pseudo-quasi-type I functions, the class
of strong B-pseudo-quasi-type I functions does contain the class of B-type I
functions with by > 0.

We give examples to show that weak B-strictly pseudo-quasi-type I and
strong B-pseudo-quasi-type I functions exist. Weak B-strictly-pseudo-quasi-
type I functions need not be B-strictly pseudo-quasi-type I for the same by, by
and 7 as can be seen from the following example.

EXAMPLE 3.1 Define functions f, g by
f:[O,g] x R?*x R? — RR?
(t,z(t),2() +— ()
g:[O,g] xR*xR? — R
(tz(t),2(t) — zi(t) +22(t)
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(f,g) is weak B-strictly pseudo-quasi-type I at u(t) = (—cost,—sint) with
respect to functions by, by : C([0, 5], IR?*) x C([0, 5], IR*) — Ry and 7 : [0, §] x
R? x R* — IR? defined below:

n(t,z,u) = (x1(8), z1(t) + z2(t) + %),

but (f,g) is not B-strictly pseudo-quasi-type I with respect to the same by, by
and 1 at u because for z(t) = (cost, —sint — 1) and u(t) = (— cost, —sint);

™

%@auxﬁi[naﬁauyfALUJm4-%ﬂnaﬂgu»w;aﬂhu)dtzo,

but [,F f(t,z,@)dt # (~1,—1).
Also (f,g) is not B-type I with respect to the same by, b; and n at u as can
be seen by taking x(t) = (cost, —sint — 1).

Strong B-pseudo-quasi-type I functions need not be B-type I with respect
to the same by, b1 and 7.

EXAMPLE 3.2 Define functions f, g by
ﬁm;xﬁxﬁ — R?
(t,x(t),2(t) — x(t)
mm;xﬁxﬁ — R
(t,x(t),2(t)) +— z1(t) + 22(t)

(f,g) is strong B-pseudo-quasi-type I at u(t) = (— cost, — sint) with respect to
functions by, b1 : C([0, ], 1R?) x C([0, 5], IR*) — Ry and 5 : [0, 3] x IR* x
IR? — IR? defined in the following text

M) = (@a(0) + 2, a(0) +22(0) + ),
) = () + ),
bi(wu) = i) +25(t)+1,

but (f,g) is not B-type I with respect to the same by, by and 7 at u as can
be seen by taking x(t) = (—cost — 1, —sint) nor it is weak B-strictly pseudo-
quasi-type I with respect to the same by, by and n as can be seen by taking
x(t) = (—cost — 1, —sint).
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DEFINITION 3.4 (f,g) is said to be weak B-strictly pseudo-type I at u €
C(I,IR™) with respect to by, by and n if there exist functions by, by : C(I, R™) x
C(I, R") — IRy andn:I x R" x R" — IR"™ such that for all x € K,

/abf(t,x,j:)dt < /abf(t,u,u)dt
b

— bo(x,u)/ n(t, z, )t [fm(t,u,ﬁ) _ %fi(t,u,u)} dt < 0,

a

b
- / g(t, u,w)dt <0
b

d
SN bl(x,u)/ n(t,z,u)t [gm(t, u, ) — Egi(t’ u,u)} dt < 0.

EXAMPLE 3.3 Define functions f, g by

f:[O,g]le2le2 — R?
(t,z(t),&(t) — (1)
g:[O,g] x R*x R — IR

(t,z(t), () — (z1(t)+ %,xg(t) + =)

s

(f,g) is weak B- strictly pseudo-type I at u(t) = (— cost, —sint) with respect
to functions bo, by : C([0, 5], IR?) x C([0, 5], IR?) — R4 and 7 : [0,5] x IR? x
IR? — IR? defined in the following text

n(t,z,u) = (x1(t),21(t) + z2(t) + %),
bo(z,u) = u(t) +ul(t),
bi(z,u) = xi(t) +a3(t) + 1,

but (f,g) is not B-type I with respect to the same by, b1 and 7 at u as can be
seen by taking z(t) = (—cost — £, —sint).

4. Sufficient optimality conditions

In the following theorems, we establish various sufficient optimality conditions
for (MOP) under generalized B-invexity conditions.

THEOREM 4.1 Let x* be a feasible solution for (MOP) and let there exist A\* €
IRP X\* > 0 and a piecewise smooth function y* : I — IR™ such that for all
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tel,

N fo(t, 2™, 3%) + " (1) g2 (t, 27, 37)

= (Nt i) @ s i), @
yr(t)gt,x*, %) =0, tel, (4)
y*(t) >0, tel. (5)

Further, if (f,y*(t)tg) is strong B—pseudo-quasi-type I at x* with respect to
functions by, by, and n with by(z,xz*) > 0 for all x € K, then x* is an efficient
solution for (MOP).

Proof. If x* is not an efficient solution for (MOP), then there exists z € K such
that

b b
/ ft, @, &)dt g/ Ft, x*, &%) dt.
From (4), we have
b
- [ v @raat ity =o

Since (f,y*(t)'g) is strong B-pseudo-quasi-type I at 2* with respect to functions
bo, b1, and n, therefore, for any z € K, we get

bo(z, ") /abn(t,:r,x*)t [fz(t,x*,g'g*) - di

tfgb(t,x*,j:*)}dt <0,

b
bi(e,a*) / nlt,w,a)! [y (0 ga(t 2, 7) = oyt (1) gs(t, 0%, 5%) | dt <.

- oy
Since by (x, 2*) is positive, and \* > 0, we get
b d
bo(, x*)/ n(t,x, z*)" {)\*tfz(t, x*, &) — a)\*tfi(t,x*,jj*)}dt <0, (6)
b ’ d
/ n(t,z,x*)" [y*(t)tgw(t, x*,E*) — Ey*(t)tgi(t, x*, :v*)} dt <0.
By bo(z,z*) >0, it follows that

b
d
bo(:v,:t*)/ n(t,z,z*) [y*(t)tgm(t,x*,:b*) - —y*(t)tgi(t,:b*,gb*)]dt§0.

dt
(7)
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Adding (6) and (7), we obtain

b
bo(:v,:t*)/ n(t,z,x*) {)\*tfm(t,x*,ab*)—i—y*(t)tgm(t,:v*,g'c*)

d * * ek d * t ke %
— (W faltan i) + Sy @ gt i7) ) |dt <0,

which contradicts (3). Hence x* is an efficient solution for (MOP), and the proof
is complete. |

In the next theorem, we replace the strong B-pseudo-quasi-type I by the
weak B-strictly-pseudo-quasi-type I of (f,y*(t)!g).

THEOREM 4.2 Let * be a feasible solution for (MOP), and let there exist \* €
IRP,\* > 0 and a piecewise smooth function y* : I — IR™ such that for every
tel,(x* X", y*) satisfy (3)-(5) of Theorem (4.1).

Further, if (f,y*(t)tg) is weak B-strictly-pseudo-quasi-type I at x* with re-
spect to functions by, by, and n with by(z,z*) > 0 for all x € K, then x* is an
efficient solution for (MOP).

Proof. Assume that z* is not an efficient solution for (MOP). Then, there exists
z € K such that

/abf(t,x,:'c)dt < /abf(t,a:*,j:*)dt.

From (4), we have

b
- [ v gt ity =o

Since (f,y*(t)tg) is weak B-strictly-pseudo-quasi-type I at x* with respect to
functions by, b1, and 1 we get

b
d
bo(I,I*)/ n(taxax*)t |:fz(t,CC*,CC*) - Efx(tvx*ax*)} dt < Oa

b
d
bi(z,z*) / nit.z,a) [y (0 ga(ta”,3%) = 2y (0 ga(ta®3%) | dE <0,

and now the proof is similar to that of Theorem (4.1). |

In our final sufficiency result below, we invoke the weak B-strictly-pseudo-
type Tof (f,y"(t)'g).

THEOREM 4.3 Let x* be a feasible solution for (MOP) and let there exist \* €
IRP  X\* >0 and a piecewise smooth function y* : 1 — IR™ such that conditions
(8)-(5) of Theorem (4.1) are satisfied by (x*, \*,y*).

Further, if (f,y*(t)tg) is weak B-strictly-pseudo-type I at x* with respect to
functions by, b1, and 1, then x* is an efficient solution for (MOP).
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Proof. If z* is not an efficient solution for (MOP), then there exists x € K such
that

b b
/f(tw,a'c)dtg/ f(t,z* &*)dt.

From (4), we obtain

b
- [ v st ity =o

Since (f,y*(t)'g) is weak B-strictly-pseudo-type I at z* with respect to b, by
and n we get

b d
bo(a:,x*)/ n(t, z, z*)t [fz(t,x*,j:*) . Efi(t,x*,:z':*)}dt <0, (8)

b
d
bl(:v,:t*)/ n(t,z,z*) [y*(t)tgm(t,x*,:b*) - Ey*(t)tgi(t,x*,gb*)]dt < 0.

9)
From (8) and (9), we have
’ d
/ n(t,z,z*)" [fw(t,x*, *) — Efi(t’ x*,x*)} dt < 0, (10)
ab
*\1 * t * ek d * t x ek
/ n(t,x,x") [y () gs(t,x*, &%) — 7Y (t)ga(t,x™, & )]dt < 0. (11)
Because \* >0, (10) gives
’ d
/ n(t,@,a) [N Lol @) = SN faltat i) de <. (12)
Adding (11) and (12), we obtain
b
/ nit,w,a”) (XLl 2 i)+ y (1) gat 0", 0)
_E(A Lfa(t, o, %) + Y (t) ga(t,z*, & ))}dt <0,
which contradicts (3). Hence the result. ]

5. Mixed type duality

Let J1 be a subset of M, Jo, = M\Ji, and e be the vector of IR? whose compo-
nents are all ones. We consider the following mixed type dual for (MOP),
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b
(XMOP) Maximize / CF(tw, @)t + [y, (D) g, (£ 0, @)]e}dt
subject to

u(a) = e, u(b) = B,

S
(13)
Y5, () g1, (tu, i) >0, t €1, (14)
y(t) >0, tel, (15)
AERP A>0,Ne=1,e=(1,...,1) € RP. (16)

We note that we get a Mond-Weir dual for J; = () and a Wolfe dual for J; = ()
in (XMOP), respectively.

We shall prove various duality results for (MOP) and (XMOP) under gen-
eralized B-type I conditions.

THEOREM 5.1 (Weak Duality). If, for all feasible x of (MOP) and all feasible
(u, \,y) of (XMOP), any of the following conditions holds

a) A>0, (f+ys, (t)gne, yi,(t)gs,) is strong B- pseudo-quasi-type I at u with
respect to by, by and n with by(x,u) > 0,

(
b) (f +ys, ) gse, yn(t)ags) is weak B-strictly pseudo-quasi-type I at u with
respect to by, by and n with by(x,u) > 0,

c) (f+ys () gse, v, (t)gs,) is weak B-strictly pseudo-type I at u with respect
to bg, b1 and n;

then the following cannot hold

b b
/ﬂMWWS/U%MMHmwwﬁMMMM

Proof. Let x be feasible for (MOP) and (u, A, y) be feasible for (XMOP). Suppose
that

b b
/ﬂMWWS/U@meMW%ﬁ%MMﬁ

Since z is feasible for (MOP) and (u, A, y) is feasible for (XMOP), we have
b
[ )+l 0 (1 et <

b
S/LW#M+@MW%@%M%M (17)



Sufficient conditions and duality for multiobjective variational problems 123

From (14), we get

b
—/ AGRA (t,u,w)dt <0.
a
Since (f + yu, (1)t gs,€,97,(t)tgs,) is strong B-pseudo-quasi-type I at u with
respect to by, by and 7, we get
b
bo(% ’LL) / n(tu T, u)t [fac (tu u, U) + €YJ, (t)thlw(tu u, U)
a

d
dt

b
. d .
bu(aa) [ nftem ) {50 ga(t0) = Guna(®'grsltsn,)) e <o

(fi(t, u, ) + ey, (1) g4t u, u))} dt <0,

By b1(z,u) > 0, and A > 0, it follows that

b
boCa ) [ (e, ) [N Lt )+ g (01 g1 0 )

d
dt

b
. d .
/ n(ta Zz, u)t |:sz (t)thgw (t7 u, ’LL) - Esz (t)thgi(ta u, U)):| dt é 0.

(N £t ) 4 9, (' ga b, ) | dt < 0, (18)

Since bo(x,u) >0, we get

bo(z, ) / bn(t, 2, u)! [y,]z (1) grae(byt ) — Ly () g s (b1, a))]dté 0.

dt
(19)
Adding (18) and (19), we obtain
b
boCe ) [ () [N At )+ 9(0) 920,10,
d d
— (W Salt i) + Sy () gs (1w, i) )|t < 0, (20)

which contradicts (13).
Now, by hypothesis (b) and from (14) and (17), we get

b
o) [ 020 0,80+ s (0 1,000,
_% (fab(t, u, ) + ey, (1) gna(t,u, u))} dt <0,

b
. d .
buta) [t 0) [ (01t 080 = a0 st 0,)) | <0
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Since by (z,u) > 0, A > 0, and bo(x,u) >0, we get (20) again contradicting (13).
If (c) holds, then from (14) and (17), we get

b
bo(z, u)/ n(t,z,u)t {fm(t, u, ) + ey, (1) g7, (t, u, i)

_% (Fi (00, ) + e, (100, ) | < 0, (21)
b
b1 (z, u)/ n(t, z, u)t {sz (t)tghx(t, u,u) — %yh (t)tgjﬂ(t,u, ﬁ))]dt <0
(22)
From (21) and (22), we have
b

/ U(t, €, u)t [fx(tv u, U) + ey, (lf)thlz(t7 u, u)

_% (f@(t, u, ) + ey, (1) g4t u, u))} dt <0, (23)

b
[t (5 0 g 1,0) = G ®'gsltws)) de <0, (20

Because A > 0, (23) gives

b
/ 77(157 xz, u)t |:/\th (tv u, u) +yn (t)thlx(ta U, u)

jt ()\tfm(t u, @) + 1y, (1) g, s (8 0, u))}dt <0, (25)

adding (24) and (25), we get

b
/ nit,w,a") [N Ll 2 5) + (1) galt o, 8)
d ()\*tf (t,x*, &%) 4+ d y*(t) ga(t, x* :b*))]dt <0
dt xr dt g"E ) ) )
which contradicts again (13). ]

COROLLARY 5.1 Let (u*, \*, y*) be a feasible solution for (XMOP). Assume
that y% (t)'gs, (t,u*, ©*) = 0 and assume that u* is feasible for (MOP). If
weak duality Theorem (5.1) holds between (MOP) and (XMOP), then, u* is
an efficient solution for (MOP) and (u*, X*, y*) is an efficient solution for
(XMOP).

Proof. Suppose that u* is not an efficient solution for (MOP), then there exists
a feasible = for (MOP) such that

/ftxxdt</ftu u*
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And since y¥ (t)'gs, (t,u*, 0*) = 0, we get

b b
/f@m@ﬁS/U@MmU+Mﬁmmmﬁﬁmwt

Since (u*, \*,y*) is feasible for (XMOP) and « is feasible for (MOP), this in-
equality contradicts the weak duality Theorem (5.1).

Also suppose that (u*, \*, y*) is not an efficient solution for (XMOP). Then
there exists a feasible solution (u, A, y) for (XMOP) such that

b
[+ [0 i) e

> / b{ Flt,u*, @) + [y, ()t g, (£, u*, u*)} eldt, (26)

and since y7% (t)'gs, (t,u*, 4*) = 0, (26) reduces to

AU@%M+@MW%@%M%£Z[HW&WW-

Since u* is feasible for (MOP), this inequality contradicts weak duality Theorem
(5.1). Therefore u* and (u*, A\*, y*) are efficient solutions for their respective
programs. |

THEOREM 5.2 (Strong duality). Let x* be an efficient solution for (MOP) at
which the Kuhn-Tucker qualification constraint is satisfied, then there exists
A* € RP, \* >0, Me =1 and a piecewise smooth function y* : [ — IR™
such that (x*, \*,y*) is feasible for (XMOP) with y% (t) g, (t,z*,i*) = 0.

If also weak duality Theorem (5.1) holds between (MOP) and (XMOP), then
(x*, X*,y*) is an efficient solution for (XMOP).

Proof. Since z* is an efficient solution for (MOP) at which the Kuhn-Tucker
qualification constraint is satisfied, then there exists \* € IRP, \* > 0, A\*e =1
and piecewise smooth function y* : I — IR™ such that (3)-(5) of Theorem
(4.1) hold.

Moreover, z* € K, hence the feasibility of (z*, \*,y*) for (XMOP) follows.
Also, because weak duality holds between (MOP) and (XMOP), therefore (z*,
A*, y*) is an efficient solution for (XMOP).

If (z*, A*, y*) is not an efficient solution for (XMOP) then proceeding along
the lines similar to that for the Corollary (13), we get a contradiction to the
weak duality. |

Acknowledgment: The authors thank the referee for his many valuable com-
ments and helpful suggestions.
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