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1. Introduction. It is well known (see e.g. Pélya and Szegé [11, Chap-
ter 2]) that (f), 1=20,1,2,...,is a basis over Z for the integer-valued poly-
nomials. In 1951, Straus [12] proved that a basis over Z for the polynomials
which together with all their derivatives are rational integral at all ratio-
nal integers is given by Hp pli/pl (f), 1=0,1,2,..., where the product runs
over all rational primes p. In 1955, de Bruijn [7] (see also Hall [8]) proved
that a basis over Z for the polynomials which together with all their first
order differences are rational integral at rational integers is given by ¢; (‘f),
1=0,1,2,..., where ¢; denotes the least common multiple of 1,2,...,47 and
by =1.

In 1959, Carlitz [5] proved among other things that a basis over Z for the
polynomials which together with their differences up to order r are rational
integral at rational integers is given by le (f), 1=0,1,2,..., where L((]T) =
1 and LZ(T) denotes the least common multiple of the products s ... s, where
81, ..., Sk are positive integers subject to s14...+sp <iforallk=1,...,7.
Carlitz in the same paper also showed that the class of polynomials which,
together with their derivatives of all orders, are rational integral at rational
integers coincides with the class of polynomials which, together with all their
differences of all orders, are rational integral at rational integers (see also
Laohakosol and Ubolsri [9]).

In 1976, Brizolis and Straus [1] proved that a basis over Z for the doubly
integer-valued polynomials, i.e. polynomials which together with their first
derivatives take rational integral values at all rational integers, is given by

k(p,i) (L - @ (7T C_
1I» (p)<i>+2aj <Z> i=0,1,2,...,
p J

—

where k(p, 1) is the greatest integer k such that kp* —(k—1)p*~! <, and ag-i)
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14 V. Laohakosol

are computable integers. Brizolis and Straus have remarked that there does
not exist a basis over Z for the class of doubly integer-valued polynomials
which consists of integral multiples of the polynomials (f ) as in other cases
mentioned.

In this paper, we consider analogous problems in the polynomial ring
GF(q, z)[T], i.e. the ring of polynomials with coefficients from the rational
function field GF(g, x). This problem was posed in Narkiewicz [10]. In Sec-
tion 2, we compile the terminology and basic properties that will be used
throughout. In Section 3, we state a lemma which will be applied later, as
well as briefly collect results about the problems we consider that are known
to us. Section 4 treats the case of linear polynomials, which is simpler and
where the desired bases can be completely constructed. Section 5 treats the
general case; as will be seen our discussion is more or less complete, save
only that bases for the cases of higher order derivatives are not explicitly
exhibited because the computation involved becomes too messy, but the
ideas used for such construction work generally. The messy shape of such
bases reflects close similarity with the classical case of doubly integer-valued
polynomials mentioned in Brizolis and Straus [1].

2. Preliminaries. The notation and auxiliary results in this section
follow closely those in Carlitz [2], [3] and will be kept throughout the paper.
Let GF[q, x] be the ring of polynomials over the Galois (finite) field GF(q)
of characteristic p with ¢ = p™, and GF(q, z) its quotient field. For positive
integer m, let

m] =27 —z, [0]=0, Lp=[m]m-1]...[1], Lo=1,

Fp=[mlm—17.. 117", F=1

It is known that F,, is the product of all monic polynomials in GF[q, x]
of degree m, and L,, is the least common multiple of all polynomials in
GF|g, z] of degree m. Define a sequence of polynomials over GF[q, x| by

()= [ (T-M), (T)=T,
deg M<m

where the product extends over all polynomials M € GF[q, z], including 0,
of degree less than m. We know that 1,,,(T) is a polynomial in T" of degree
¢ with coefficients in GF[q, 2] and enjoys the following properties:

V(1) = cP(T) (Ve € GF(q)),  Yn(T+U) = ¢m(T) + m(U),
Y (E) =0 for all E € GF|g, z] of degree less than m,

Ym (M) = F,,, for all monic M € GF[q, z] of degree m.

Note that the first two properties are referred to as linear properties, which
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is defined as follows: a polynomial f(7T) is called linear if

fT+U)=fT)+ fU), [(cI)=cf(T) (Vce GF(q)).
It has been shown that any linear polynomial in GF(q,z)[T] of degree ¢
has a unique t-representation of the form > "  A;4;(T), A; € GF(q, z).
Write a positive integer m with respect to base ¢ as
m=aoay+a1q+...+as¢’, oa;€{0,1,...,9—1}, as#0.
Define a sequence of (Carlitz) polynomials GF[q, z] by
Gm(T) =g (D)7 (T) ... (T),  Go(T) =1,

: S
and let
gm = FOFY L Fds,  go=1.
We know that G,,(T") is a polynomial in T of degree m with coefficients
in GF[g, z], and any polynomial of degree m in GF(q,z)[T] has a unique
G-representation of the form (see also Wagner [14], [15])

i=0
Another related polynomial G/, (T') of degree m is defined by
=0

where
y (T for0<a<qg-—2,
Gaqi(T) o {wf‘(T) —F* fora=q-1.

An integer-valued polynomial is a polynomial f(T') € GF(q,z)[T] such that
f(M) € GF|q, z] for all M € GF[q,x]. Denote by IVP the class of integer-
valued polynomials; by D", r € N, respectively D, the class of integer-
valued polynomials which together with their derivatives up to order r,
respectively of all orders, are integer-valued, i.e. belong to GF|g, z].

Let Mj,..., M, be nonzero elements of GF|q, z]. Define the zeroth dif-
ference of f by

AY(T) = f(T),
the first difference of f by
f(T'+ My) — f(T)
M,
and in general, for r € N, define the rth difference of f by
_ AT+ M) — AT
= A

Af(T) = for all choices of M; € GF[q, z],

A"f(T)
for all choices of My, ..., M, € GF[q, x].
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Denote by A", r € N, respectively A, the class of integer-valued poly-
nomials which together with their differences up to order r, respectively of
all orders, are integer-valued. We note in passing that the sets IVP, D",
D>, A", A* are all closed under addition and multiplication by elements
from GF|g, z]. Throughout, we will find it convenient to make use of the
notion of the ¢g-indices of a nonnegative integer m. Let the base-q represen-
tation of m be m = ag + a1qg+ ... + ae(m)qe(m) + ...+ ad(m)qd(m), where
o; € {0, e, q — 1}, a1 = ... = Qe(m)-1 = 0, Qe (m) # 0, Qd(m) 75 0. Then
e(m) and d(m) are called the lower and upper g-indices, respectively, of m.
The word integral refers to being an element of GF|[g, x].

3. A lemma and known results

LEMMA. (a) For nonnegative integer i, we have

D (T) = (-1)%‘2 <D - (ZF).

b) For a nonnegative integer i = ag + a1q + ... + agq®, we have
( g g q q°,

J=0

(¢) For positive integers i > j with base-q (= p™) representations i =
o+ a1q+...+asq® and j = By + Biqg + ... + Bsq°, we have

1\ [(ap\ [ Qg
()= () () - (5:) moan
where (8‘) 1s interpreted as 1.

Proof. For (a), see Wagner [13], and (b) is immediate from (a). For (c),
see Comtet [6, p. 9].

Results related to integer-valued polynomials GF|g, x] available to us are
as follows:

1 (Carlitz [3]). A linear polynomial f(T) = >.*, Aii(T) is integer-
valued if and only if A; F; € GF|q, x|, i.e. ¥;(T)/F; form a basis over GF|q, z]
for linear integer-valued polynomials.

2 (Wagner [16]). A linear integer-valued polynomial

p) =3 M ¢ Ay e 1) 4,
i=0 '

i.e. Liwp; | F; form a basis over GF[q, x| for Al.

m
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3 (Carlitz [3]). A polynomial f(T) = > 1", A;Gi(T) is integer-valued if
and only if Ajg; € GF|q,z], i.e. G;(T)/g; form a basis over GF|[q,x] for
IVP.

4 (Carlitz [4]). A linear polynomial f(T) of degree ¢ is integer-valued
if and only if f(27) € GF|q, ] for all j € {1,...,m}.

5 (Carlitz [4]). A polynomial f(T) of degree less than ¢ is integer-valued
if and only if f(M) € GF|q, z] for all M € GF|q, x| of degree less than m.

6 (Wagner [17]). Let f(T) = 3.1 2945 € TVP. Then
6.1) feA' s Le-jy | Aj (V5 > 1), where e*(j) = max{e(7) : 1 <7 < j},
e(i) = max{k : ¢" | i}.
(62) feA &I |A; (¥ > 1), where
Z§T) = lcm{Lg.S) 1<s<r},
LY =lem{Legy) - Leqiy) t i1y yip > 0,i1+. . 4ip <,
g/ Gt i (§ — 9 — ... — 1)) ds prime to p}.

In passing, let us mention two interesting results which can be proved
directly:

(i) Livs(T)/TF; € IVP.
(ii) The set {Le;Gi(T)/Tg; i =1,2,...} forms a basis over GF[q, 7]
for IVP.

4. The linear case. As mentioned earlier, Wagner [16] proved

PROPOSITION 1. The set {L;1;(T)/F; :i=0,1,2,...} forms a basis for
linear polynomials belonging to A' over GF[q, z].

Since A?(L;1;(T)/F;) = 0, an immediate consequence of Proposition 1
is

COROLLARY 1. Every linear polynomial belonging to A' also belongs to
A" for all r > 2.

For the case of derivatives, we now prove the following result.

THEOREM 1. The set

{w‘}g),(—ni(w};}? + %?) Li= 1,2,...}

forms a basis for linear polynomials belonging to D' over GF[q, z].

Proof. We first show that each basis element has integral derivative.
This is evident because D(vo(T)/Fy) = 1/Lo = 1 and D(v;_1(T)/F;—1 +
¥i(T)/FL ) =0, by part (a) of the Lemma.
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Next, let f(T) = >, Aii(T)/F; € D'. To complete the proof, we
show that f(7") can be written in the exhibited basis. Since

Df(T) = i (_E)ZAl € IVP,
i=0 v

multiplying by L,,_1, we deduce that (—1)""A,,/[m] is integral, i.e.
Ay = (-1)"[m]a,, for some a,, € GF[q, z].
Thus
m—2 ;
(=1)'A;i | (=)™ Ap1 4 am
Df(T) = .
F(T) ; 7+ A

Multiplying by L,,_2, we deduce that ((=1)™"1A,,_1 + a,,)/[m — 1] is in-
tegral, i.e.

A1 = (=1)™ap + (=)™ m — 1]a,,_1 for some a,,_; € GF[q, ].
Continuing in this manner, we have

A= (=D taiy + (=1)ila; (i =0,1,...,m),

where ag, a1, ..., am, ane1 = 0 are all in GF[g, z]. Thus
- ; - (T
F(1) = ;((—1)Z+lai+1 + (=1 fiar) L0
_ a0¢0 Vi Vi-1(T) | i(T)
B + Z < Fiy " Fiqfl 7
which completes the proof of Theorem 1.
Since
Yo(T) o Vit 1t(T) | ¥ui(T)
D*(—=——|=D =
( 2 o TR )70
we have

COROLLARY 2. Every linear polynomial in D' also belongs to D™ (T') for
allr > 2.

REMARKS. It will be shown later that, generally, for each finite positive
integer r, we have A" C D" but A*® = D*°. Generally, however, A" # D"
as shown by the following example in the case r = 1. Let

_ %(T) | (¢u(T) | o(T) Yo (T) | (T)
I = (}“o +<}’SI +0F0>+<37f i 1Fl>

_ 20(T) Y1(T) P2(T)

_;70+(1+[1]) Fo TR
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Clearly, f € D', but f & A! for Ly = [1]4(1 + [1]), and Lo = [2][1]1[2].

5. The general case

DEFINITION. Let k and r be positive integers. Define
LSy =lem{Log—yy 15 € Z, 0< j <k, () 20 (mod p)}
(note L&I)c) = Law)),
Li%;)g) = lem{ Le(k—jy) Le(ji—ja) : J15J2 € Zy 0 < jo < j1 <k,
(5)C) #0 (mod p)).
L% =1em{ Logomj) Le(i—s) -+ LeGy—s—3) 1o+ dr € T,
0<jr <Jro1<...<j1 <k, (ﬁ)(;;) (]’];1) Z£0 (modp)},...,
L) =1em{ Logomjy) Le(i—j) -+ G152 €2, 0< ... < 2 < j1 < k,
(5)(@)... £0 (mod p)},
L:((,Q - 1cm{Li}3€), . ,LS&)}, ng,jj) - 1cm{L§3€), Lgi), . ,Lg;;;;}.

As mentioned earlier, Wagner [17] proved the following two results using
slightly different notations.

PROPOSITION 2. The set {1, Lq;)Gi(T)/gi - i = 1,2,...} forms a basis
for A over GF[q, z].

PROPOSITION 3. The set {1,L:g))Gi(T)/gi 21 =1,2,...} forms a basis
for A" over GF|g, x].
An immediate consequence of Proposition 3 is

COROLLARY 3. The set {1,L:((;>)O)Gi(T)/gi ci=1,2,...} forms a basis
for A> over GF[q, z].
For the case of derivatives, we prove the following results.

THEOREM 2. The set

f1.Cap (U0 D) G Dt = = 1)),
a§l+q )gi-‘,-qj a§z:r1q )gi—i-qj*l

j=0,1,2,...; i:0,1,...,q7+1—qﬂ'—1}

where ag-k) denotes the jth digit in the base-q representation of k, i.e.

k= aék) + agk)q +...+ agz;g)qd(k),
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and
L 1 ifi=0,1,....,¢ —¢71 -1
5, ¢ — ¢t —1) = L , s
(" —q ) {0 ifi=¢ —¢ 1. ¢ —¢ -1
forms a basis for D' over GF[q,z], provided those terms with a(k) =0

(mod p) in the denominators are interpreted as 0.

Proof. Let f(T) = Y2 AiGi(T)/gi € IVP. By part (b) of our Lemma,
d(Z) )JO‘( )Gl qJ( )

ZA Z ]gz_q.?
,n‘l_ol { d(iz) (— ) (z+q )AH_qJ }Gz(T)

= 7=0 Lj 9i
mzl F G4(T)
=0 gi ,

where
d(m—1) ( ) (H—q )A
. 'LJ,- J
F(d(m—1)) = E L- <,

i=0 J
and d(i) denotes the upper g-index of i. Therefore,

Df € IVP = F(d(m —1i)) € GFlg,2] (i=0,...,m—1).

Suppose that f € D!, and put ¢ = d(m — i), for short. Multiplying
F(c) = F(d(m — 1)) € GF[q,z] by L.—1, we deduce that

(=1)°al* 1) Ay, e = [Jairge  for some a4 € GF[q, z;

if a&HqC) =0 (mod p), take a;4q4 = 0. Multiplying by L._2 to get

c—1
( 1)C ! £l+1q )Az+q° 1 +al+q

F(c)=F(c—2)+ I

€ GF|q, z],

we deduce that
- c—1
(—1)071042@'1‘1 )Ai+qc_1 =[c—1]a;1ge—1 —iyqe for some a;; 41 € GF[q, x].
Continuing in this manner, we arrive at
(_1)ja§'i+q )Ai+qj = [j]ai+qj = Qjqgitt
(i=0,....m—1; j=0,...,d(m —1)),
where all a,,4 € GFlg, 2], a;4qa0m+1 = 0, and @445 = Gipq+1/[j] if

a(¢+qj)

; = 0. By adding appropriate zero coefficients at the end if neces-
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sary, we can write

d(m) ¢t —¢7 -

A0+Z Z Az‘+qui+qj(T)'

Gitqi

Direct substitution yields, provided terms with the a’s = 0 (mod p) are
taken as 0,
d(m) gt —¢7 -1
= Ay +
j=0 i

(g lssy —isg Gig(T)

> )
0 a§2+q ) gi+q3

Now

d(m) ¢/t —gi —1

Z Z (*1)j+1ai+qﬂ'+lGi+qi (T)
— s NG
j= i=

j Ji+qi

d(m) ¢/ —¢’ !

-y ¥ (1) 145 Gt i1 (T)
- i+ Jj—1 I
= — a( g¢i=1)

-1 Gitqgi-1

where we have made use of the convention that G, =0, Ajpqd(m)+1 = 0.
Hence, every f € D! can be expressed in the required basis.

On the other hand, suppose we are given an integer-valued polynomial
written in this basis, called B;; for short, over GF[g, z|, in the form

f(T) = Ao + Z Bijaitqi-
i,
Retreating the steps above, we can write f in the form

Givoi (T)
H-q? i+q7
= Ag + Z " € IVP,

where (—1)ja§i+qj)Ai+qj = [J]@itqi — @ipqi+r, and
m—1 d(m—z) . m—1
itq — Qipgrtr | Gi(T i+1Gi(T
prin) =3 3 Heeeptae jOR -5 e B v,
i=0 =0 Lj Gi o gi

where we have made used of the convention that Qg qatm—iy+1 = 0.

REMARKS. As witnessed by Theorem 2, and the remarks after Corol-
lary 2, no basis for D" is of simple form, yet repeated use of the arguments
as in Theorem 2 can clearly be applied to obtain bases for all D", » > 1. We
are content here to derive one more basis, that of D?.
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THEOREM 3. The set
{1 ([j}Gi+qj (T) N §(i,qf — o7 — 1)Gi+qj1(T)> ]

e i+gl ! i—1tqI
a§- ! )gi—i-qj ag_lq )gi+qj_1 04; )
_(U - 1]Gi+qf*1(T)+5(i,qul — ¢ - 1)Gi+qj2(T)) §(i, g —gi=t — 1)
et itqi? i—1tqi—1
O‘g'—1q )gi+q.7'—1 045-_2‘1 )gi+qj—2 0‘;—1 @)

forj=0,1,2,...; ¢:0,1,...,q3’+1—qﬂ'—1},

where the a’s and §’s are as defined in Theorem 2, forms a basis for D? over
GF|[q, x|, provided that those terms with o’s =0 (mod p) in the denomina-
tors are interpreted as 0.

REMARK. In the proof that follows, we proceed as if all the a’s # 0
(mod p); necessary adjustments for the other case are easily taken care of
as described in the proof of Theorem 2.

Proof (of Theorem 3). Let

F(T) =" AiGi(T)/g; € IVP.
i=0
From the proof of Theorem 2, we have

i (i4+q° .
feD & (1Yol Ay = [flag — airgn
(i=0,1,....m—1; j=0,1,...,d(m —1))
where all a; 4 € GF[q, ], a;44aem-i+1 =0, and f € I[VP

m—1

sDfT) =Y “*15() € IVP and f € IVP
i=0 t
d(m) g7t —¢7 -1

S UGt (T)
e =a+d Y @
j=0 =0 a; Ji+qi
6(i, ¢ — 't = 1)Giygi—1(T)
+ (i+a D) Gitq)

Q1 Gitqi—t
Repeated use of these facts implies that
feD? < feD!and Df € D*
& f e D' and (—1)ja§i+q1)@i+1+qﬂ' = [1]bitgi — biygin
(i=0,1,...,m—2; j=0,1,...,d(m—1—1)),

where all bi+qj S GF[q, x], bi+qd(7rz—i)+1 =0
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d(m) ¢t —¢7—1

j 'Gi qj(T)
= Ao + z:O Z% (—1) {([jgwqj)g

itq’

+

0(i, ¢ =" = 1)Giygs 1 (T) [ []bic14qi — biciggitr
(i+qi—1) (—l)ja(.i_l—’_qj)
j

o Gitqi-t
d(m) ¢/ Tt —q¢’ — . d(m) ¢’ —¢’ =1
Ez][]]bz Eij|71bi—14q7 Eij 1bi_14qs
= Ay + Z Z BN Z Z — T
i= Q; i= Qg
d(m) ¢t —¢7 -1 .
Ei;lj]
—ar Y Y
5=0 i=0 «

J

P

E; j_10(3, ¢ —¢ 1 -1)
- bi—14qs
J 1

where _ A
[]Gitqi (T) n 6(i, ¢ — ¢t = 1)Gig i1 (T)

(i+4%) NG . ’
aj Gitqi J 1 Gitqi—1

Eij:=0if j <0, and b; jam-1+1 = 0. The theorem thus follows.

Ez‘j =

Since D" has no bases of simple form, it may be of interest to obtain
equivalent results involving divisibility by L; in the spirit of Proposition 3.
Let f(T)=>.1", AiGi(T)/g; € IVP. Then

mo1  d(m—) G 4L G
Df(T)—Z{ > o I Hq}%?

=0

j=0
and so

d(m—i) i (i+d?)

Df eIVP & A'(i):= S

7=0

itq’

€ GF[q, 2]

(i=0,1,...,m—1).

Similarly, we have

m—2 ,d(m—1—i2) (_1)j2a(i2+qj2)A,(i 4 2
2 _ J2 2 q ) Giz (T)

)

i j2=0 J2 Gis
and so for i =0,1,...,m — 2, we have
d(m—l—ig) y, (i2+qj2) 1/ y
—1)2a A 19 + J2
D’f e IVP & A(ip) := ) ()" oy, iz %) € GF[q, z]

L,
Jj2=0 72
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d(m—1—iz) d(m—iz—q’2) (_1)j2+j1a(i2+qj2)a(i2+qj2+qj1)A‘
J2

_ Z Z J1 i2+q72+471

L. L,
J2=0 j1=0 J2 N

€ GFlg, z]|.

Arguing as above, and noting that since GF|q, z| is of characteristic p, it
follows that DP f = 0 for all f € GF(q,z)[T], we have in general

THEOREM 4. Let r € N, r < p, and let f(T) =>.1", A;Gi(T)/g; € IVP.
Then

D"f e IVP & A" (i) € GF[q, 2],

d(m—r+1—i,) d(m—r+2—ir—qj"“)

Ay = Y >

j'r‘:O jr—1:0
d(m—1—i.—qi" —...—¢73) d(m—i,—qI" —...—¢72)
E E ’ (_1)jr+...+j1
J2=0 j1=0
y Jr y Jr Jr—1 ; Jr J1
% olirtd’") o (irta’" +q )ma(lqu +...+q’t)
Jr Jr—1
A, Jr J1
x —wtairt..tg (ir =0,1,...,m—r).
Lj Lj, - Ly,

Our last theorem confirms that the cases of differences and derivatives
of infinite order are of special character.

THEOREM 5. (i) For a positive integer r, we have A" C D", and the
inclusion can be strict.

(i) A = D=.
Proof. To prove (i), it is enough to consider the case r < p. Let f(T') =

St o AiGi(T)/g; € A". By Proposition 3, L:g)) | A; for all i. Now by part
(c) of the Lemma, we get

L Al O /L W A L g
(z’r+qu'+...+qj2 = % (mod p),

(1)

i+ qu _ (irt+d’)

( ;i > =aq; (mod p).

By (1) and the shape of A (i,.) in Theorem 4, we see that
Lex— gy Lea—a) - - - Le(Jr_l—JT)A(T) (ir), where

K=i.+¢" +...+¢", Jh=i+¢ +...+¢, ..., J. =i,
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belongs to GF|[q, z], and so D" f € IVP for all r. Thus f € D", yielding A" C
D". That, generally, A” # D" follows from the remarks after Corollary 2.
To prove (ii), by Corollary 3 we have

feA” & L:E;o) | A; for all i,

where we use the convention that L:((g;) )~ 1. By the same arguments as

above, we thus get A (i,) € GF[g,x] for each positive integer r. This
implies that A% C D,

Finally, to show that D> C A%, take any f(T) = >.1", A:Gi(T)/g; €
D> Since DPf = 0, we have
1

_ T+ M) - f(T) = M'Df(T)
Af(T) = 7 = ; - e IVP,
ie.
(2) feD®= Af €eIVP, and so f € A.
In general,
, . DIif(T+ M) — DIf(T
DIAf(T)) = A pry) = PIEEAD = DD
Pl a1 ity
> M D,, ST ¢ yp ifj<p—1,
= i!
i=1
0 if j > p,
and so
(3) f e D>® = Af € DJ for each positive integer j
= Af e D*

= feA? by (2).
Repeated applications of (2) and (3) yield that f € A>, and so D™ C A.
Theorem 5 and Corollary 3 give

COROLLARY 4. The set {1,L:((;.>)O)Gi(T)/gi 1 =1,2,...} forms a basis
for D> over GF|q, z].
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