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Introduction. In this survey we review recent results of the authors on blow-up of
solutions of the problem

(1.1) ut = ∆u, x ∈ Ω, t > 0,

(1.2)
∂u

∂ν
= |u|p−1u, x ∈ ∂Ω, t > 0,

(1.3) u(x, 0) = u0(x), x ∈ Ω,

where p > 1 and Ω is either a smoothly bounded domain in RN or Ω = RN+ := {x ∈ RN :
xN > 0}, ν is the outward normal. Some closely related problems are also considered.

This paper is a sequel of the previous survey [FF] therefore we focus our attention on
results that have been established after [FF] appeared.

For Ω bounded it was shown by Levine and Payne ([LP1], [LP2]) in 1974 and by
Walter ([W]) in 1975 that there are solutions which blow up in finite time. This means
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that there exists T ∈ (0,∞) such that

lim sup
t→T

‖u(·, t)‖C(Ω) =∞.

It follows from a result in [Fa] that for Ω bounded all positive solutions of (1.1)–(1.3)
blow up in finite time. If Ω = RN+ then all positive solutions blow up in finite time for
p ≤ 1 + 1

N while both global and nonglobal solutions exist for p > 1 + 1
N (cf. [DFL]).

Here, we shall concentrate on the following two questions:
(i) With which rate (in t) does the solution approach the blow-up time?

(ii) What is the profile (in x) at the blow-up time?
The paper is organized as follows. In Section 2 we discuss the blow-up rate for Pro-

blem (1.1)–(1.3) and some related problems. Section 3 is devoted to blow-up profiles. In
Section 4 we present a particular example.

2. Blow-up rate. In this section we assume that u0 ≥ 0, u0 6≡ 0.
It was shown in [FQ1] that if Ω is a ball and u0 is radially symmetric and satisfies

some monotonicity assumptions then there exists a constant C > 0 such that

(2.1) ‖u(·, t)‖C(Ω) ≤ C(T − t)−β , β :=
1

2(p− 1)
,

for t ∈ (0, T ), here T is the blow-up time.
In [HY], [H1] it was established that (2.1) holds provided Ω is bounded (with ∂Ω ∈

C2+α), (N − 2)p < N and

(2.2) ∆u0 ≥ 0.

The assumption (2.2) was removed later in [H3] under a stronger restriction on p, namely,
p ≤ 1 + 1

N . (Recall from the introduction that the exponent p = 1 + 1
N is critical with

respect to the existence of positive global solutions of (1.1)–(1.3) with Ω = RN+ . This fact
plays an important role in [H3].) On the other hand, it was also shown in [H3] that (2.1)
holds for p = N/(N − 2), N > 2, if (2.2) is satisfied.

The estimate (2.1) is sharp, since the reversed inequality

‖u(·, t)‖C(Ω) ≥ c(T − t)
−β

always holds for some c > 0 provided Ω is bounded and ∂Ω ∈ C1+α (cf. [HY]).
Let us also remark here that a consequence of (2.1) is that blow-up occurs only on

∂Ω (cf. [HY]). This means that u(x, t) stays bounded as t→ T if x 6∈ ∂Ω.

In [CF2] we proved that if Ω = RN+ and (N−2)p < N then (2.1) holds for all solutions
which blow up in finite time.

In order to sketch the proof we introduce the similarity variables

(2.3) y =
x− a√
T − t

, s = − ln(T − t), w(y, s) = (T − t)βu(x, t),

here a ∈ ∂RN+ and T is the blow-up time of u. Then w satisfies
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(2.4) ws = ∆w − 1
2
y · ∇w − βw in RN+ × (− lnT,∞),

(2.5) − ∂w

∂yN
= wp on ∂RN+ × (− lnT,∞).

The special geometry of the domain implies that the functional

E(ϕ) :=
1
2

∫
RN+

(
|∇ϕ|2 + βϕ2

)
ρ dy − 1

p+ 1

∫
∂RN+
|ϕ|p+1ρ dHN−1, ρ(y) := e−

|y|2
4 ,

is a Lyapunov functional for Problem (2.4), (2.5). More precisely, if w satisfies (2.4), (2.5)
then

d

ds
E(w(·, s)) = −

∫
RN+

w2
sρ dy.

In [CF2], a crucial step in the proof of (2.1) consists in showing that if w is a solution
of (2.4), (2.5) defined for all s ∈ (− lnT,∞) then

(2.6) E(w(·, s)) ≥ 0 for s ∈ (− lnT,∞).

To prove (2.6) we use the classical concavity method introduced in [L].
If (2.1) fails to hold then a scaling argument together with (2.6) enable us to construct

a positive solution of

∆v = 0, in RN+ ,

− ∂v

∂xN
= vp, on ∂RN+ ,

This is a contradiction with a nonexistence results from [H1] if (N − 2)p < N .
It is easy to see that (2.1) is optimal if Ω = RN+ , since there exist explicit selfsimilar

solutions which blow up with the rate from (2.1) (cf. [FQ1]).

In [CF1] we studied the system

(2.7) ut = ∆u, vt = ∆v, x ∈ Ω, t > 0,

(2.8)
∂u

∂ν
= vp,

∂v

∂ν
= uq, x ∈ ∂Ω, t > 0,

(2.9) u(·, 0) = u0 ≥ 0, v(·, 0) = v0 ≥ 0, u0, v0 ∈ L∞(Ω),

p, q > 0, and Ω ⊂ RN is bounded or Ω = RN+ . The following Fujita-type result was
established in [DFL] for Ω = RN+ : All nontrivial solutions of (2.7)–(2.9) blow up in finite
time if

(2.10) pq > 1,
max(p, q) + 1

pq − 1
≥ N,

while nontrivial global solutions exist if (max(p, q) + 1)/(pq − 1) < N . In [CF1] we
employed the global nonexistence result from [DFL] to show that if (2.10) holds then

(2.11) u(x, t) ≤ C(T − t)−
p+1

2(pq−1) , v(x, t) ≤ C(T − t)−
q+1

2(pq−1) ,

for some C > 0. The blow-up rate (2.11) of solutions of (2.7)–(2.9) was established before
for p, q ≥ 1, pq > 1, in the case when Ω is a ball, u, v are radially symmetric, and
ur, ut ≥ 0 (see [D] and also [R] for a similar result for a more general system). The
restrictions p, q ≥ 1 and ur ≥ 0 were removed in [LX]. In the case Ω = R+ it was shown
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in [DFL] that (2.11) holds for some suitable solutions of (2.7)–(2.9) if pq > 1, p, q ≥ 1.
This result was improved in [WXW] by removing the restriction p, q ≥ 1 and allowing a
larger class of solutions.

Selfsimilar solutions which blow up with the rate from (2.11) can be found in [DFL].

We finish this section with a short discussion of blow-up rates and blow-up sets for
the following two problems which are closely related to (1.1)–(1.3):

(2.12) ut = ∆u, x ∈ Ω, t > 0

(2.13) ut + uν = up, x ∈ ∂Ω, t > 0,

(2.14) u(x, 0) = u0(x) ≥ 0, x ∈ Ω,

and

(2.15) ∆u = 0, x ∈ Ω, t > 0,

(2.16) ut + uν = up, x ∈ ∂Ω, t > 0,

(2.17) u(x, 0) = u0(x) ≥ 0, x ∈ ∂Ω,

where Ω is a bounded domain in RN and p > 1.
It is known that for Problem (1.1)–(1.3) blow-up may occur only on the boundary

(cf. [H3]) and, as we mentioned before, under suitable assumptions on p and u0 the
blow-up rate is (T − t)−

1
2(p−1) .

For Problem (2.15)–(2.17), the blow-up behavior is completely different. Notice that

u∗(x, t) =
(
(p− 1)(T − t)

)− 1
p−1

is an explicit solution of Problem (2.15)–(2.17). It blows up everywhere and the blow-up
rate is (T − t)−

1
p−1 . This blow-up rate can be established under suitable assumptions on

u0 and p also for spatially nonhomogeneous solutions (see [FQ2]), that is

c ≤ (T − t)
1
p−1 max

x∈Ω̄
u(x, t) ≤ C

for some constants c and C. It is also shown in [FQ2] that for N = 1 positive solutions
of (2.15)–(2.17) blow up also in Ω.

Solutions of (2.12)–(2.14) exhibit some sort of “intermediate” behavior. Under some
suitable assumptions on u0 and q, they blow up only on the boundary (as for (1.1)–(1.3))
but the blow-up rate is (T − t)−

1
p−1 (as for (2.15)–(2.17)), see [FQ2].

3. Blow-up profile. A lot of attention has recently been focused on the asymptotic
behaviour of blowing-up solution of (1.1)–(1.3) near a blow-up point, e.g. [FQ1], [HY],
[H2], [H3], [C], [CF2].

When one examines the arguments in these papers, it seems that the restriction
(N − 2)p ≤ N is crucial and not merely of a technical nature at a number of steps.

As a matter of fact, the starting point in all these papers, and in this section as well,
is the a priori upper bound (2.1) on the blow-up rate.

Assume that a solution u(x, t) of (1.1)–(1.3) blows up at (a, T ) and assume without
loss of generality that the outward normal at the point a ∈ ∂Ω is (0, 0, . . . , 0,−1). We
introduce the corresponding similarity variables (2.3).
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The basic idea towards describing the asymptotics of u(x, t) near (a, T ) is that, as
s → ∞, w (y, s) should approach the set of bounded solutions of the corresponding
stationary problem

(3.1) ∆w − 1
2
y · ∇w − βw = 0, in RN+ ,

(3.2) − ∂w

∂yN
= |w|p−1w, on ∂RN+ .

The main tool for this step are energy-type estimates for bounded solutions of (2.4)–(2.5).
That analysis was performed in [FQ1] and [HY] for positive solutions and applied in the
one-dimensional case and also in the radial case on balls in higher dimension. In those
cases the blow-up limit

(3.3) lim
t↑T

(T − t)βu
(
a+ y(T − t) 1

2 , t
)

exists and equals ϕp,N (y) := ϕp(yN ), where ϕp is the unique bounded positive solution
of (3.1)–(3.2) when N = 1. A difficulty encountered in [HY] was the lack of results
classifying bounded solutions of (3.1)–(3.2) if N > 1.

The following uniqueness result was established in [C]:

Theorem 3.1. If 1 < p and (N − 2)p ≤ N , then the only bounded solutions of (3.1)–
(3.2) are w = 0 and w = ±ϕp,N .

Unlike in many similar situations, we were not able to find a proof of the uniqueness
based on a Pohozaev-type identity.

Let us describe the basic ideas of the proof.

1. We recall that the Hermite polynomials in one real variable are defined by the
formula

h̃k(z) = (−1)kez
2
( d
dz

)k
e−z

2
, k = 0, 1, 2 . . .

We will use the corresponding rescaled normalized functions

hk(z) =
(
2kk!
√

4π
)− 1

2 h̃k

(z
2

)
, k = 0, 1, 2 . . .

Each hk, k = 0, 1, 2, . . ., solves the equation

w′′(z)− 1
2
zw′(z) +

k

2
w(z) = 0,

It follows from the theory of classical orthogonal polynomials that {hk : k = 0, 1, 2, . . .}
form an orthonormal basis for the Hilbert space L2

ρ(R) := {f : f
√
ρ ∈ L2(R)}, ρ(z) =

e−
z2
4 , with the inner product

(f, g)L2
ρ(R) := (f

√
ρ, g
√
ρ)L2(R) =

∫
fgρ dz.

We recall two well known recurrence relations for the Hermite polynomials:

h′k =

√
k

2
hk−1 and

zh′k = khk(z) +
√
k(k − 1)hk−2(z).
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2. The passage to m := N − 1 dimensions is straightforward. For each m-tuple k =
(k1, k2, . . . , km) ∈ Nm, N being the set of nonnegative integers, let

Hk(z) := hk1(z1)hk2(z2) . . . hkm(zm), z = (z1, z2, . . . , zm) ∈ Rm.

Then {Hk : k ∈ Rm} form on orthonormal basis for L2
ρ(Rm) = {f : f

√
ρ ∈ L2(Rm)},

ρ(z) = e−
|z|2
4 . Clearly, each Hk, k = (k1, k2, . . ., km) ∈ Nm, solves the equation

∆w(z)− 1
2
z · ∇w(z) +

|k|
2
w(z) = 0, z ∈ Rm,

where |k| = k1 + k2 + . . .+ km.

3. For each µ ∈ (0,∞) let us consider the equation

w′′(y)− 1
2
yw′(y)− µw(y) = 0, y ∈ (0,∞).

The only bounded solution of this equation with w(0+) = 1 will be denoted by gµ.
Write y ∈ RN+ as y = (z, yN ) with z ∈ RN−1 and yN ∈ [0,∞). Notice that each

function defined on RN+ by

(z, yN ) 7→ Hk(z)g
β+
|k|
2

(yN ), k ∈ NN−1,

is a solution of (3.1).

4. Now let w be a bounded solution of (3.1)–(3.2). Using scaling and parabolic re-
gularity for bounded solutions of (2.4)–(2.5) we obtain that any bounded solution w

of the corresponding stationary problem (3.1)–(3.2) belongs to C2+α
loc (RN+ ) and has Dw

and D2w bounded in RN+ as well. This regularity results justify the following (formal)
considerations.

5. Writing w(·, 0) as a Fourier-Hermite series

w(z, 0) =
∑

k∈NN−1

akHk(z), z ∈ RN−1,

we obtain
w(z, yN ) =

∑
k

akHk(z)g
β+
|k|
2

(yN ),

and
∂

∂yN
w(z, 0) =

∑
k

akHk(z)g′
β+
|k|
2

(0) = −
∑
k

akγ|k|Hk(z), z ∈ RN−1,

where γl = Γ
(
β + l+1

2

)
/Γ
(
β + l

2

)
for each l ∈ N.

Set for 1 ≤ i ≤ N − 1,

fi(z) := w(z, 0)
∂

∂yi

( ∂

∂yN
w(z, 0)

)
− p
( ∂

∂yN
w(z, 0)

)( ∂

∂yi
w(z, 0)

)
, z ∈ RN−1.

Clearly, fi ≡ 0 on RN−1, 1 ≤ i ≤ N − 1, due to
∂

∂yN
w(z, 0) = −|w(z, 0)|p−1w(z, 0).
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Consequently,

I :=
1

p− 1

∫
RN−1

e−
|z|2
4

N−1∑
i=1

zifi(z) dz = 0 .

On the other hand, using the above Fourier-Hermite expansion for w(z, yN ) and for its
partial derivatives we can express I in terms of coefficients ak. Using the above recurrence
relations, the orthonormality property of {Hk : k ∈ RN−1} and Fubini’s theorem we get

0 =
∑
k

[
a2
k|k|γ|k| + ak

|k|(p− 1)
1 + |k|(p− 1)

γ|k|

N−1∑
i=1

√
(ki + 1)(ki + 2)ak+2ei

]
,

ei ∈ NN−1 being (0, . . . , 0, 1, 0, . . . , 0) with 1 on the i-th place.

Using

γ|k| = √γ|k|γ|k|+2

√
1 + |k|(p− 1)

1 + (|k|+ 1)(p− 1)

in the above formula, substituting Ak =
√
|k|γ|k|ak and using the obvious inequality

st ≥ − 1
2 (s2 + t2) with

s = Ak+2ei

√
ki + 2
|k|+ 2

and t = Ak

√
|k|(p− 1)√

1 + |k|(p− 1)
·

√
ki + 1√

1 + (|k|+ 1)(p− 1)
,

we obtain

0 =
∑
k

A2
k +

∑
k

N−1∑
i=1

[
Ak+2ei

√
ki + 2
|k|+ 2

][
Ak

√
|k|(p− 1)√

1 + |k|(p− 1)
·

√
ki + 1√

1 + (|k|+ 1)(p− 1)

]
≥ 1

2

∑
k∈Nn−1

A2
k

[
1− |k|(p− 1)2

1 + |k|(p− 1)
· |k|+N − 1

1 + (|k|+ 1)(p− 1)

]
.

One can easily verify that if (N − 2)p ≤ N , then

1− |k|(p− 1)2

1 + |k|(p− 1)
|k|+N − 1

1 + (|k|+ 1)(p− 1)
> 0 for each k ∈ NN−1.

Consequently, ak = 0 for each k ∈ NN−1 \ (0, 0, . . . , 0). This means that w(y) = const ·
gβ(yN ), which completes the proof of Theorem 3.1

Theorem 3.1 characterizes the set of all possible blow-up limits (3.3), provided (N −
2)p ≤ N and assuming (2.1).

The nondegeneracy results established in [H2] for positive solutions and strengthened
in [C] complement this analysis: If a is a blow-up point then the blow-up limit (3.3)
cannot be 0.

Theorem 3.2. Let 1 < p, (N − 2)p ≤ N , β = 1
2(p−1) , Ω ∈ C2+α, a ∈ ∂Ω and let the

outward normal at a be (0, 0, . . . , 0,−1). Let u solve

ut −∆u = 0 in (Bδ(a) ∩ Ω)× (T − δ2, T ),

∂u

∂ν
= |u|p−1u on (Bδ(a) ∩ ∂Ω)× (T − δ2, T ),

and let (a, T ) be a blow-up point.
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Assume the local rate estimate

|u(x, t)| ≤ C(T − t)β in (Bδ(a) ∩ Ω)× (T − δ2, T ).

Then the blow-up limit (3.3) exists uniformly for |y| ≤ const and equals ±ϕp,N .

Another consequence of our classification of bounded solutions of (3.1)–(3.2) combined
with the nondegeneracy results is the following Liouville-type theorem from [C].

Theorem 3.3. Assume that 1 < p and (N − 2)p ≤ N and that u is a solution of the
problem

ut = ∆u, in RN+ × (−∞, T ),

− ∂u

∂xn
= |u|p−1u, on ∂RN+ × (−∞, T ),

such that (0, T ) is a blow-up point.
Assume, in addition, that

|u(x, t)| ≤ C(T − t)−β for each (x, t) ∈ RN+ × (−∞, T ).

Then
u(x, t) = ±(T − t)−βϕp

( xN√
T − t

)
.

Using a technique developed in [H2] to prove nondegeneracy results, a criterion for
excluding blow-up was established in [C]: For any a ∈ ∂RN+ there is a condition (explained
below) on initial data which assures that a is not a blow-up point.

Let u be a solution of (1.1)–(1.3) on Ω = RN+ that blows up at the time T at the point
a ∈ ∂RN+ and let us denote Ea(u(·, t)) := E(wa(·, s)), where w = wa and s have the same
meaning as in (2.3).

Assume
|u(x, t)| ≤ C(T − t)−β .

Then there is σ = σ(N, p,C) > 0 such that if

Eb(u(·, 0)) ≤ σ for each b ∈ ∂RN+ ∩B(a, δ),

then |u(x, t)| ≤M for each

(x, t) ∈
[
RN+ ∩B

(
a,
δ

2
)]
×
(T

2
, T
)
,

where M does not depend on a.
Clearly,

Ea(u(·, 0)) =
1
2
T

p
p−1−

N
2

∫
RN+
|∇u0(x)|2ρ

(x− a√
T

)
dx+

β

2
T

1
p−1−

N
2

∫
RN+

u2
0(x)ρ

(x− a√
T

)
dx

− 1
p+ 1

T
p+1

2(p−1)−
N−1

2

∫
∂RN+
|u0(x)|p+1ρ

(x− a√
T

)
dHN−1(x).

Because of the exponentially decaying weight under the integrals, Ea(u(·, 0)) will be
small if a is far away from the region where |u0| or |∇u0| is large. That allows us to
localize the blow up set. In particular, it was established in [C] that if u0 belongs to
W 1,2(RN+ ) then the blow-up set is a compact subset of ∂RN+ .
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4. Example. Let Ω be a bounded domain in RN with a Lipschitz boundary ∂Ω and
let ν be the outer normal vector to ∂Ω. Consider the problem

(4.1)
∂u

∂t
= ∆u, x ∈ Ω, t ∈ (0, T ),

(4.2)
∂u

∂ν
= f(u), x ∈ ∂Ω, t ∈ (0, T ),

(4.3) u(x, 0) = u0(x), x ∈ Ω,

where u0 ∈ L∞(Ω)∩W 1
2 (Ω), 0 < T <∞, and f is a sufficiently smooth function satisfying

the growth condition
f(u) sgnu ≤ L(|u|p + 1)

for some 1 < p <∞ and L > 0.
In [Fo] it was shown that for any

q > (N − 1)(p− 1)

there exists a continuous function B, independent of u and T , such that

(4.4) ‖u‖L∞(QT ) ≤ B
(
‖u0‖L∞(Ω), max

0≤t≤T

∫
∂Ω

|u(x, t)|q dHN−1(x)
)
.

A completely different approach yields a similar result under the additional restrictions:
q ≥ 1 and ∂Ω ∈ C2, cf. [Q, Remark 2].

The aim of this section is to describe an example of a problem like (4.1)–(4.3), for
which the solution u becomes unbounded in a finite time Tmax, but

(4.5) sup
0≤t<Tmax

∫
∂Ω

|u(x, t)|q dHN−1(x) <∞

for any positive q,

(4.6) q < (N − 1)(p− 1).

The example from [FFL] is the following problem on a square in R2:

(4.7)
∂u

∂t
= ∆u, (x, y) ∈ Ω = (0, 1)× (0, 1), t > 0,

(4.8) −∂u
∂x

= up, (x, y) ∈ Sv = {0, 1} × (0, 1), t > 0,

(4.9) −∂u
∂y

= up, (x, y) ∈ Sh = (0, 1)× {0, 1}, t > 0,

(4.10) u = ψ, (x, y) ∈ Ω, t = 0,

where
ψ(x, y) = [(p− 1)(x+ y + %)]−1/(p−1), % > 0, x, y ∈ [0, 1].

The main result from [FFL] reads as follows:

Theorem 4.1. For any % positive there exists a Tmax, 0 < Tmax < ∞ such that a
unique classical solution of Problem (4.7)–(4.10) exists for t ∈ [0, Tmax), it is increasing
in t and

(4.11) u(x, y, t) ≤ [(p− 1)(x+ y)]−1/(p−1)
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for (x, y, t) ∈ Ω× [0, Tmax),

u(0, 0, t) ≥ (4p(p− 1) (Tmax − t))−1/2(p−1)

for t ∈ [0, Tmax).

Notice that the estimate (4.11) yields (4.5) for q given by (4.6) in the case N = 2.
An estimate like (4.4) is also known to hold if

(4.12)
∫
∂Ω

|u(x, t)|q dHN−1(x)

is replaced by

(4.13)
∫

Ω

|u(x, t)|r dx,

r ≥ 1 and

(4.14) r > N(p− 1),

provided ∂Ω ∈ C2, see [A, Theorem 15.2] and [Q]. Theorem 4.1 implies that

sup
0≤t<Tmax

∫
Ω

ur(x, t) dx <∞

if u is the solution of Problem (4.7)–(4.10) and

r < 2(p− 1).

In [FFL], the bound

‖u‖L∞(QT ) ≤ C
(
‖u0‖L∞(Ω), max

0≤t≤T

∫
Ω

|u(x, t)|r dx
)

was derived for r as in (4.14) and ∂Ω Lipschitz. At the same time, the bound (4.4) was
generalized to a class of problems that includes (4.7)–(4.10).

For Problem (4.1)–(4.3) with f(u) = |u|p−1u, p > 1, and ∂Ω ∈ C2+α it is shown in [C]
that the functionals (4.12) and (4.13) with q = (N − 1)(p− 1) and r = N(p− 1) blow up
as t→ Tmax <∞, provided that u0 ≥ 0, (N −2)p ≤ N and either ut ≥ 0 or p ≤ 1 + 1/N .
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