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Generalized solutions to boundary value problems
for quasilinear hyperbolic systems
of partial differential-functional equations

by Tomasz CziAPINSKI (Gdansk)

Abstract. Generalized solutions to quasilinear hyperbolic systems in the second
canonical form are investigated. A theorem on existence, uniqueness and continuous
dependence upon the boundary data is given. The proof is based on the methods due to
L. Cesari and P. Bassanini for systems which are not functional.

1. Introduction. We denote by C(X,Y) the set of all continuous
functions from X to Y, where X,Y are any metric spaces. Let ag > 0,
B = [~bo,0] x [=b,b], where by € Ry, b = (by,...,b,) € R, Ry = [0,00).
For z : [~bg,ap] X R" — R™ and (z,y) = (z,y1,...,yr) € [0,a0] x R",
define z(; ) : B — R™ by z(;,(t,5) = z(x +t,y + s5), (t,s) € B. Put
2 =[0,a0] xR" x C(B,R™), and denote by M (m,r) the set of all real m x r
matrices.

Let

A: 02— Mm,m), A=I[A;], 4 j=1,...,m,
0: 82— M(m,r), o=1loi], i=1,....m, j=1,...,r

f:QHM(m71)7 f:[fla"'afm]Ta

be given functions of the variables (z,y,w), y=(y1, ..., yr), w=(w1, ..., w,),
and T the transpose symbol. Note that if (x,y) € [0, ao] x R" is fixed then
A(z,y,), o(z,y,-), f(z,y,) are operators on the function space C(B,R™).
Furthermore, let

Bl:R’"—>M(m,m), Bl:[Bh‘j], i,j:1,...,m,

lﬁ:Rr_)Rrv ¢:(¢17~--,¢r),
where [=1,..., N, m<N, be given functions of the variable y=(y1,...,y:).
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We consider the following hyperbolic differential-functional system in the
second canonical form:

(1) Z Az] (JZ, Y, Z(z,y)) szj($7 y) + Z Qik(xa Y, Z(r,y))Dyij (.’1}‘, y):|
j=1 k=1

:fi(x7yaz(x,y))7 t=1,...,m,

with the boundary data on N arbitrary (not necessarily distinct) hyper-
planes z = a;, a; € [0,a0], I =1,..., N,

N
(2) > Bi)z(a,y) =v(y), yeR.
=1

A function z € C(I,,R™), I, = [0,a] xR", where a € (0, ag], is a solution
of (1), (2) if z has partial derivatives Dyz, Dy, 2z, k = 1,...,7, a.e. on I,
satisfies (1) a.e. on I, and (2) for all y € R".

If bp = 0 and b = 0 then the differential-functional system (1) reduces
to a differential system in the second canonical form. Generalized (a.e.)
solutions of systems of that form have been investigated in a large number
of papers. We mention here the papers of P. Bassanini [1]-[3] and L. Ce-
sari [5], [6]. Quasilinear hyperbolic systems with a retarded argument have
been studied by Z. Kamont and J. Turo [12]-[15]. In [19]-[22] J. Turo has
also considered the existence and uniqueness of generalized solutions for
differential-functional hyperbolic systems with operators of Volterra type.
In that case the given functions are superpositions of functions defined on
subsets of a finite-dimensional Euclidean space with operators of Volterra
type. The main assumptions for the operators have been formulated in the
form of linear inequalities given on some function space. Classical solutions
to nonlinear equations with the same model of functional dependence have
been investigated in [11], [18].

In this paper we consider a new model of differential-functional systems
which has been used in [9] for initial value problems. For each (z,y) €
[—bo, ap] x R™ and for any z : [~bg, ag] x R” — R™ we denote by z(, ) the
translation of the restriction of z to B. In other words, the graph of z(, ) is
the graph of z : [x — by, z] X [y — b,y + b] — R™ shifted to B. Since the given
functions are now operators on z(, ) we no longer need the assumption that
the right-hand side of the system is the superposition of some function and
an operator of Volterra type. This simple model is well known for ordi-
nary differential-functional equations (see [10], [16]). It is also very general
since systems of differential equations with retarded argument ([12]-[15]),
differential-integral systems ([17]) and differential-functional systems with
operators of Volterra type ([19]-[22]) can be obtained from (1) by special-
izing the given functions. Our formulation of the problem enables us to get
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new examples of differential-functional systems which cannot be obtained
from the results cited above. More detailed comparison between the model
of functional dependence proposed in this paper and that used in [19]-[22]
is presented in [7], [8]. The method which we use is based on the Banach
fixed point theorem in a product space and it is close to that used in [14].

2. Assumptions and notations. Let ||n]|,,=maxi<;<p 7| in R™ and
WU ||,k = maxi<i<m Z;nzl |Uij| in M(m, k). For short we write ||n[|, ||U]|.
For w € C(B,R™) put ||w|o = sup{||w(t,s)| :(¢,s) € B}. Let Coy.(B,R™)
denote the set of all functions w € C(B,R™) such that
lwll = sup{[lt —#| + lw —w|] " w(t, s) —wE3)] : (t5),(#35) € B} < co.
We equip this set with the norm ||wl|o4+r, = ||wljo +|w||L, w € Coyr(B,R™).
Furthermore, for any ¢ € Ry we set C(B,R™,q) = {w € C(B,R™) : ||w]jo <
0}, Cosr(B.R™,q) = {w € Corr (B.R™) : [wlloar, < g},

AssumpTION H;. 1° A € C(£2, M(m,m)) and there is a constant v > 0
such that det A(x,y,w) > v for any (z,y,w) € {2.

2° There are nondecreasing functions n,l : R,y — R, such that for any
g € Ry we have

(i) |1A(z, y, w)|| < n(q), (z,y,w) € [0,a0] x R" x C(B,R™, q),

(i) [[A(z, y, w) — Az, g, w)l| < Uq)llz — 7| + ly = ¥l + [w — wllo],
(:‘Cava)? (fvng) € [O’CLO] X R" x CO-{-L(B,Rmaq)'

Remark 1. Assumption H; yields that A=!(z,y,w) exists for any
(z,y,w) € 2. Furthermore, there are nondecreasing n’,!’ : Ry — R, such
that condition 2° of Assumption H; holds with A, n, [ replaced by A=, n’, ',
respectively.

Let 6 denote the set of all functions [ : [0,a9] x Ry — Ry such that
1(+,q) : [0,a0] — R, is measurable for any ¢ € Ry, and I(z,-) : Ry — Ry is
nondecreasing for a.e. x € [0, ag].

AssuMPTION Hj. 1° o(+,y,w) : [0,a9] — M (m,r) is measurable for all
(y,w) € R" x C(B,R™).

2° o(z,:) : R" x C(B,R™) — M (m,r) is continuous for a.e. z € [0, ag).

3° There are a nondecreasing function ny : Ry — Ry and [; € 0 such
that for any ¢ € Ry we have

() llo(z,y, w)|| < n1(q), (z,y,w) € [0,a0] x R" x C(B,R™, q),
(11) ‘|Q(x>y’w)_Q(x7y7@)H§ll(xvQ)[Hy - @H—FH’UJ - EHO] for all (va)’
(g,w) € R" x Co4(B,R™, q) and for a.e. = € [0, ag].
AssuMPTION Hs. 1° f(-,y,w) : [0,a9] — M (m,1) is measurable for all
(y,w) € R" x C(B,R™).
2° f(z,) : R" x C(B,R™) — M(m,1) is continuous for a.e. = € [0, ag].
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3° There are a nondecreasing function ne : Ry — Ry and Iy € 0 such
that for any ¢ € Ry we have
(1) lf (2, y, )|l < n2(q), (z,y,w) € [0,a0] x R" x C(B,R™, q),
(i) I1f (2, y, w) = (2,7, @)| < la2(z, q)[lly — ¥l + [lw —@llo] for all (y,w),
(g,w) € R" x Coy(B,R™,q) and for a.e. x € [0, ag].
For (z,y,w) € 2,1=1,...,N, we put
A,y w) = E+ Az,y,w), AN (zy,w) = B+ Alz,y,w),

(3) -
Bi(y) = Ei+ Bi(y), E=1[6j], Ei=|[0udj], 4,j=1,...,m,

and

N
oo = sup{ S IBu(y)l| : y € R"},
=1

o] = sup{Hg(x,y,w)H Dz, y,w) € 2},
oo = sup{||A(z,y,w)| : (z,y,w) € 2}.

AssumpPTION Hy. 1° ¢ € C(R",R™) and there are constants I 4 € Ry
such that for all y,7 € R"” we have

Wl < I, [lv(y) =@ < Ally =7l
2° B, € C(R",M(m,m)), det B;(y) #0 for alll =1,..., N, y € R", and
there is a constant G € R, such that

N
S IBy) - B <Gly-7l, yTeR".
=1

3° (oo +01)(1 +02) < 1.

We denote by Bi(a,Q,Q1,Q2), where a € (0,a0], Q,Q1,Q2 € Ry, the
set of all functions z € C'(I,,R™) such that for all (z,vy), (%,7) € I, we have

) [2(z.0) < Q.

(i) [lz(z,y) — 2z, Y)|| < Q1lz — 7| + Q2ly — ¥

Note that Bj(a,Q,Q1,Q2) is a closed subset of the Banach space of
all continuous and bounded vector functions z : I, — R™ with the norm
I#l15, = sup{|=(z, 9)]| : (z,9) € L.}. )

For a € (0,a9] define the constants L;,(Q,Q1,Q2) = fo Li(t,Q + Q1
+ Q2)dt, i =1,2. In the sequel we write L;, for short.

Let a € (0, ag] be so small that

(4) Lia(1+Q2) <1,

and let Q,Q1,Q2 € Ry, p € (0,1). Then we denote by Ba(a, @, Q1,Q2,p)
the set of all functions h € C'(A,, M(m,r)), Ay = [0,a] x [0,a] x R", such
that for all (z,z,v), (§, x,y), (§,Z,7) € Ay, i =1,...,m, we have
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(1) hz(x,x,y) = 07
(ii) [[Ps(&, z, y) = hi(§, 7, 9) || < m(Q)|€ — &l +7ana (@) — Z| +plly — Y,
where 7, = [1 — L1,(1 + Q2)]7%, hy = (hi1,...,hir). It is easily seen that
Bs(a,Q,Q1,Q2,p) is a closed subset of the Banach space of all continuous
and bounded matrix functions h : A, — M (m,r) with the norm ||h|[a, =
maxi<i<m sup{||hi(&, z,9)| : (§,z,y) € As}. Indeed, for all (§,z,y) € A,
1=1,...,m, we have
17 (&, )| = hi (& 2, y) — hi(@, 2,y) || < n1(Q)|€ — x| < n1(Q)a,
which yields [|h]|a, < n1(Q)a.
For any h € By(a,Q,Q1,Q2,p) let g : A, — M(m,r) be defined by
(5) gz(gawvy):y+hz(£ax7y)a (gax7y)6Aa7 izlv"'am7
where g; = (gi1,- - -, 9ir), hi = (hi1, ..., hir). Then for all (z,2,y), (§,2,y),
(&,7,7) € Ay, i =1,...,m, we have

(1) gi($7$7y) = y’, B
(i) llgi (& 2, ) —9: (&, 7. )| < m(Q)IE—E]+7ana (Q)|z—Z[+(1+p)ly—¥]-

3. The operators V(1) V(2 and their properties. Let (-,-) be a
scalar product in R™, let g;(¢,z,y) be defined by (5) and set

Z:(tvxay) = (Zl(tvgi(tvxay))7 SRR Zm(tagi(tvx’y))) )
A (t,z,y)

= (Ail(ta gi (tv T, y)a Z(t,gi(t,x,y)))a cee 7Aim(ta gi (ta z, y)a Z(t,gi(t,x,y)))) .

We consider the operators Z = VW [z h], H = V®)[z, h] defined for z €
Bl(aa Qa Q17 Q2)7 h S B2(a’7 Qa Q17 Q2ap) as follows:

Z(I’,y) = Ail(w7y7 Z(a:,y))(Al(x7y) + AQ(xv y) -+ Ag(.’IJ,y)) 3
Ak(x7y) = (Ak1(.%',y), cee Akm(x7y)>v k=1,2,3,

Ali(m’ y) = 1/]1 (gi(aiv x, y)) + f fi (ta gi (t’ xz, y)7 Z(t,gi(t,z,y))) dta

(6)  Agi(x,y) f (tx,y), 2 (¢ 2, y)) dt
+ <Af(ai,x,y),zf(ai,x,y)) )
N
ASz ‘T y Z Blz gz Qi, T, y)) (al,gi(ai,$,y))>,
=1

i=1,...,m, (x,y) € I,;
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and
H(£1x7y):[HZ](€7x7y)]7 izla"'vmajzla"'vr7
3
(7) Hl(ga TC,?J) = f Qi(t,gi(t,z,y)7z(t,gi(t,w,y))) dt’

i=1,...,m, ({z,y) € A,.
Remark 2. By (3)~We ‘may simultaneously replace Dy A7, A;, By; in the
above equalities by DA, A;, By;, respectively.
LEMMA 1. Suppose that Assumptions Hy—Hy4 hold and that
(8)  (A+o)l'+ (1+02)(o0+01)Q <Q,
9) V(@A + QI+ (00 + 01)Q] + (1 4+ 02)[n1(Q)(A + GQ)
+UQ)Q(2 +n1(Q) +2Q1 + Q2 (Q))]
+n1(Q)(1 + 02)(00 + 01)Q2 < Q1,
(10)  (Q)(1+Q2)[I+(00+01)Q]+(1+02)[(1+p)(A+GQ)+H(Q)Q(1+Q2)]
+ (1+p)(1+402)(00+01)Q2 < Q2.

Then for ac(0, ag] sufficiently small the operator VY maps By (a, Q, Q1, Q2)
X BQ(Q, Qa Qb Q27p) into Bl(a7 Q7 Qla QQ)

Proof. Let Z:V(l)[z,h], ZEBl(a7Q7Q1aQ2)7 h e BQ(Q7Q7Q1aQ2ap)‘
By the estimates

|41yl < max {l(ga z.5)

+ ‘ f fz(t7 g’L(t7 x, y)’ Z(t,gi(t,x,y))) dt‘}

a;

<I'+ [ na(Q)dt < I'+na2(Q)a,

a;

|4 )l < max {| [ (DA (t,2.0), 2 (t,y) |

1<i<m
+ (A (a2 ), 2 (a2, )]}

< [UQU+m(Q) + Q1+ Qmi(Q)Qdt + 01 Q

[¢23

<UQ)(1 +1n1(Q) + Q1+ Q2m1(Q))Qa + 01Q,

N
I35l < ma | = 3 (Butos(os ). a2 )| < 0.
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we obtain

1Z(, y)|
< (A +02) [l +n2(Q)a+1(Q)(1+n1(Q) + Q1+ Q2n1(Q))Qa + 01Q + 00Q)] ,

(z,y) € I,. By (8) we can choose a so small that
(11) (1 +o2)[I"+ (01 + 00)Q)]
+(1+02)[n2(Q) + Q) (1 +n1(Q) + Q1 + Q2m1(Q))Qla < Q,
and thus for (z,y) € I, we obtain
(12) 1Z(z, )l < Q.
For any (z,y), (%,7) € I,, we have
Z(x,y) — Z(Z,Y) = o + a1 + a2 + g,

where
a0 = (A7H@, Y, 2(a ) — AT (@7, 29))[A1 (2, ) + Aa(z,y) + As(z, y)],
o = Ail(f,y, @) Ai(r,y) — Ai(Z,7)], i=1,2,3.
We can estimate the above terms as follows:
levol < Q)1 + Q2) |z — | + 1'(Q) (1 + Q2)ly — U]

x [[[Ar(@, )]l + | A2(@, )| + | As (2, )]

< [+ n2(Q)a+ HQ)(L +n1(Q) + Q1 + Qe (Q))Qa

+01Q + 00QI(Q)(1 + Q1)|z — 7|
+ [+ n2(Q)a+ HQ) (1 +m(Q) + @1 + Q2 (Q))Qa
+01Q + ooQU'(Q)(1 + Q1)lly — 7,

ol < (14 02) mae {[4gi(ar. x.9)) — u(gias, 7. )|

+) I filt 0t 2,9) 20,0000
- fl (t7 g’L (t7 E? y)’ z(tvgi(tvivy)))] dt
+ ) [ it 08, 7,9), 200,079 dt‘}

S (1 + 0'2)[/1'7(1 + L2a(1 + Q2)’Ya + nQ(Q)CL”1’ - f’
+ (1+02)[A(1 +p) + Laa(1 + Q2) (1 + p)llly — 7,

ol < (14 02) max {| [ (Ar(t2.) = A (6.7,9), Dizi (1)) dt

a;
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)f (DAL (T, 7)), 25tz y) — 25 (T, 7)) dt‘

) f (DA% (t,Z,7), (t,x,y)>dt‘

v,1,y) — Al (%,7,7), 2] (2, 2,7))|
). 7 (s, 2,y) = 25 01, 7,9))] |
( )1+ Q2)7.(Q1 + Q2n1(Q))a
14+n1(Q) + Q1 + Q2n1(Q))Q27aa
+n1(Q
)

IN

+ =

A A +
Q

)+ Q1+ Q2n1(Q))Q
Q +01Q27a}|T — 7|
+ (1 +a2){l(Q)(1 + Q2)(1 +p)(Q1 + Q2m1(Q))a
+UQ)(1+n1(Q) + Q1 + Q2n1(Q))Q2(1 + p)a
+ Q)1+ Q2)Q + 51Q2(1 + p) }Hy — 7l
las]| < (1+02)

1

N
X max {’Z (Byi(gi(ai, z,v)) Blz‘(gi(ai@,@)aZ(alagz‘(auﬂ?ay)»’
=1

1<i<m

| S (Bugilan 7, 9), 2o gi e w.y) — 2(ar,gilan 7, 9) | |
=1

< (14 02)7[GQ + 00Qallx 7/ + (1 + 32)(1 + P)CQ + o0 Qallly — 7

In estimating as we have used integration by parts. From the above in-
equalities we obtain

1Z(z,y) = Z(Z,9)|| < Wialz —Z| + Waally — Y,
where

Wia =1'(Q)(1 + Q1)[I" + (01 + 00)]
+ (1 +02)[7(A+GQ) + U(Q)Q(2 + n1(Q) +2Q1 + Q2n1(Q))]
+7a(1+ 02)(01 + 00)Q2 + Wi, ,
Waa =1'(Q)(1 + Q2)[I" + (01 + 00)]
+ (1 +02)[(1+p)(A+GQ) + UQ)Q(1 + Q2)]
+ (L +p)(A + a2)(01 + 00)Q2 + W3,

and W{, > 0, W3, > 0 are some constants such that lim, o+ W{, =
lim, o+ W4, = 0. By (9), (10) we can choose a so small that

(13) Wla S Ql; WZa S Q2 .
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Hence, for any (z,v), (%,7) € I, we get

(14) 1Z(z,y) = Z(@,Y)|| < Qilz —2[ + Qally — ¥ -
Finally, if a € (0, ag] is so small that inequalities (4), (11), (13) hold,
then by (12), (14) we have Z € Bi(a,Q,Q1,Q2). This completes the proof.

LEMMA 2. Suppose that Assumption Ha holds, Q,Q1,Q2 € Ry, p € (0,1)
and a € (0, a0 is so small that

(15) Lia(1+p)(1+Q) <p.

Then the operator V) maps Bi(a,Q,Q1,Q2) X Ba(a,Q,Q1,Q2,p) into
B2(a7QaQ17Q2)'

Proof. Let H=V®)[z, k], 2€B1(a,Q,Q1,Q2), heBs(a,Q,Q1, Q2,p). It

is easy to see that for any (&, x,y), (&, x,y), (§,2,7) € Aq, i =1,...,m, we
have

Hi(w,2,y) =0, |[|H;(&x,y) — Hi(&2,y)l| < ni(Q)I€ — €],
"Hz(€7x7y) —Hl(ﬁ,m,ﬂ)H

3
< ) f HQi(tagi(t7fc>y)v Z(t,gi(t,w,y))) - Qi(tagi(taxay)v Z(t,gi(t,m,@))n dt

€
<| Jut P+ Q0+ Qlgiltry) - gult2.7) de

xT

< Lia(1+ Q)1 +p)lly =7l < plly - ¥l

by (15). Note that (15) implies (4), and thus for any (£, x,y), (,7,y) € A,
i1=1,...,m, we have

VHi(6w,y) = Hil& @)l < | [ oiltg:(6.7,9), 200,00l ]

€
+ ‘ f ng(tv gz(tv z, y)7 Z(t,gi(t,m,y))) — 0 (t7 9i (uTa y)7 Z(t,g,-(t,f,y))) H dt’

< [m(Q) + Lia(1+ Q)vallr — 7| = valz — 7]

From the above inequalities we derive H € Bs(a,Q,Q1,Q2,p). This is our
claim.

For a € (0, ap] define constants
Eo =U(Q)I + n2(Q)a + UQ) 1+ n1(Q) + Q1 + Q2m1(Q)Qa + 01Q
+00Q] + (1 + 02)[La2a + UQ)(Q1 + Q211 (Q))a
Q)1 +n1(Q) + Q1 + Q2m1(Q))a + U(Q)Q + o1 + 00,
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Eoq = (1 +02)[A+ Laa(1 + Q2) + UQ)(1 + Q2)(Q1 + Q2n1(Q))a
+UQ)Q1 (1 +n1(Q) + Q1 + Q2m1(Q))a + 01Q2 + GQ + 70Q2] -

LEMMA 3. Let Assumptions Hi-Hy hold, Q,Q1,Q2 € Ry, p € (0,1)
and a € (0,ag] be so small that inequality (4) holds. Then for any z,z’ €
Bl(a’u QJ Q17 Q2)7 hu h/ S B?(a7 Q7 Qlu Q27P)7 we have

(16) VW [z h] = VO W1, < Buallz = 2'll1, + Baalllh = 1|, ,
A7) [VPle,h) = VO W1, < Liallz = 21, + Lia(L+ Q)llh — 1] a, -

Proof. Let 2,2 € By(a,Q,Q1,Q2) and h,h’ € Bs(a,Q,Q1,Q2,p). For
any (x,y) € I, we have
VOLz hl(a,y) = VL, K(2,y) = fo + Bu+ B2 + Fs
where
Bo = (AN, Y, 2(a) — A7H@ Y, 2, )AL (2, 9) + Do(2,y) + Az(2, )],
Bi = ANy, 2(, ) [Ai(2,y) — Az, y)],  i=1,2,3,
and formulas for A}, AL, A arise from (6) by replacing z,h by 2/, k', re-
spectively. Analogously to Lemma 1 we have
1Boll < V(@) +n2(Q)a +1(Q)(1 +n1(Q)
+ Q1+ Q2n1(Q))Qa + 01Q + 00Qll|z — 2|1,
181l < (1 + 02)Lagllz = 2'[l1, + (1 + 02)[A + Laa (1 + Qa)][[h = 1| a,,
[B2]] < (1 +02)[UQ)(Q1 + Q2n1(Q))a
+UQ)A+n1(Q) + Q1+ Q2 (Q))a + UQ)Q + o1]llz — 21,
+ (14 02)[(Q)(1 + Q2)(Q1 + Q2n(Q))a
+UQ)A +m(Q) + Q1 + Qani(Q))a+ a1 QJ[|h — 1|4, ,
185] < (1 +02)00llz — 2|1, + (1 4 02)[GQ + 00Q2][[h = 1| 4, -

From the above estimates we get (16). In a similar way we derive (17),
which completes the proof.

4. The main theorem

THEOREM. Suppose that Assumptions Hy-Ha, conditions (8)—(10) and
the inequality
(18)  U(Q)I+ Qo1 + 00)] + (1 + 02)l(Q)Q + (1 + 02)(01 + 00) <k,

are satisfied, where k € (0,1) is a constant such that k > (o1 + 0¢)(1 + 02).
Then for a € (0,ag] sufficiently small and for any system of numbers a; €
[0,a], | = 1,...,N, there is a function z € Bi(a,Q,Q1,Q2) which is a
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unique solution of the problem (1), (2) in the class By(a,Q,Q1,Q2). Fur-
thermore, if z,z' are solutions of (1), (2) with functions 1,1’ respectively
then

(19) Iz =2l < (1 =K) " A+ a2) v —¢'lo,
where || — ' [lo = sup{[[¢(y) — ' ()| : y € R"}.

Proof. Let V= (V) V@) where V) V) are defined by (6), (7).
From Lemmas 1-3 it follows that

V. Bl(aa Q) le Q2) X B2(aa Q> le Q2)p)

- Bl(a7 Q> Qla Q2) X BQ(a7 Q’ Qla Q27p)

is continuous provided that a is so small that (11), (13) and (15) hold. By
(18) we may additionally assume that a is small enough that
(20) Eio <k, Lia(1+Q2) <k, FsLia< (k—Fia)(k— Lo(1+Q2)).
Let o, > 0 satisfy Lis(k — Fia)™' < o/B < (k — L1a(1 + Q2))Ey"
Analogously to [4] we define in Bi(a,Q,Q1,Q2) X Ba(a,Q,Q1,Q2,p) the
following weighted norm:
(21) [wll« = allzllz, + BlAlla.,  w=(zh),

where z € Bi(a,Q,Q1,Q2), h € Ba(a,Q,Q1,Q2,p). It is easy to check
(cf. [4]) that V is a contraction with constant k& with respect to this norm.
Thus V has a unique fixed point w = Vw, w = (z,h) € Bi(a,Q,Q1,Q2) x
Bs(a,Q,Q1,Q2,p). Let us prove that Z is a solution of (1), (2). From (6)
by integration by parts we obtain

(22) 0= A71<I‘7 yaz(z,y))[Al(x7y) + AQ(.%',:I/) + A3<$7y)]7 (‘ray) € Ia ’

where A;, Az are defined by (6) with 2 = 2z, h = h and ANQ(x,y) _
(A21(z,y), ..., Aom(z,y)) is defined by

Aoi(w,y) = — [ (Aj(t,2,y), Dz (t,2,9))dt,  i=1,...,m.

a;

Multiplying (22) by A(z,y, Z(4,)) We obtain

Ali(xvy) + 521<x7y) + A&(.’E,y) = 07 (‘Tay) € Ia7 1= 17’ -, M,

which for z = a; yields that Z satisfies the boundary condition (2). Thus
(22) reduces to

T

f [fl (t’ gz(ta &€, y)v E(t,ﬁi(t,m,y))) - <A;k (tv €, y)v DtE: (t7 x, y)>] dt =0 )

a;

(,y) € I,,i=1,...,m, where g is defined by (5) for h = h. By the same
considerations as in [6] (in particular by using the group property for g) we
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see that z satisfies (1) a.e. in I,. By the reverse considerations and by the
uniqueness of the fixed point of V' we conclude that Z is a unique solution
of (1), (2).

It remains to prove (19). Let w = (z,h) = Vw, v’ = (2/,h') = V' be
the fixed points of V = (V1) V(?) defined by (6), (7) with functions v, 1’
respectively. We then have

Iz = 2|z, < A+ 02)llv —¢¥'llo + Erallz — #'ll1, + Eaallh = |4, ,
lh =W lla, < Liallz = 2l 4 L1a(1 + Q2)Ih = 1|, -
From this we obtain (1— E1q — EagL1a(1— Lia(1+Q2)) ") [lz— 2|z, < (1+

0'2)H¢ —”Lﬂ/Ho. By (20) we have 1 -k <1 _Ela —EgaLla(l — Lla(l —i—Qg))_l,
and from the last inequality we derive (19). This ends the proof.

5. Examples. Put £2 = [0, ag] x R” x R™ x R™.

ASSUMPTION Hs. 1° A € C’(ﬁ, M(m,m)) and there is a constant 7 > 0
such that det A\(az, y,u,v) > U for any (x,y,u,v) € 0.

2° There are constants n,l € Ry such that for all (z,y,u,v), (Z,7,u,v) €
2 we have

Az, y, u,0)|| < n,
1Az, y,u,v) = A@,5,w@0)| <} =7+ ly = 7] + [[u—all + [Jv -]

3° o(-,y,u,v) : [0,a0] — M(m,r),f(-,y,u,v) : [0,a0] = M(m,1) are
measurable for any (y,u,v) € R” x R™ x R™ and p(z,-) : R” x R™ X
R™ — M(m,r), f(z,-) : R" x R™ x R™ — M(m, 1) are continuous for a.e.
S [O,ao].

4° There are Lebesgue integrable functions lAljg : [0, ap] — R4 and con-
stants n1,ne € Ry such that for a.e. = € [0, ap] and for all (y, u,v), (y,u,7) €
R” x R™ x R™ we have

“@\(3:73/7“77))” < ni, ||f(37,y,u,v)H < ng,
lo(z,y, u,v) — o(z,y,u,v)|| < li(z)[[ly =¥l + [lu—ull + [lv -],

1f (@ y,u,v) = fl,y,w0)|| < @)y =yl + lv -2l + |lv —2[].

Let o, 3,7 : [0,a0] x R™ — RY" where a = (ag,a1,...,0.), 3 =
(Bo, By -5 8r), v = (0,71, --,7), be given functions such that —by <
ao(z,y), Bo(x,y),vo(x,y) < z for all (z,y) € [0,ap] x R". Suppose that « is
Lipschitz continuous on [0, ap] x R™ and that 3,~ are Lipschitz continuous
with respect to the second variable on R". Then, if we define

~

Az, y,w) = Az, y,w(0,0), w(e(z,y) — (,9))),
Q(xvva) = §(:c,y,w(0,0),w(6(x,y) - (l’,y))) )

~

f(x,y,w) = f(x,y,w(0,0),w('y(x,y) - (SU,y))) )
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and if Assumption Hs holds then the functions A, o, f satisfy Assumptions
H;—-Hj respectively. Thus the hyperbolic system with retarded argument

(23) Zj (@9, 2(2,9), 20, ) | Doz (2, 9)

+ 3 8@y, 2(2,1), 2(B(x, ) Dy, 2 (z, )
k=1

~

= f(x,y,2(2,9), 2(v(z,9))), i=1,....,m,
is a particular case of (1).
The differential-integral system

m a(z,y)
(24) Z <w Y, 2(x,y), f z(t,s)K(t,s,x,y)dt ds) [szj(x,y)
J=1 a(z,y)
r Blx.y)
+ Oik (:c,y,z(x,y), f z(t, s) Ky (t,s,x,y)dt ds)Dykzj(a:,y)}
k=1 B(=,y)
R F(z,y)
:fi(m,y,z(a:,y), f z(t, s)Ks(t, s,x,y) dtds), 1=1,....,m,
v(z,y)

where o, @, 8, 3,75 : [0,a0] x R" — R and K, Ky, K5 : [0,a0] x R” X
[0,a0] x R" — M(m,m), is also a particular case of (1). In this case if we
make suitable assumptions on «, «, 3, B, v,7%, K, K1, Ky and if Assumption
Hjs holds then A(z,y,w) defined by

a(,y)
Az, y,w) = g(x, y,w(0,0), f w(t—x,s —y)K(t,s,x,y)dt ds)
o(z,y)
satisfies Assumption Hy, and g, f similarly defined satisfy Assumptions Hs,
Hj3 respectively.
Our last example is the system

(25) Z .%' Y, 2 ) z(a(x,y, Z(x,y)))) DIZj(x7y)

+ Z @\zk(xa Y, Z(:U, y)7 Z(ﬁ($, Y, Z(z,y))))Dykzj(x’ y)
k=1

= fi(a:,y,z(:c,y),z(v(ﬂs,y,Z(x,y)))),
i=1,....,m, o, B,7: 2 — R
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LEMMA 4. Suppose that

1° Assumption Hy holds;

2° ay,w), By, w), Y-, y,w) : [0,a0] — R are measurable for any
(y,w) € R" x C(B,R™), and o(z,-), B(z,-),v(z,") : R" x C(B,R™) — R*"
are continuous for a.e. x € [0, agl;

3° for any (z,y,w) € 2 we have

a(z,y,w) € B, p(z,y,w) € B, ~(z,y,w) € B;

4° there is a nondecreasing function D : Ry — Ry such that for all
q € Ry, (xava)v (Tayaw) S [O,CL()] X R™ x CO+L(B7Rm7Q) we have

lee(, y, w) — e, g, w)|| < D()llz = 2| + |ly =yl + lw —wlo];

5° there are mnondecreasing functions D1, Ds : Ry — R4 such that for
all g € Ry and (y,w), (g, w) € R" x CoyL(B,R™,q) and for a.e. x € [0, ag)
we have

18(z,y, w) = Bz, 7, w)|| < Di(g)[lly = yll + llw —wllo],
1v(z,y,w) = 7(z, 7, W)|| < Da(q){lly = ¥ll + lw —wlo].-
Then the functions A, o, f defined by

~

A(z,y,w) = Az, y, w(0,0), w(a(z,y,w) — (z,v))),

Q(-T, Y, U)) = Z)\(xa Y, U)(O, O)a U)(ﬁ(l’, Y, w) - (‘7;7 )
f(l‘, Y, U)) = f(ﬂj, Y, w(oa 0)7 w(’Y(:’Ua Y, U)) - (fL‘, Yy
satisfy Assumptions Hqy, Ho, Hs respectively.

Remark 3. Systems (23), (24) can also be obtained from the theory
of differential-functional equations with operators of Volterra type [19]-][22].
System (25) cannot be obtained from that theory.
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