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1. Introduction

1.1. A number « € (0,1) is said to be normal to base ¢ if in the g-ary
expansion of o, a« = .dyda ... (d; € A={0,1,...,q—1},i=1,2,...), each
fixed finite block of digits of length k appears with an asymptotic frequency
of ¢=* along the sequence (d;);>1. Normal numbers were introduced by Borel
(1909).

1.1.1. Let (x,,)n>1 be an arbitrary sequence of real numbers. The quan-
tity
(1) D(N) = D(N, (xn)n>1) = sup, [#{0 <n < N [{zn} <7}/N -1

~€(0,1
1, where {x} = x — [z] is the fractional

part of z. The sequence {z,},>1 is said to be uniformly distributed (u.d.)
in [0,1) if D(N) — 0.

is called the discrepancy of ()N

1.1.2. It is known that a number « is normal to base ¢ if and only if
the sequence {aq" },>0 is u.d. (Wall, 1949). Borel proved that almost every
number (in the sense of Lebesgue measure) is normal to base ¢. In [G], Gal
and Gal proved that

D(N,{aq"}n>0) = O((N~tloglog N)/2)  for a.e. a.

1.2. In [K1] Korobov posed the problem of finding a function ¢ with
maximum decay, such that

Ja: D(N,{aq"}n>0) <¢Y(N), N=1,2,...
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He showed that (N) = O(N~'?) (see [K1]). The lower bound of the
discrepancy for the Champernowne and Davenport—Erd6s normal numbers
was found by Schiffer [S]:

D(N,{aq"}n>1) > K/logN  with K >0, N=2,3,...

For a bibliography on Korobov’s problem see [Po, L1].

1.3. In [L2] we proposed using small discrepancy sequences (van der
Corput type sequences and {na},>o) to construct normal numbers, and
announced that

Y(N) = O(N~1log? N).
This result is proved below. The estimate of 1(N) was previously known
to be O(N—2/310g*? N) (Korobov [K2] for ¢ prime, and Levin [L1] for
arbitrary integer ¢). We note that the estimate obtained cannot be improved

essentially, since according to W. Schmidt, 1972 (see [N, p. 24]), for any
sequence of reals,

Jlim ND(N)/log N > 0.

1.4. Let = [ag(x); a1(x), az(x), .. .] be the continued fraction expansion
of z, with partial quotients a;(x). For an integer b and Q > 1 let > a;(b/Q)
denote the sum of all partial quotients of b/@Q. Following [P] we prove (see
Lemma 3) that there exists an integer sequence b,,, and a constant K > 0
with

(2) Y ail{bm/q}) < KmP, m=12,...
r=1
THEOREM 1. Let
1 bk | 1
@) =Y o Y
m=1 4" odkagm L4 )4

where by, satisfy (2),
(4) ni=0 and ng= Z rq", k=2,3,...

1<r<k

Then the number « is normal to base q, and
D(N,{aq"}n>0) = O(N"'log® N).

1.5. Let (p} ;)i j>1 be Pascal’s triangle:
p;,l :pllﬂ :17 L= 1727"'7 p;] :p;,jfl +p;71,j7 i?j:2737"'7
and (p; ;)i j>1 be Pascal’s triangle mod 2:

(5) pij=p;jmod2, i,j=1,2,...
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Every integer n > 0 has a unique digit expansion in base ¢,

(6) n:Zej(n)qj_l with ej(n) € A={0,...,¢—1},

j=1
j=1,2,..., and e;(n) = 0 for all sufficiently large j.

THEOREM 2. Let

) =X Y

m>1 gt 0<n<q2™ 4
where
(8) di(n) = me-ej(n) mod ¢, di(n)e A, i=1,...,2™ nel0,¢"),
j=1
(9) ni=0 and n, = Z ¢, m=2.3,...
1<r<m

Then the number a is normal to base q¢ and
D(N,{aq"}n>0) = O(N~'log® N).

REMARK 1. We use here the sequence of 2 x 2™ matrices of Pascal’s
triangle mod 2. A similar result is valid for the sequence of m x m matrices
of Pascal’s triangle (or m x m matrices of Pascal’s triangle mod p) but with
D(N,{aq"}n>0) = O(N~'log® N), where a is denoted by a concatenation
of blocks w,:

where

W = (d1(1)...dm(1)...d1(¢"™) ... dn(¢™)), m=1,2,...,
and
di(n) = Zpi,jej (n) mod q.

Jz1

REMARK 2. Let (0;);>1 be any sequence of substitutions of the set A =
{0,1,...,¢ — 1}. The proof of Theorem 2 does not change if in (8) we use
the functions o;(e;(n)) instead of the functions e;(n) (see [B], [N, p. 25]).

2. Proof of the theorems. Let m > 1, b, ¢ be integers, 0 < i < m,
(b,q) =1,

(10) O = am(b) = Y {bk}q:@k

m
0<k<qgm™ q
(11) Omni = [q2m_i{amqi+mn}]/q2m_i'
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It is easy to see that {{bn/q™}q'} = {bn/q¢™ '}, and

ot = (S L s )

b b 1 1 b 2 1
:{mn—z}jL{(nI )} m—z+{(nn—t )} sm—i
q q q q q
Therefore

e ES

Let N € [1,mq™] be an integer, v € (0, 1],

13) 4G = { GOSN b <) o= 6
and
(14)  AGQP ()= #QSn<Q+P | {za} <)

Hence and from (10) we obtain

(15)  A(7, N, {amq" tnx0) = A(y, m[N/m], {amq" }n>0)
+ A(77 m[N/m]v N — m[N/m]’ {Oémqn}nzo)

= > AW [IN/m), {amg™ ™" auzo) + Om
i=0
with 6 € [0, 1].
Let ¢ = [¢"~], N1 € [1,¢™] and 0 < i < m. From (11) and (13) we
deduce

c—1 )
(16) A( qm 7N17 (amni)n20> S A(’Ya Nla {amqmn+l}n20)

m

1
< A<Cq+ , N1, (Oémm')n>o> .

LEMMA 1. Let N € [1,mq™] be an integer, v € (0,1], (b,q) = 1. Then
(17) A(’Ya Nv {amqn}nzo)

m
— AN (4 3 ND(N, {bn/q'},, )
YN +er{4m + i:11£zlva§qi (N, {bn/q'}n>0)

(18) A(77 mqm7 {amqn}nzo) = ,qum + 3€2m
with |e;] < 1, j=1,2.
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Proof. Let 0 < i < m, d, di, and dy be integers, d = dyq¢* + da, di €
[0,¢™%), dy € [0,¢"). By (12) and (13) we get

d
A(qm’ Nla (amni)n20>

b b 1 1 d 1 d
q q q q q q
Consequently,
(19) A(d/qm, Nla (amni)nzo) = Tl (Nl) + TQ(Nl)a
where
b d
(20) Ty (N) = #{0 <n< N‘ {qm"_i} < qml_i }
b d b 1 d
(21) TQ(N):#{O§n<N’{ m”}: L and {(”H}<?}.
q K2 qm 1 qm q'l

Let N7 = Na¢™ % + N3 with N3 € [0,¢™ %) and Ny € [0,¢%). It is easy to
see that

Ty (Ny) = Ti(q¢™ "Na) + T1(N3).
We see from (20) and (1) that
(22) T1 (N2qm—z) = Nle,

and

d b
Tl(Ng) = ml_z.N3+5N3D<N3,{ mril} ) with |€| <1
q q n>0
This yields

d b
(23) Ti(N1) = ——N; +¢ max ,ND(N,{ n} ) with || < 1.
g 1ISN<gm~! " ) n>o

Now we compute T5(N). Let dy be an integer, dy = d;b~! mod ¢ *
with do € [0,¢™*), and

Y ={0<n<N|{bn/¢" "} =di /¢ "}
Clearly if {bn/q™ %} = dy/q™ ¢, then bn = d; mod ¢™ ¢, n = dy mod ¢™ ¢,

and

, Ny —dy—1
(24) Y ={do+r¢™ " |0<r <Ny} with Ny= [1m0} +1.

Combining (21) and (1) we obtain
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(25) TQ(Nl):#{neY‘{b(Z:;l)}<;lf}

(o) ry i)
qm q q

d b
:N42.+62N4D(N4,{n+9} )
q" q" n>0

with 6 = b(dp +1)/¢™, |ea| < 1.
It follows from (1) that for every real 6,

(26) D(N, {zn + 0}n>0) < 2D(N, {zn}n>o0)-

By (24) and (25), this yields

Ni+q™ % —dy — 1] do

:#{0§T<N4

(27) Tx(Ny) =

— +2e max ND(N, {bn/q" }n>0)

qm q 1<N<gt

d .
= Ny— + 5+ 25 max ND(N,{bn/q' }n>0)
qm 1<N<g! -

with |e;| < 1, j = 2,3.

If Ny = ¢™, then Ny = ¢*, and NyD(Ny, {bn/q'},>0) = 1. Hence and
from (25) and (26) we obtain
(28) To(q™) = do +2e4  with |e4] < 1.
Substituting (23) and (27) into (19), we obtain

A(d/q™, N1, (@mni)n>0)

= Nid/q" +e5(1+ _max  ND(N,{bn/q""}nz0)
1<N<gm—i

+2  Inax ND(N,{bn/q'}n>0))  with |e5] < 1.

Using (16) and (15) we get
A(77 Ny, {amqmn+i}n20)
=Ny 22+ _max  ND(N, (/g™ hazo)

§N<qm77,

+2 x| ND(N,{bn/q"'}n>0))  with |eg| < 1,

and

A(1, N {amq" tnz0) = 0m + Y ~[N/m]

=1
m .
+er(2m+3) 3, VDO {n/4'}20))

1=

— AN +¢ <4m+3 max ND(N, {bn/q )
gl 8 ;1§N§qi (N, {bn/q" }n>0)
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where |e;] < 1, j = 7,8. Assertion (17) is proved. Assertion (18) follows
analogously from (22) and (28). =

LEMMA 2. Let 7 > 1,1 < N < ¢/, (b,q) = 1, and a;(x) be partial
quotients of {x}. Then
ND(N,{bn/q’ }nx0) < > _ ai(b/q’).
For the proof of this well-known theorem, see for example [N, p. 26].

LEMMA 3. There exists a constant K > 0 and integers ¢, € [0,q™) such
that

SN ail{em/ay) < Km®, m=1,2,...
r=1
Proof. According to [P, p. 2144] there exist constants K, such that
> D aile/q") S Kgq'r?,  r=1,2,...
1<e<qm, (e,9)=1
Therefore

(29) o DY ailfe/ay)

1<e<qm, (e,q)=17=1
m m
=2 " Y dlaile/a) <) q"Ker? S Kyqtm
r=1 1<e<qm, (c,q)=1 r=1

Let ¢(¢") = #{1 < c < ¢ | (¢,q) = 1} and K = K,q/¢(q). It is known
that ¢(¢™) = ¢™ ¢(q). Now the assertion of Lemma 3 follows from (29). =

COROLLARY. Let 1 < N < mq™. Then
(30) A, N Aam (bmn)q" tnz0) = 7N + O(m?).

The statement follows from (1), (2), (10), and Lemmas 1-3. m

Applying (3) and (10) we get
{aq" "} = {o (b))} 4+ 0" ™7 with 0 < 6 <1 and 0 < n < mg™.
Hence and from (13) we have, for N € [1,m¢™],

A(y = 1/¢™, N —m, {am(bm)q" }n>0) < A(y, N, {ag" " }n>0)
< A(y, N, {am(bm)q" tn>0)-

By using (30) and (14), we obtain
(31) A(Y, nm, Ny {aq" }n>0) = YN + O(m?)  with 1 < N < mg™.
Similarly, from (18) we deduce that
(32) Ay, mq"™ {aq" fnz0) = ymg™ + O(m).
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End of the proof of Theorem 1. For every N > 1 there exists an integer
k such that N € [ng,ng41). By (4) this yields

(33) N=ny+R with0<R<k", N> (k—1)¢"" k<2log, N.
Applying (4), (14) and (31)—(33) we obtain

k—1
A(’% N> {aqn}nZO) = Z A(’% Ty, Tqr7 {aqn}nZO) + A("% Nk, Ra {aqn}nZO)

r=1

k—1
= (yrd" +O(r)) + 4R+ O(k?)

=N + O(k?) = yN + O(log® N).
Thus, by (1), the theorem is proved. m
Proof of Theorem 2. In [So| Sobol’ proposed the use of Pascal’s triangle
mod 2 to construct small discrepancy sequences (see also [F], [N]). Here we

use Pascal’s triangle mod 2 to construct normal numbers.
Let P, be a sequence of a 2" x 2™ matrices such that

1 1 P, P,
Pl_(l 0)7 ) P?’L+1_<Pn 0>7

It is easy to prove by induction that P, is the 2™ x 2™ upper left-hand corner
of Pascal’s triangle (5), and P, is a triangular-type matrix. The following
lemma is proved in [BH] for Pascal’s triangle, and it is clearly valid also for
Pascal’s triangle mod 2.

LEMMA 4. The determinant of any n X n array taken with its first row
along a row of ones, or with its first column along a column of ones in
Pascal’s triangle, written in rectangular form, is one.

From (7) we have
(34)  {ag" Y — iy (n)dpgo(n) .. dgm(n)di(n+ 1) ...
Let 1 <k,t <2™ and
(35) ari(n) = [{ag"**" "} /¢
It is easy to see that
(36)  agi(n)

.dk_H(TL) ce dk_H'(’I’L) if k41 <2m,
Adig1(n)...dom(n)di(n+1)...dgyi—om(n+1) otherwise.

LEMMA 5. Let m, k, i, B, [ be integers, 1 <i,k <2™, B € [0,¢%" %),
f€10,q"). Then

A(f/q', Bq', ¢, (ari(n))n>0) = f + 2 with |e] < 1.
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Proof CASE 1. Let k+i < 2™, ¢; € A={0,1,...,¢—1} (= 1,...,1).
We examine the system of equations
(37) divj(n) =cj, j=1,...,i, n€[Bq,(B+1)q").
According to (8) this system is equivalent to the system of i congruences
Z Prijves(n+Bg')=cjmodq, j=1,...,i, n€[0,q").
1<p<2m
Applying (6) we see that e,(n + Bq¢') = e,(n) +e,(Bq¢'), v =1,2,..., and

68 3 prerswes(n)

1<v<i

=C5; — Z pk+j,l/eu(qu) mod q, ] = 17 s 7i7

i<p<L2m
with n € [0,q"). It follows from Lemma 4 that
(39) |det(pr+j)1<jo<il = 1.
For any ¢y,...,¢; the system (38) has a unique solution (e1(n),...,ei(n)),

and consequently there exists a unique ng € [Bq', (B + 1)¢") satisfying (37).
From (36) and (37) we see that the set {ax;(n) | n € [Bq', (B + 1)¢%)}
coincides with {j/¢° | 7 € [0,¢")}. Hence and from (14) we have
(40) A(f/‘f? quv qlv (aki(n))nZO) = f
CASE 2. Let k+1¢ > 2™, [; =2™ — k. As in (37) and (38), the system
of equations
(41) dk+j(n)zcj7 ] :17'-'7111
(42) dj(n—l—l)zcjﬂl, j :1,...,i—l1,
with n € [Bq', (B + 1)q¢*), is equivalent to the systems of congruences

(43) Z Pi+j,v€u(n)

1<v<i
=6 - Z pk+j7V€V(qu) mod q, .7: ]-7"'7l17
i<p<L2m
(44) > pives(nt1)
1<v<i
=citn— Y, DPive((B+[(n+1)/¢'])q") mod g,
i<p<2m 41

where j =1,...,i—1I; and n € [0,q").
Let n = ny + naght with ny € [0,¢"*) and ny € [0,¢°1). Tt is evident
that e, (n) =e,(ny) forv=1,...,1;.
The matrix P, is triangular. Hence
pk+]'7,j:0 WlthV>2m*k‘*]:l1*]

The system (43) is equivalent to the following system of congruences:
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45) > pepjwen(n)

1§l/§l1
=Cj — Z pk-‘rj,l/el/(qu) mod q, j:]-?"',llv
<y <2m
where n; € [0,¢") and ny € [0,¢71).

Applying (39) with ¢ = [; shows that this system has a unique solution
with (e1(n1), ..., e, (n1)). Consequently, there exists a unique solution n; =
n} € [0,q") satisfying (45).

By (41) and (43) we obtain
(46)  {(dit1(m+n2g" +Bq'), ..., dyyr, (m1+n2g" +Bg")) | 0 < ny < ¢}

={(c1,...,e) |5 €A, j=1,..., 1}

Now we examine the system (44) with ny = n) the solution of (45).
CasE 2.1. Let n} < ¢ — 2. Bearing in mind that
ev(n+1)=e,(n) +14+¢"ny) = e, (n) + 1)+ e,(¢""na2),
we deduce from (44) that

Z pjﬂ,e,,(qlan)

li<v<i
=cji, — Y, piwe(i+1) = > pjses(Bg’) mod g
1<v<ly 1<p<2m
with j=1,...,i—1; and 0 < ng < ¢* 1.
Applying Lemma 4 we obtain a unique solution for this system with

(e1,+1(q"" n2), ... ei(g'rna)).
By (42) and (44) we get

(47)  {(di(n} +nag" + Bg' +1),...,d;i_y, (n} +n2g" + Bg' +1)) |
0<ny <qg ™}y ={(c41, -y¢i) | eaj €A, j=1,...,i—11}.
Let
(48)  F ={dk+1(n)...dom(n)di(n+1)...dgti—om(n+1) |
0<n; <g"—1,0<ny <qg ", n=ns+mneq" + Bqg'},

and
(49) Gy =dpyr (¢ =14+ Bqg)), v=1,...,1.
From (46) and (47) we have
(50) F=A{(c1,...,¢ci)|c; €A, g=1,...,0 (c1,...,c0) #(g1,---,91,) }
and
(51) #F =q — ¢ ",

CASE 2.2. Let nf = ¢ —1, ny € [0,¢"~" — 2] and n = n} + naq't. Then
ev(ni+1)=0for 1 <v <l and e,(n+1) =e,((na+1)gh) for iy <v <.
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The system (44) is equivalent to the following system of congruences:
(52) > pives((ng+1)g")

lh<v<i

= Cj+iy, — Z pj,Vel/(qu) mod q, ]: 1""ai*llv
<p<2m

with 0 < ny < ¢*~ht — 2.
For ny € [0,¢° 7" — 2] we have the ¢~ — 1 distinct vectors of
(er,+1((n2 +1)¢"), ... ei((na + 1)g")).

Using Lemma 4 and by (52) we obtain for ny € [0,¢'~"* — 2] the ¢*=1* — 1
distinct vectors of (¢j,41,-..,¢;).
Let

G={(g1,-- g1, da((n2 + 1)g"* + Bq'),... di, ((n2 + 1)g" + Bq')) |
0<mny<q¢g~h -2}

From (42), (44) and (52) we find that #G = ¢*~"* — 1, and from (46) and
(48)—(51) that #(F UG) = ¢* — 1. Hence and from (36) the set {ay;(n) |
n € [Bq', (B + 1)q* — 2]} coincides with ¢* — 1 distinct values of j/¢* with
j €10,¢%). By (14) we get

A(f/q", Bq',q", (agi(n))n>0) = f +2¢  with |g] < 1.
Hence and from (40) we have the assertion of Lemma 5. m
COROLLARY 1.
(53) A(y, Bg', ¢', {ag™ 2 Y S0) = vt +de with |e] < 1.
Proof. Analogously to (16), from (14) and (35) we have

-1 o o m
A<f i B¢, q", (aki(n))nZ(J) < A(’Yv Bq', ¢, {QqnerQ n+k}n20)
< A((f+1)/4", B¢', ¢, (awi(n))n>0)

with f = [y¢']. By using Lemma 5 we obtain (53).

COROLLARY 2. Let 1 < N < 2m¢®" . Then
(54) A(Y, M, Ny {aq™ }n>0) = YN + 5ge2*™ with |e| < 1,
(55) A(*y,nm,quW, {aq"}n>0) = v2mg?" 4 Be2™ with |e| < 1.

Proof. Let N’ = [N/2™], N” = N —2"N’, N’ = 32" "' b,¢' with
b; € A,

7j—1
(56) No=0, N;j=> bym_i¢® ™', j=12,..., Bi=Nom_i1/q"
=0



110 M. B. Levin

It is evident that B; (i = 1,2,...) are integers, and N” € [0,2™). As in (15)
we see from (14) that
2711
A(ﬁYa Nim, N7 {aqn}nZO) = €N2 + Z A(f}/’ N,a {aqnm+2mn+k}n20)7
k=1
and
A(77 N/7 {aqnm+2mn+k}n20>
2m
= ZA(’VvNi—la me_iqT"—i, {aqnm+2mn+k}n20)
=1
2m—1
= Y Ay, Nam_io1,big', {ag™ 2" "R )
i=0
2™ —1b;—1
= Z Z A(y, Nom i1+ Bq', ¢', {ag" " "F, 5).
i=0 B=0
Using (56) we have
A(77 Nm, N7 {aqn}nz())
2™ 2™ —1b;—1
=27 Y > > A (Bi+ B)d ¢ {agm T ).
k=1 i=0 B=0
Applying (53) we obtain
2m 2™ —1h;—1
A, N {aq" bnzo) = 2™ + 3 > Y (90" +4ei) = 4N +5g2,2°"
k=1 i=0 B=0
with [eq] < 1.
Assertion (54) is proved. We prove (55) analogously.

End of the proof of Theorem 2. For every N > q there exists an integer k
such that N € [ng, ng4+1). By (9), this yields N = np+R with 0 < R < 2kq2k,
N > 2= 2" ok < 2log, N. Applying (9), (13), (14), (54) and (55) we

obtain
k—1

A(’Y, N7 {aqn}n20> - Z A(’% Ny 2mq2m7 {aqn}nZO)
m=1
+ A(% Nk, R: {O‘qn}nzo)
k—1
=) (12" +0@2™) +yR+ 0(2°")
m=1

=N + 0(2?%) = yN + O(log® N).
Thus, by (1), the theorem is proved. m
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