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1. Introduction

Stability analysis of scalar optimization problems has attained the stage of de-
velopment permitting the syntheses in the form of monographs or books, see
Bonnans and Shapiro (2000), Malanowski (2001). For vector optimization prob-
lems formulated in partially ordered spaces, stability analysis is not so advanced.
The results obtained thus far depend heavily on properties of cones, which gen-
erate order structures of spaces. In investigation of upper types of continuity
(Hausdorff, Lipschitzian, H6lder) of efficient points of a given set A(u) depend-
ing upon a parameter u, one of the crucial requirements is that the ordering
cone K have nonempty interior (see e.g. Bednarczuk, 2002a, 2002b).

We define order-Lipschitzian properties of set-valued mappings. Our ap-
proach is inspired by that of Papageorgiou (1983) who introduced order-Lipschitz
continuity for functions with values in Banach lattices. For other concepts of or-
der continuities of set-valued mappings and functions see e.g. Nikodem (1986),
Papageorgiou (1983, 1986), Ke (1996), Sterna-Karwat (1989), Penot and Théra
(1982). The definitions we introduce allow us to investigate stability of efficient
points without the requirement that the ordering cone K has a nonempty inte-
rior. In Theorems 4.1, 4.2 we prove sufficient conditions for local upper order-
Lipschitzness and order-calmness of efficient points of the set A(u) as functions
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of u. Other order type continuities of efficient points have been investigated,
e.g., in Sterna-Krawat (1989), Penot and Sterna-Krawat (1989).

Throughout the paper U and Y are normed vector spaces with open unit
balls, By, and By , respectively. The space Y is partially ordered by an order
< generated by a closed convex pointed cone K C Y in the usual way, i.e., u<v
if and only if v —u € K. A convex set ©® C Y is a base of K if 0 & ¢l® and
K = UJ{\O|X > 0} closed convex cone K is normal for a given topology of Y if
there exists a base V of 0—neighbourhoods in Y consisting of saturated (or full)
sets V, ie,

V=WV=(V+K)nV-K =HazylzeV. yeV},
where [z, y] denotes the order interval with the end-point z,y,

(see Peressini, 1967, Schaefer, 1971). By Proposition 1.4 of Peressini (1967),
if cone I is normal, then every order interval is topologically bounded. The
converse, however, is not true. In topological vector spaces with normal cones,
there exist topologically bounded sets which are not order bounded. In a normed
space (Y, - ||) the following are equivalent (see Proposition 1.7 of Peressini,

1967):

(i) K is normal,

(ii) there exists a constant v > 0 such that O<z<y implies 7| z||<||y||,
(111) there exists a constant v > 0 such that ||z + y|| > ymax{||z|, [|y|/} -

2.  Order-Lipschitzian properties of set-valued mappings

Let £ C Y be a closed convex pointed cone in (Y, ||-||),K={yeY |y > 0}.
Let T': UZZ Y be a set-valued mapping defined on (U, || - ||) and taking values
in (Y, [ ]) -

DErFINITION 2.1 T s :

(i) locally upper order-Lipschitz, or shortly l.u.o-Lipschitz, at ug if there exist
a constant r > 0 and £ € K such that
I'(u) € T(uo) + [—Ll|u — uoll, €llu — uoll]  for [lu — uoll<r (1)

(ii) locally lower order-Lipschitz, or shortly l.l.o-Lipschitz at ug if there exist a
constant r > 0 and { € K such that
[(uo) C T(w) + [—£lu — uoll, fllu —uol]]  for [u—uol<r. — (2)

(i4i) order-calm at (ug,yo), yo € ['(ug), if there exist a neighbourhood V' of yo,
a constant r > 0 and £ € K such that
L(u) NV CT(uo) + [—lllu — uoll, £llu — uoll]  for [lu—uoll<r. (3)
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If intC # 0, order continuities defined above reduce, respectively, to up-
per local Lipschitzness, lower local Lipschitzness, and calmness, as defined in
e.g. Robinsons (1976), Klatte and Kummer (to appear), Henrion and Out-
rata (2001). If K is normal for the topology generated by the norm || - ||, then
[—4||uw — uol|, £]|u — wol|] C ||€]|||w — uo|| By , and consequently, order continuities
defined above are stronger than their topological counterparts (see e.g. Bednar-
czuk, 2002b).

Recall that an ordered vector space Z with order < is a vector lattice if
x Vy :=sup{z,y} and = Ay := inf{z,y} exist. For any z € Z, the modulus
of z, |z| is defined as |z] = sup{z,0}. A subset A C Z of a vector lattice Z is
solid if z € A, y € Z and |y|<|z| implies y € A. A topological vector lattice
Z is a vector lattice and a Hausdorff topological vector space (over R) which
possesses a base of solid 0—neighbourhoods. A Banach lattice Z is a normed
vector lattice (Z,] - ||) which is norm complete. For any lattice norm, |z|<|y|
implies ||z|<||y||. The classical examples of Banach lattices are the spaces of
p—th integrable functions, L?()), and sequence spaces ¢F , with order defined
by cones of nonnegative elements. If Y is a topological vector lattice, the positive
cone K={y €Y |y >0}, is normal. The converse, however, is not true, and
a normal cone does not necessarily generate the lattice structure. For instance,
in R? equipped with the norm | - ||o the cone K = {(z,y) | z >0 y = 0} is
normal but does not generate the lattice structure.

If Y is a Banach lattice, Definition 2.1 can be rephrased as follows. T is
l.u.o-Lipschitz, at ug if there exist a constant » > 0 and ¢ € K such that for
each y € T'(u), ||u — uol/<r, there exists yo € I'(up) such that

ly — yol<l||u — uo . (4)

I" is L.L.o-Lipschitz at ug if there exist a constant » > 0 and £ € K such that
for each yo € I'(up) , there exists y € I'(u) , ||lu — up||<r, such that

v = yol<tlu — ol - (5)

I' is order-calm at (uo,¥o), Yo € I'(ug), if there exist a neighbourhood V' of
Yo, a constant r > 0 and ¢ € K such that for each y € T'(u) NV, |lu — uoll<r,
there exists yo € I'(ug) satisfying

ly = yol<llju — uo| - (6)

Some elementary examples illustrating the notions introduced above will
now be given.

EXAMPLE 2.1 Let K C R? be given as
K={(z,y,2) | z=0 z,y > 0} .
The set-valued mapping I' : R= R> defined as
[(0) = {(z,9,2) [ 2 =0 0<a<l O<y<l}, T(w) =T0) U{(1,1,1+u)},
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1s locally upper Lipschitz at 0 in the usual sense but not locally upper order-
Lipschitz.

EXAMPLE 2.2 Let K C R? be given as
K={(z,y) |z=yx=>0}.
The set-valued mapping I' : R= R? defined as
[0) ={(z,y) | <<l Oyl y > —x + 1},

['(u) =T(0) \ cof(0,0), (1, )} U {(1, 1)},

where co stands for the convex hull, is locally lower Lipschitz at 0 in the usual
sense but not locally lower order-Lipschitz.

PRrROPOSITION 2.1 Let Y and U be normed spaces and let IC be a closed convex
pointed cone in'Y .

1. If T is locally upper order-Lipschitz at ug , then any y € T'(u), ||lu—ugll<r,
can be represented asy = yo+L||u—uol| =k, , y = yo—L|lu—uo||+k7 , where
yo € D(wo), ky € K, and k € K, with k<20 — uo|| , kZ<2¢||u — uol| .

2. If T is locally lower order-Lipschitz at ug, then any yo € T'(ug) can be
represented as yo =y — lu —uo| + K}, , yo = y — Ll|u — uo|| + k, , where
y € T(u), [lu—wul<r, ky, € K, and k} € Yy, with k<2l|lu — uo]|,
k2<20)|u — uo]| -

Proof. By definition,

—Lju —uol<yo — y<Lllu —uoll, v —uoli<r, .
By the left-hand-side inequality, k}/ =yo—y+L||u—ug| € K, and, by the right-
hand-side inequality, k,<2/||u — ug|| . Other cases can be treated similarly. B
3. Order-containment property and its rate

Let L C Y be a closed convex and pointed cone in Y. Let A C Y be a subset of
Y . An element y € A is efficient, y € Eff(A), if

(A—-y)n(=K) ={0}.

An element y € A is locally efficient, y € Effjoc(A), if there exists a 0—neighbour-
hood V such that

(ANn(y+V)—-y)n(-K)={0}.
Let £ € C, £ # 0. Denote
A(l) = A\ (Eff(A) + [-£,4]) .
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DEFINITION 3.1 A set A has an {—order containment property, {—(OCP), with
L € K if for each € > 0 there exists § > 0 satisfying:
(C) for each y € A(el) there exists n, € Eff(A) such that

y—ny —0lek. (7)

Clearly, (7) holds if and only if y —n, —k € K, for all k € K, k<d/.
If K is normal, and (C) holds for ¢ € K, then

A C C(Eff(A) + K. (8)

Indeed, if y € A\cl(Eff(A)), there exists a > 0 such that (y+aBy )Ncl(Eff(A)) =
(). There exists € > 0 such that e[|¢||<c, and y € A\ (Eff(A) +[—¢l, ef]), since K
is normal. By (C), there exists n, € Eff(A) satisfying y — n, € K, which proves

(8).

ExAMPLE 3.1
1. LetY be an ordered vector space and let I C'Y be a closed convex pointed

coneinY. Let0 £ ¢ € IC, and let Iy C Y be a closed convex cone, K1 C K,
satisfying the following condition: for each € > 0 there exists § > 0 such
that

k—8e foral kekKy\[—<elel]. 9)
Any order interval [a,b]1, (with respect to K1),

[a,bh = (Cl + ’Cl) N (b — ’Cl)7
a,b € K, is {—(OCP). To see this, note that Eff([a,b]1) = {a}. Lete >0,
and y € [a,b]1 \ (a + [—¢el,el]). Hence, y —a € K1 andy — a & [—el,&l].
By (9), there exists 6 > 0 such that

y—a—48leK.

2. LetY = (* and K = (% . Consider a closed convex cone ((%); C (% of the
form

(B = (k= (ha) € B | 5ok < ho < b}
and the order interval with respect to (€2);,
A=la,b]y = {y € * | ayy<, b}
Note that (£%)1 satisfies condition (9) with e.g. £ = (+).
Let € > 0. For any
yecAlel)={ye A | yn—an >5%, n=12 .}
the inequality
y—a—060>0
holds for 6 = 5 .
3. LetY =R? and K ={y € R® | y1,y2 > 0,y3 = 0}. Let
Ki={y € K| y<3/2y1 y2>1/2y1}.
For the order interval
A=1[(1,1,0),(2,2,0)]
the property {—(OCP) holds for any ¢ € K .
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Let ¢ > 0. Denote
A(e) = A\ (Eff(A) +eBy).

The following properties are related to the one introduced in Definition 3.1.
The containment property (C'P) (Bednarczuk, 2000a) holds for a subset
ACY ifint K # ¢ and for any € > 0 there exists § > 0 such that

(C1) for each y € A(e) there exists n, € Eff(A) satisfying
y—1ny — 0By € K. (10)

Let Y™* be the topological dual space of Y with the bilinear duality form (-, -) .
Let © be a base of the dual cone K* = {f € Y* | (f,y) >0 forall y € K}.
The dual containment property (DCP) (Bednarczuk, 2002) holds for a subset
A C Y with respect to © if for any € > 0 there exists § > 0 such that

(C2) for each y € A(e) there exists n, € Eff(A) satisfying
Oy —mny) >0 forall €O. (11)

In the proposition below we investigate the relationships between these prop-
erties and the /—order containment property.

PRrROPOSITION 3.1 Let K C Y be a normal cone in Y . For any subset A C Y

the following relations hold:
(i) If intlC # 0, then (C) — (C1),

(i) If KC* is based, then (C) — (C2).

Proof. Let € > 0 and y € A(e). For any ¢ € K, since K is normal, there exists
€1 > 0 such that y € A(e1€). By (C), there exist i, € Eff(A) and ¢ > 0 such
that

y—mny —olek. (12)

(1). Take £ € intKC. By (12), there exists §; > 0 such that y —n, — 61 By C K.

(ii). Take £ € (K)T ={ke K | (f,k) >0 forall fe K*\{0}}, and the base
©of K*, @ ={0 e K*| (0,¢) =1}. By (12),
Oy —mny —0¢) >0 forall €O,
and consequently,
O(y —n,) >0 forall §c©, and somed > 0.
which amounts to (C2). u
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Let
domy(A) ={e >0 | A(el) # 0} .

DEFINITION 3.2 The function 8% : R — R is the rate of {—order containment
of a set ACY if

04(e) = inf{va(y) | y € A(e0)},

where, for any y € A,

vi(y) = sup{u‘(y —n) | n € EFA) N (y - K)},
and, for any k € IC,

pf (k) =sup{d | k— o0 € K} .

We put ¢, whenever it is clear from the context which set we refer to in &% .
The following properties of the function 61{1 follow directly from the definition.
1. 8% is a nondecreasing function of ¢,

2. if C} C O, then 85, () > 05, (¢).

PRroOPOSITION 3.2 The following are equivalent:
(i) 6%(g) > 0 for each & € domy(A),

(ii) ¢ — (OCP) holds.
Proof. (i) — (ii). Let ¢ > 0. If 6'(¢) = 7 > 0, then v*(y) > 7 for any
y € A(el) . By definition of ¥, there exists 7, € Eff(4) such that p!(y —n,) >
T —¢ > 0, for some positive ¢. This means that there exists § > 7 — ¢ such that

y—ny—o0l e K. (it) — (i). Let ¢ > 0, and y € A(el). By (C), there exist 6 > 0
and 7, € Eff(A) such that

y—1ny —0LeK.
Hence, 1(y — ny) > 8, v/(y) > 5, and
84(e) =inf{vf(y) |y € A(el)} > 4. |

PRrROPOSITION 3.3 Let K C Y be a closed convex pointed cone inY. Let ACY
be a subset of Y . Assume that for each y € Eff(A) + K the set Eff(A) N (y — K)
is weakly compact. If £ — (OCP) holds for A, then for each e > 0 andy € A(el)
there exists n, € Eff(A) such that

y—n, — 046N EK.
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Proof. Let € > 0, y € A(el). It is enough to show the existence of 1, € Eff(A)
such that

Viy) = 'y —my) -
Indeed, for each n € Eff(4) N (y — K)
iy —m<r(y)
and for each o > 0 there exists 1, € Eff(4) N (y — K) such that
py = na) > v (y) — o
This means that for 8, = p*(y — 174) — o we have
Y — o = Bol + ko, where kq € K, 8o — vi(y), as a—0.

By assumption, {7, } contains a weakly convergent subnet with the limit point
1o € Eff(A), then

y—mno— vyl =k €K,

since I is weakly closed. This ends the proof. |

4. Order-Lipschitz continuity of efficient points
Let M :UZZ Y be a set-valued mapping defined as

M(u) = Ef(D(u)).

The set-valued mapping M is called the minimal point mapping. Order-type
continuities of M have been investigated in Penot and Sterna-Krawat (1989),
Sterna-Krawat (1986, 1989).

THEOREM 4.1 Let (Y, | - ||) and (U, || - ||) be normed spaces. Let K C'Y be a
closed convex pointed cone in'Y . Assume that
(i) for any y € Eff(T(ug)) + K the set Eff(T(ug)) N (y — K) is weakly compact,

(ii) T is l.u.o-Lipschitz at ug, and l.1.o-Lipschitz at ug , with constant £ € K,

(i1i) OF () (€) = c2, ¢ > 0.
0
The minimal point multifunction M is l.u.o-Lipschitz at ug .

Proof. By (ii), for all ||u — ug||<r we have
D(u) € {BH(T (o)) + [= (¢ + Dellu—uoll, (£ + 1)ellu — uo|[J}U

{T(uo) \ (EfF(T(u0)) + [ 5 llu — uoll, ¢€lu — uoll])} + [=Cllu — uoll, £llw — uoll].

c
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We show that if

Y € () 1T (o) \ (B 0)) + [ 460w — o], 46llu — o)}

=€l — woll, £l — uo ]}

for all ||u — ug|/<r, then y € Eff(T'(u)) . Indeed, take any y € T'(u), ||u — ugll<r,
such that
Y € (D) (B (0))+ [~ 40wl &6l w3+ [~ —vol, f1u—u ]
Then y = v+ &, where

v € T(uo) \ (BN (uo)) + [~ Ellu — uoll, £llu — uol]) ,

§ € [=llu—wuol,€lu—wuoll,

& = u—ugl| —ke, keeK ke<2llu—uol.
By Proposition 3.3, there exists 7, € Eff(I'(uo)) such that

vy—ny,—kek foral kel, kgélé(u())(%\\u — upl| )£ (13)

By the lower order-Lipschitz continuity of T" at ug there are z € T'(u) , ||lu—uql/<r,
k. € IC such that

My = 2+ Llu—uol = k=, [[u—uoll<r, k.<28|u —uo| -
In consequence,
y—z = y—z+u—uol —ke
= [y=m]+u—uol — ks + €llu— uoll — ke,
and by (iii), since k. + ke<4l|ju — uo <6 (2 |lu — uol|)¢,

y—ze€\{0}.
This proves that for all ||u — ugl|<r the following inclusion holds
M(u) € EFT(uo)) + [= (5 + D)l —uoll, (% + Deflu — uol]. u

REMARK 1 By examining the proof one can see that we exploited l.1.0-Lipschitz
property of T' only partially. Namely, only right-hand-side inequality of (2) from
Definition 2.1 was used. In the following example we show that, in Theorem
4.1, the order-Lipschitz continuity of I' cannot be dropped.

EXAMPLE 4.1 LetY, K, and T" be as in Example 2.2. Then
M(©O)={(z,y) |2>0 y>0 y=-z+1},

and
M(u) = (M(0)\ (3,3) U{(L, )} u#0.

In the theorem below we investigate the order-calmness of M.
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THEOREM 4.2 Let (Y, | - ||) and (U, || - ||) be normed spaces. Let K C'Y be a

closed convex pointed normal cone in'Y and let T'(ug) be convex. Assume that

Yo € Eff;o.(T'(uo)), i.e., yo € Ef(T(up) N'V1), where Vi is a neighbourhood of yo

and

(1) T is order-calm at (ug,yo), with constant £ € K, and neighbourhood Vs, of
Yo, and l.l.o-Lipschitz at ug , with constant ¢ € IC,

(i) for any y € EffiT(ug) NV) + K the set Eff(T(uo) N V)N (y — K) is weakly
compact, where V.=V N Vs,

(i) O () (€) = c2, € > 0.

The minimal point multifunction M is order-calm at (ug, yo) -

Proof. Let V be a 0—neighbourhood such that (yo + V)4V C V. Without losing
generality we can assume that r||€||By C V. By (ii),
D(u) NV C {Ef(T(uo) N V) + [=(F + )lllu —uoll, (3 + 1)€llu — uo[]}U
{T(uo) NV \ (BT (uo) N V) + [= 2 llu — uoll, 2€llw — uoll])}
+ [=lllu = uol|, £lu — wuoll]},
for |lu — ugll<r. We show that if y € T(u) NV N {{T(uo) NV \ (EF(T(ug) N
V) + [ 2l —uol, 2ellu—uoll)} + [—Cllu— uoll, €llu = uoll]}, llu—uoli<r, then
y & EffiC(u) NV
Indeed, take any y € T(u) NV, |lu — uo||<r, such that
y € {T(uo) NV \ (EfT(uo) N V) + [~ ¢lllu — uoll, ¢llu —uol])}  (14)
+ [=llu = woll, £]ju — uol[]-

Then, y = v+ &, where

v € T(uo) NV (BT (uo) NV) + [~ 2lllu —uoll, Tu — uoll]) ,
§ € [Hlu—wuol, fllu—uoll],
& = Y u—uol| —ke, keek, ke<2l||u—uof.

By Proposition 3.3, there exists 1, € Eff(I'(up) N'V') such that
Y=y —keK  forall k€K, k<O, av(Ellu—uol)L. (15)

By the lower order-Lipschitz continuity of T at ug there are z € T'(u), k, € K
such that

Ny =2z +u—uol| — k., k.<20u—upl.
In consequence,

y—z = 7= z+llu—uoll - ke
= = m]+lu—uoll = kx + llu —uoll — ke,
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and by (iii), since k. + ke<4l|ju — uo||<6*(%|lu — uo||)¢

y—zek\{0}.
Since T'(ug) is conver, for all u such that ||u — uo||<r,

M@ NV C Effioe(D(uo)) + [~ (2 + D)lllu = uoll, (£ + 1)ellu — uol]
T M(ug) + [~ (¢ + 1)lllu = uoll, (5 + 1)ellw — uoll]. u

C

5. Conclusions

The order-Lipschitz continuity of set-valued mappings introduced here is stronger
than the usual Lipschitz continuity. In finite-dimensional case, roughly speaking,
it allows T' to vary only in directions parallel to affiC. On the other hand, to
derive sufficient conditions for efficient points to have order-Lipschitz continuity
of efficient points we need only standard assumptions on K.

In assumption (ii) of Theorem 4.1 we require that the order containment
rate is at least linear for small arguments. If the order containment rate is of
higher order, then one can prove order-Hélder behaviour of the minimal point
multifunction.
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