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We obtain the values concerning M (0, ¢) = liminf |, |q|||¢f—¢|| using
the algorithm by Nishioka, Shiokawa and Tamura. In application, we give
the values M(6,1/2), M(0,1/a), M(0,1/+/ab(ab+ 4)) and so on when 6 =

(v/ab(ab+4) — ab)/(2a) = [0;a,b,a,b,...].

1. Introduction. Let 0 be irrational and ¢ real. We suppose throughout
that gf — ¢ is never integral for any integer q. Define

M(8.¢) = liminf gl — 0.

which is called the inhomogeneous approzimation constant for the pair 0, ¢.
It is convenient to introduce the functions

M. (0,¢) = liminf gf|g0 — 4|
and
M-(0,¢) = liminf gllqf + || = lim inf |q[[|¢6 — o].

Then M(0, ¢) = min(M_ (0, ¢), M_(0, ¢)). These notations are introduced
by Cusick, Rockett and Sziisz [2]. M (6, ¢) or M4 (0, ¢) has been treated by
Cassels [1], Descombes [3], S6s [9], Cusick et al. [2] and the author [5] by
using several algorithms for inhomogeneous Diophantine approximation in
which ¢ is expressed by the continued fraction expansion of §. However, it
is not easy to evaluate M (0, ¢) if it exists for any given pair of § and ¢.

In this paper we establish the relationship between M(6,¢) and the
algorithm of Nishioka, Shiokawa and Tamura. Indeed, this was hinted at
in [5] but has not been proved yet. If we use this result, we can find the
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exact value of M(0, ¢) for any pair of 6 and ¢ at least when 6 is a positive
real root of a quadratic equation and ¢ € Q(0). In fact, we give several
applications when 6 = (y/ab(ab + 4) — ab)/(2a) = [0;a,b, a,b,...] = [0;a,b]
for fixed positive integers a and b.

2. Algorithm by Nishioka, Shiokawa and Tamura. We first in-
troduce several notations and show how Nishioka, Shiokawa and Tamura
[6] represent ¢ through the continued fraction expansion of . As usual
0 = [ap; a1, az,...] denotes the continued fraction expansion of 6, where

0 =ao+0y, ao=10],
1/0h-1 =an+60n, an=11/0p_1] (n=12,...).
The kth convergent py/qr = [ao; a1, ..., ax] of 6 is then given by the recur-
rence relations

Pk = QkPk—1 + Pk—2 (k = 07 17 .- ')7 b—2= Oa b-1= 17
Gk = axqr—1+q-2 (k=0,1,...), qga2=1, ¢g1=0.

Denote by ¢ = ¢[bg; b1, ba, ...] the expansion of ¢ in terms of the sequence
{60,01, ...}, where

¢:b0_¢0a bO:[QZ)-Ia
(Z)n—l/en—l :bn_¢n7 by, = [¢n—1/0n—1—| (TL: 1727)
Then ¢ is represented by
¢ =bg—b160g + b26p61 — ... + (—1)kbk9061 v O — (—1)k9091 e Ok 10k

o o0
=bo— > (~1)* " bpboby ... 0p_1 = by — > bpDy_1,
k=1 k=1
where Dy = qu0 — pr = (—1)%000, ...0,. As usual @y, Gri1,..., Gy is the
periodic sequence with period ag, ag+1, - .., a,. We interpret by, bg41, ..., b,

similarly.
Now, we state our main theorem.

THEOREM 1.
M_(0,) = lim nf min(B, | B, + o] B; | B30 + o1).
where B,, = 22:1 brqr—1 and B} = By, — Gn-1.

Proof. Let n be odd. Then ||B,0 + ¢|| = {B,0 + ¢} = ¢,,Dy,—1. Take
any integer k with 0 < k < ¢y,. Since {(¢n — jqn-1)0} =1 — |Dy| — jDp—1
is the jth largest value (j = 1,...,¢, — 1) among {k6} (see e.g. [4], [§]
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for details),

{(Bn + qn — anfl)e + ¢} = {Bn9 + ¢} + {(qn - anfl)g}
=1- (|Dn| + (] - qbn)Dn—l)
<1l- ¢nDn—1 =1~ HBnH + (ZS”
if 7 # 1. However, {(By, + ¢n — qn—1)0 + ¢} is less than 1, but less than
1 —||Bn0 + ¢| if and only if 6,, + 1 > 2¢,,. Thus, for any integer k with
0 < k< gqy,andk # g, — qo_1 we have ||B,0 + ¢| < ||(B, + k)0 + ¢||,
yielding By||Bnb + ¢|| < (Bn + k)[|(Bn + k)0 + |-

Next, consider a positive integer B,, —k with 0 < k < ¢,,. When b,, < a,,,
then Bn - ((;771 - Qn—l) < Bn—l + dn—1- Hencea if Bn —qn t+qn-1 < BTL—17
then
(Bn —Qgn + Qn—l)H(Bn —qn + Qn—l)e + ¢H
S min(Bn—1||Bn—19+¢”a (Bn—l_Qn—l +Qn—2)H(Bn—1 —Qqn-1 +Qn—2)0+¢H)
Otherwise, it is sufficient to consider smaller n. When b,, = a,, + 1, we obtain

|(Br = @n + @n-1)0+ ¢|| =1+ | Br-10 + &[] — {(gn — ¢n-1)0}
=1+ ¢n|Dn-1] = (1 = [Dn| = |Dp-1l)
= (1+ ¢n + 0n)[Dn—1]
> |Dn—1‘ + (1 - ¢n—1)’Dn—2‘
= H(anl +qn-1— Qn72)9 + (z)”a
yielding
(Bo— g+t )| (B — o+ 41)0 + 6]
> (Bn—l + Gn—1 — qn—2)||(Bn—1 + gn—1 — Qn—Q)e + ng
Therefore, it is sufficient to pay attention only to the small fractional parts
{k0}. Since {jg,—10} = jD,,—1 is the jth least (j = 1,...,¢, — 1) (see [4],
[8]), we have
||(Bn - anfl)g + <Z5H = {anfle} - {Bna + ¢} = (J - (Z)n)anl
> ¢nDn1 = || Bnb + ¢
if j # 1. However, ||(B,, — gn-1)0 + ¢[| > [|Bn0 + ¢|| if and only if ¢, < 1/2.
Thus, we have || B0+ ¢,| < ||(Bn —k)0+ ¢|| for any integer k with 0 < k <
gn and k # q,—1. When b, < 2, the assertion holds because B,, — ¢,_1 <
B,,—1+@n—1- Thus, we can assume that b,, > 3. Since ||(B,, —jqn—1)0+ ¢|| is
the jth least value among ||(B,, — k)0 + ¢|| for all integers k with 0 < k < gy,
(Ba = 30| (Ba — jan1)8 + 6| < (B~ K)|(By — K)o+ 0]
for (j — D)gn-1 < k < jgn—1 (j = 1,...,b, — 1). Therefore, from B, =
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Bh_1+bugn-1>((j+1) — ¢n)gn—1 we have

(Bn = jan-1)(Bn = jgn—-1)0 + ¢l = (Bn — jgn—-1)(j — ¢n)D
(Bn_Qn 1)(1 ) n—1
= (Bn — gn-1)[[(Bn — qn-1)0 + 9||.

Finally, since

”(Bn - Qn—l)a + (ZSH - (1 - ¢n)D -
< ‘Dn‘ + (1 - an)anl = ||(Bn + dn — qnfl)‘9 + QZ)H

and B, — gn—1 < Bn 4+ @n—1 — gn—2, we conclude that
(Bn - Qn—l)H<Bn - %—1)9 + ¢H < (Bn + gn — Qn—l)H(Bn +qn - Qn—1)0+ ¢”

Let n be even. Then ||B,0 + ¢|| = ¢n|Dn—1] =1 — {B,0 + ¢}. The rest
of the part is similar to the odd case. m

REMARK. (1) From the proof above, B} | B0 + ¢|| < By,|Bn0 + ¢| if
¢n > 1/2. But, BX||B0 + ¢|| > By||Bn0 + ¢| does not always hold even
though ¢, < 1/2.

(2) Together with M, (6,¢) = M_(6,1 — ¢), one can obtain the value
M(0, ¢).

3. A special case. Without loss of generality, we assume hereafter that
0<f<land0< ¢ <1/2. Set

D —ab b
9:\/72a: [0;a,b,a,b,...] =[0;a,b]
a

where D = ab(ab + 4) is the discriminant of the quadratic equation a? +
abfd — b = 0. First of all, we consider an artificially made ¢.
THEOREM 2. Let ¢ = (1 — s) + s0 = g[1; sa, sb] with 0 < s < 1 satisfying
sa,sb € N. Then
Is[|*(ab — |a — b))
vD

Proof. From the theory of continued fractions,

(o) {C )G ) - )

It follows that
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q2n  q2n—1
P2n  P2n-1

(ab+1 a\"
N b 1

_ 1 <(an+1 _ ﬁn+1) _ (an _ 57@) a(an _ ﬁn) >
a—p3 bla™ — ") (@ =p") = (@™t = ")
where
_ (ab+2)+VD _(ab+2)—VD
A T

satisfying o + 3 =ab+ 2, af =1 and o — § = V/D. Notice that
¢2n—2 25(1—9), ¢2n—1 28(1—01) (n: 1,2,...)
where 0; = (vV'D — ab)/(2b) = [0;b, al.

Now, the relations

n

By, = Z(sacm_z + sbgai—1)

— % Z(a(o/ — ") —a(@™t = g71) +ba(a’ - 7))

sa (14+ba-1 ,
~ VD ' a—1 ¢
and || B2n0 + ¢|| = ¢2n|Dan—1] = s(1 — 0)3™ entail that
sa (1+ba—1 s?(ab+a —b)
Vb a1 — b

In a similar manner,

(1-0)= (n — 00).

B2nHBQnH =+ ¢H -

a s(1+ba—-s—(a—1)
B = Boy — qon_y ~ —— . n
and || B3,,0 + ¢|| = (1 — ¢2,)|Dan—1]| = (56 — s+ 1)5" entail that

) . sab+ (2s — 1)a — s?(ab+a —b
Jim B3 15,0 + o = D )

Moreover,
n
sa a—14+0b
By 1 = (saqai—2 + sbqai—1) — sbqap—1 ~ . a”

2 VD

and ||B2n_19 + (;5” = ¢2n—1|D2n—2| = 8(1 — 01)ﬂ” entail that
. s2(ab—a+b
lim_ By Ban-10 + ¢l| = W.

a—1
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Finally,
a
B3y1=Ban1—qn2~—=(s—(1—-5)0)a"

vD
and ||B;,_10 + ¢|| = (1 — ¢p2,—1)|Dan—2| = (1 — s + s61) 3™ entail that
sab+ (25 — 1)b — s%(ab — a + b)
vD '
Since sb(1—2s)+(2s—1) > 1-(1—2s)+(2s—1) = 0 and sa(1—2s)+(2s—1) >
1-(1—2s)+(2s—1) =0, one has
s?(ab — |a — b])

M_(6,9) = Nis .

nh—>n;o Bgn—IHB;n—lg + (z)” =

Next, one expands

1—¢=9[;(1—=s)a+1,(1—s)b,(1—5)a

and

o= (1—38)+ sb,

$pon—1=1—=95)(1-01), ¢an=(1—-5)(1—-6) (n=12...).

It follows that
(1 —s)%(ab—a+1b)

/D ;
—s)ab+ (1 —2s)b— (1 —3s)?(ab—a+b)

/D 5

HILII;O By _1||Ban-16 — ¢|| =

o . (1
nh_{rolo B3, _111B3,—10 — ¢l =

(1—3s)%(ab+a—b)
/D ;
(1 —s)ab+ (1 —2s)a — (1 — s)*(ab+a — b)
NG) ;

nh—>ngo BQnHB2n9 - QS” =

lim B3, [1B3,0 — 6] =

yielding
(1 —s)%(ab—|a — b|)

\/5 . n
EXAMPLE 1 ([7]). Let a = b be even, and s = 1/2. Then the pair of

6 =[0;a] and ¢ = (1 +60)/2 = 4[1;a/2] gives

M+(‘97¢) = M—(aa 1- gb) =

a
lim B,||B.0 + ¢|| = lim B}||B:0+ | = ———.
Jim By ¢l = lim Byl 9|l N
Since 1 — ¢ = (1 —60)/2 =¢[1;a/2 +1,a/2],
a

lim By||Bnf — ¢|| = lim B[ B0 — ¢|| = — .
Jim B, | ¢ll = lim By ¢l NIRRT
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Therefore,
a

4aZ +4’

which gives an answer to an open problem related to Khinchin’s results ([5]).

M(ea QZS) = M:I:(ev ¢) =

EXAMPLE 2. Let a = b be a composite odd number, say a = ajas, where
a; and ay are also odd numbers with a; < ag and put s = 1/ay. Then
az
M, ¢) = M4L(0,¢) = ———
(6.0) = Mo (0,0) = — 22—
which answers another open problem related to Khinchin’s results ([5]).
However, the case of odd prime a is not settled yet.

Y

4. Some basic applications. In this section we compute M (6, ¢) for
some basic ¢’s as seen in [2] and [5]. Put 5, = B,||B,0 — ¢|[V'D/¢?, 5 =
B:||B;6 — ¢|VD/¢?, W, = Bn||Bub + ¢||VD/¢* and ¥ = B;|Bi6 +
o||VD/p? for simplicity.

THEOREM 3.
min(a,b)
———=if both db dd,
1\ /D f both a and b are o
M 6’,5 = a

otherwise.

4D
Proof. It is clear that =, =¥, and =} = ¥ when ¢ = 1/2.
If a =1 and b is even with b > 4, then ¢ = 1/2 is expanded as

2 2

and forn=1,2,...,

1 [1;1,b,1,b+1,1,b—1
) 2

b+2—+vD 56 — D

Gan—2 = 1 y o Gan—1 = T
_b+3-vD _5b—3VD
S
By the inhomogeneous continued fraction expansion above, forn =1,2,...,
b b
Bin2 =1+ 50 + Z <Q4i—2 + (b+1)qai—1 + qui + <2 - 1> q4i+1>a

i=1
Bin—1 = Ban—2+ qan—2, Ban = Ban—2+ qan—2+ (b +1)qan_1,
Bynt1 = Ban—2+ qan—2 + (b+ 1)qan—1 + qun.
Now,
| Ban—20 + @ = dpan—2Dan—3
= Gun—20001 ... 0sn—3 = $8(606:)*" " = $5%",
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and

B 3{1+ ) 5 -

(b—l— 1)( 3 BQ ) +( 21+1 521+1) ( 21 621)

(5o )i - o)

=\/5<1+2> + (2a2+(b+1)a—1>a- a

a? -1

2n—2 _ 1

b ) ﬁ2n—2 _
(5 0rvm-1)s T
1 a2n—l

— 5(boﬂ +2(b+ 1)a — 2)—5— + (others).

Here “others” tend to 0 in ¥y, o as n tends to infinity. Therefore, we obtain
b 2b+1)—2
hIIl W4n,2 = at ( + ) ﬂ

n—00 a?—1

Similarly, one finds lim,, o ¥},,_» = 2b— 1. Since B}, || B}, _10+ | <
Byn-1||Ban—10+ ¢| or ¥f, | < W41 as ¢an—1 > 1/2, there is no necessity
to evaluate the right-hand side (in fact, one can find lim,, o Y4,,—1 = 6b—1).
And B}, | = Ban—o entails ¥}, | = Wyy,_o — 1 (n — 00).

Since By, ||B:,0 + ¢|| < Banl||Ban + ¢|| or ¥}, < Wy, as ¢y, > 1/2, it is
sufficient to evaluate the left-hand side (the right-hand side tends to 2b+9).
The relations

1B5,0 + ¢l = (1 = b4n)|Dan—1| = (3 = B)65"67" = (3 — B) 5*"

=1

and
\/EBZn = \/5(B4n—2 + Qan—2 + bqan—1)

1 0 a2n—1
- ) ) B

2(boz +2(b+ 1 )a2—1

4 (a2n o ﬂ2n) _ (a2n—1 o 5271—1) 4 b(Oé2n _ 6271) 4 (others)
entail that
b 2(b+1)—2
Tim sp4n—2< 5)( ot (2+ 1) ﬁ+(2—2ﬂ)+2b>
a2 —
=(1-26)(3—28+2b)=2b—1.

Since B}, ; = Bip, one obtains ¥}, | = ¥4, — 2b+9 (n — o0). On the
other hand, the relations

55— 3VD riyion (1 .
| Bin+10 + ¢|| = Gant1|Dan| = ————0" 107" = [ = — 28 ) 3
4b 2
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and
1.5 ol 2 2n—1
VDBypi1 = 5(ba +2(b+1)a— 2)062 — + (" — a7 )

+ (b4 1)a®" + (a® ! — o) + (others)

entail that
1
lim W4n+1 = 4(2 — 25)

<ba +22(g72+_11))_ P08+ er1 - U)

= (—(2b+3) +2vD)(2b+ 3 +2vVD) = 4b - 9.

If a =1 and b is odd with b > 3, then ¢ = 1/2 is expanded as

1 b+1 b—1 b—1
-= |1, —,1,—,1,04+1,1, —
9 9|:77 92 ] 92 P +77 92 :|

and forn=1,2,...,

b+4—-+vD 2b— /D b+2—-+vD
ben-4=—"—""—", Pon-3= "7, Gon—2=—"71—",
4 2b 4
50— D b+3—-+vD 50 — 3V D
Gon—1= ——7—, Pon =——"F——5  Pen+1 = ——7 .
4b 2 4b
Hence, for n =1,2,... one can similarly find

!pgn_4 — b, an—B — 3b — 4, Wékn_g = gp6n—4 — b + 4,
yv/gn,Q = Lpgn—l — 1, !pgn_z — 2b — 1, lpﬁn,1 — 6b — 1,
Uon = Wgp1 —20+9, ¥g, —2b—1, Wsuy1 —4b—-9 (n— 00).
If a =1 and b =2, then ¢ = 1/2 is expanded as
1

5 - 9[1;171717372737172]

and forn=1,2,...,

5—2V3 9—3v3 6 —3v3 7—3V3
Dan = 5 ¢4n+1:Ta ¢4n+2:T’ ¢4n+3:T~

In a similar manner, one finds
Uy — 13, Vg, — 3, Wuppr — 27, Wi,y — 1,
Usnt2 =¥nys — 9, Wiyo — 11, Wyyg — 11 (n — 00).
If a=b=1, then ¢ = 1/2 is expanded as
1

—=y|1;1,1,2,2,1,1
9 9[777777]
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and forn=1,2,...,

9—3v5 7—-3V5 4—+/5

¢3n+1 = Tv ¢3n+2 = T: ¢3n+3 = 2

Similarly one finds that forn =1,2,...,
Uanp1 =¥snyo — 9 ¥, =5, Wsnis — 11, Ugpip =5, 3 — 1

as n tends to infinity. Therefore, we obtain

M(0, ) = M+(0,9) =

4\f
If a is odd with @ > 3 and b is even, then ¢ = 1/2 is represented as
1 _a—i—léa—i—lba—l
2 L, 2 727 277 2
Then ¢g =1/2, and for n =1,2,...,
a+2 D b+2 D
Gan—3 = — =, Qa2=——— —F—,
4 4b 4 4a
a+4 VD b+1 D
Gan—1 = TR an = —(5— — -
4 4b 2 2a

It follows that

lkm 1— (2b—=1)a+4b, V¥, | — a,

o (2b+1)a—4b, Wi, — (2b—1)a + 4b,
W4n+1 — (b—1)a+0b, Yini1 — (b+1)a — b,
Uypnio — (b4 1)a — b, Upio > (b—1a+b (n— o0).

If a is odd with @ > 3 and b is odd with b > 3, then ¢ = 1/2 is
represented as

1 1(1—1—1 b+1 b—1 a+1  a-—1
e . a
2 9 ) 2 ) 2 Y 2 ) 2 Y] 2
Then ¢g =1/2, and for n =1,2,...,
bo_s— 1F2 vD bor_y = 24 vD bors = 2T 1 VD
6n—5 — 4 4p ) 6n—4 — 4 4q ) 6n—3 — 2 2 )
b+2 D a+4 D b+1 D
Pon—2=————"—,  QPon-1= - —, Gon = —— — -
4 4a 4 4b 2 2a

It follows that
%n_4 — (2[) + 4)CL — b, Wgn,4 — b,

W6n—3 — (2() — 4)(1 + b, Wgnf?) — (2b + 4)@ — b,
!I/6n—2 — (b + 1)(1 — b, Wgn—Q — (b — ].)CL + b,
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%n_l — (2b — l)a + 4b, wgn—l — a,
Tgn — (2b+ 1)a—4b, ¥, — (2b— 1)a -+ 4b,
Ysnt1 — (b—1)a + b, Y1 — (b+1a—b  (n— o0).

If a is even, then ¢ = 1/2 is expanded as

1 a a
—= |(1;=4+1,b,—|.
2 9[’2+ ’ ’2]
Then ¢g =1/2, and for n =1,2,...,
f a4 VD bl VD
Mol Ty Ty MY T T T

It follows that
Uy, — (2b+ 1)a — 4b, w5 — (20— 1)a + 4b,
Uopnt1 — (2b—1)a+4b, W5, . —a (n—00). m

THEOREM 4.
1 a
MO, — | = ——.
( \/5> D\/ﬁ

Proof. If a > 2, then ¢ = 1/v/D is represented as

L _ e Tatiba—T
== ;a, 1,0 » 0,4 — 1f.
vD '
Then ¢o =1 —1/v/D, and for n = 1,2,. ..,
p _ab+1 a(ab+3) é _ 3 ab+2
An—3 — 2 2\/5 ; 4n—2 2 2\/57
s _ab+2b+1 a(ab+5) p _b+2_ab2+4b+2

It follows that

Wy — a(b?(b+ 1)a® — b(b+ 1) (b —4)a — (2b + 1)?),
vy, — a(b®*(b+ 1)a+ (20 + 1)?),

Yipt1 — a,

Ty — a®a® —b*(b—5)a — (2b —1)?),

Uypto — a(2b?a® + 8ba — 1),

wzfn+2 — a,

Wyni3 — a(b?(b— 1)a* + b(b* + 5b — 4)a + (2b + 1)?),

U s — a(d®a® +4ba —1)  (n — oo).
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If a = 1, then ¢ = 1/v/D is expanded as

1 -
ﬁ:9[1;1,1,2,b+1,2,b,1}
and forn=1,2,...,
_ (b+4)VD — (b +4b+2) _ (4b+1)V/D — (2b% + 7Tb)
¢4n - 2\/5 ; ¢4n+1 - 2()\/5 )
(b+3)VD — (> +5b + 2) (3b+ 1)v/D — (b2 + 5b)
¢4n+2 = 2\/5 ) ¢4n+3 = 21)\/5 .

Thus, one can find

Uy = B3+ 702 +120—1, W) — 1, Wy — 3% 4+ 110% —4b + 1,

WZnJrl - 2b3 +8b — 17 W4n+2 = WZnJrg - b2 + 4b — 1,
Wio = 0+ 502 +4b+1, Wypps —20°+80—1 (n— o0).

Ifb>2,thenl —¢p=1-— 1/\/5 is represented as

1 B
1——— =y[1;1,b,a,b,a,b—1].
= = o ]
Then ¢g =1/VD, ¢1 = (2b—1)/(2b) —a/(2V D), and for n =1,2,...,
b+1 ab®>—ab+4b—2 ab+2b—1 a(ab+3)
¢4n72: - ) ¢4n71: - )
2b 2v/D 2b 2vD
5 _b+2  ab®44b—2 5 _ab+2b—1 afab+5)
"2 2D " 2 2D

In a similar manner, one finds that
Eun — a(®* (b + 1)a? = b(b* — 5b — 4)a — (2b — 1)?),
Zin — a(b*(b—1)a+ (20— 1)?),

Eins1 — a(d*(b—2)a® + b(b* + 3b — 8)a + (20 — 1)?),

Eins1 — a(2b®a® + 8ba — 1),

Eint2 — a(b®a® = b*(b—5)a — (2b — 1)?),

Einse — a®*(b—L)a+ (20— 1)?),

Eints — a0 (b —1)a® + b(b+ 4)(b — 1)a + (2b — 1)?),

(

Eines — a(®®a® +4ba—1)  (n — o).

Ifa>2and b=1, then 1 — ¢ =1—1/v/D is expanded as

1
1— — =4[, 1,a,T,a+1,1,a—1]

VD
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and
s _ (a+1)vVD — (a® + 3a) b = 3vD — (a+2)
An—1 2\/5 I An 2\/5 9
p _ (a+3)VD — (a* + 5a) s :3\/D—(a—|—6)
4’!’L+1 2\/5 ) 4’)’L+2 2\/5 .

Hence, one can obtain
S =55, —a, Zi,_,—ala®+4a—1),

Z4n — a(2a* +8a — 1),
Ziir — a(@® +4a—1),
Ifa=b=1,then1—¢=1—1/y/51is expanded as
1— L =9[1;1,1,1,1,2,2,2,1,1]

V5
and
56T _5V5-9
¢4n+2 - Wa ¢4n+3 - W’

5 ~2V5-4 5 _2V5-3
4n+4 — \/57 An+5 — \/5

Hence, one can find

Eynt1 = EIn—}—Q — a(2a + 9),

Einy2 — a(2a* +6a —9) (n — o).

— —k — —k
Sanye = 19, Ej 10— 1 Supgs =S40 — 1,

EZTL+3 - 97 E4n+5 - 11, E4n+4 = EZn+5 —4 (n - OO) [ ]
Next, we find the value M(6,1/a). In fact, we can do more. Concerning

an arbitrary divisor of a, say d (> 2), we have the following theorem:

THEOREM 5.

1 a
ML0O,= ) = .
( d> d?v/D

Proof. ¢ = 1/d is represented as
1 1 1
S u(1-=)a+1,0,(1->
i= L) ()

¢o=1-1/d,
(ﬁgn_l_l—(l—;)gl, (bgn_(l—:-l)—a (n:1,2,)

It follows that
Wy, — a(bd +d —1)(d — 1) — bd?,

Woi1 — a(bd — d + 1)(d — 1) + bd?,

and

w5 — (bd — 1)a + bd?,

3 —ald—1)?2 (n— o0).
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1—¢ =1-1/d is represented as

1 a a
— == |1;=+4+1,b, =
d 9[’d+”d]

and

1

1
¢0:1/d, (ﬁgn_l:l—gel, ¢2n:g—0 (n:1,2,)

In a similar manner, one finds that
Zo, — (bd + 1)a — bd?, =5, — a(bd — d+1)(d — 1) + bd?,
Sops1 — (bd —1a+bd*, Z5,,4 —a (n—00). =
Putting a = d yields the desired result.
COROLLARY 1. For a > 2,
1 1
M <e, ) -

Compared with this result, it is not easy to find M(6,1/b), M(6,1/(2a))

or M(0,1/k) with k € N because these inhomogeneous continued fraction
expansions are not so simple.

THEOREM 6. Ifa=1 and b > 1, then
1 1 1
o) (o) -5t

Proof. Let b > 4. Then ¢ = 1/b is expanded as

1
s=olL 112 T3 T4 T LLbt L2611
P
and
i +2)b—2—ivD
(i+2) = ivD (i=0,1,2,....b—1),
G2; = . .
4)b—2—ivD
(1+4) 5 iv'D (i=bb+1),
b2+ (2i+ 1)b— (b—1)VD
foips = T 2IF )262( VD (i=0,1,2,...,b—1),
4 +b— (20— 1)VD 20 4+3b— (20— 1)VD
P2p1 = 52 s ags = 552 ;

Gobnik = Ok (E=4,5,...,2b+3; n=1,2,...).
Hence, for n =0,1,... and i = 2,3,...,b— 1 one gets
Wopnt2i = Uapn o — (i+ 1)b% — (i +i+2)b+ 1,
Wpyo; — (I +0)b— 1, Wappyoipr — ib* + (i +i+2)b— 1
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and forn =0,1,...,

Wopnyop — b° + 36> —4b+ 1, Wy o) — 26— 1,

Wopntop+1 — 3b° — b2 +4b—1, W5 oy — 207 —4b+ 1,

Wopnt26+2 = Yoy popsg — b° +30% —6b+1, W3 o0 —b° +4b—1,
Wopnt26+3 = Yappiopsa — 60— 1, Woppiopis — 3% —8b+1 (n — o).

Therefore, M_(0,1/b) = (2b — 1)/(b*V'b? + 4b).
1—¢=1-1/bis expanded as

1
1- 5 =016, 102103 14131220+ 115107

2b
and

b —(i—2b+2—(b—14)VD (i=1,2 b—2)
B % =1,4,..., ’

2b - o

302 — (20 +1)b— (b+1)vD (i=1,2,...,b—3)

2b2 =1,2,...,0— )

P2it1 = -

T - @i+ )b — 0+ )VD (i=b-2,b—1,b)

252 N ’ -

¢2bn+k:¢k (k:2737a2b+17n:1727)
Hence, for n =0,1,... and for i = 1,2,...,b — 3 one gets
52bn+2i = E;bn+2i+1 - (Z + 2)b2 — (iz +1i— 2)() + 1,
Epngo; — b — (20 + )b + (% + )b — 1,
Sopnt2it1 — 260 = 3G+ D)0+ (2 +i—2)b—1 (n — 0),

and forn =0,1,..

.

Eopntor-a — 32+ 1, 3, i0pq = 26— 1, Sopnyop-s — 2b° +30° — 1,
Epnior-3 — 1, Soeniov—2 = Sopniop 1 — b2 4+2b+1,

Epngopz — U+ 02 =1, Eopnyop-1 — 2% — 20— 1,

Ean+2b = E;bn+2b+l - 2[72 +2b+ 1, E;bn+2b — b3 — b2 — 1,

Eopntapt1 — 20° =302 —2b— 1 (n — oo).
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If b = 3, then ¢ = 1/3 is expanded as

1 -
g = 9[17 1717 1727 17472747 17 1]
and forn=1,2,...,
5—v21 12 — /21 19 — 3v21
Gen—2 = —3 Pen—1 = — Pen = — %
39 — 5v21 11 — 2421 27 — 5y/21
¢67’L+1 = Ta ¢6n+2 = f7 ¢6’n+3 = T

It follows that
Yen—2 = Wgn—l — 4, Wgn—2 — 17, Wgp—1 — 41, s, — 43, "pgn — 5,
!pﬁn+1 — 83, W&H_l — 7, lpﬁnJrg = Lpgn+3 — 37, Epgn+2 — 20, W6n+3 — 17

as n tends to infinity.
1—¢ =2/3is expanded as

2 -
5= oL L1 2 T 42 41T
and forn=1,2,...,
7T—v21 18 — 221 10 — 24/21
Pon—a4 = ——F—, Pen—3 = ———, Pen—2=—"7—,
3 9 3

15 — 221 17— 3v/21 12 —2v/21
Pon—1 = g Pon = 5 Pen+1 = —9

It follows that

—_ — —_ — —_ —

Z6n—4 — 287 ‘:'677,74 - 57 Z6n—3 — 807 ‘:67173 - 17 Zen—2 = Zen—1 " 167
= =% - —x —x —_

Zen—2 — 39, Zg,_1 — 47, Zen = Zg11 — 25, g, — 17, Zeny1 — 20

as n tends to infinity.
The case b = 2 is included in Theorem 3. =

THEOREM 7. If b =1, then

1 1 1
M0, —) =M (0, —) = ——
< 2“) +< 2a> dav/a? + 4a

Proof. If a is even with a > 4, then ¢ = 1/(2a) is expanded as

1 a a
— = |1 1,1, - -1,1,——-1,1,a,1
2a 0[7a+772 772 770/7 70/]
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and
2a? + 5a — (2a — 1)V D 5a —2—3VD
Psn—7 = R Sy e—
4a 4a
a’?+3a— (a—1)vVD 2a—1—-+vD
¢8n75 = 3 ¢8n74 = T 5.
4a 2a
a’+a—(a—1)vVD 5a —2— /D
¢8n—3 = ) ¢8n—2 =
4a 4a
242 + 3a — (2a — 1)v/D 3a —1—+/D
¢8n—1 = 4@ ’ ¢8n = T

It follows that
U 7 =W ¢ — a(2a®> +10a — 1), ¥, . — a(2a® —4a + 1),
g6 — a(4a® — 14a + 1), Wg, 5=V , — ala® +4a—1),

321

W s —ala—1)? WUg,_4 —a(3a®>—8a+1), Us,_3=0s_5— a(2a—1),

!pgn—B - (1(20,2 —4a + ]-)7 WSn—Z - CL(6CL2 — 6a + 1)7

Wy, 1 =95, —a(6a—1), ¥ —a(2a—1)?, W, — a(8a® —10a + 1)

as n tends to infinity.
If a is odd with @ > 5, then ¢ = 1/(2a) is expanded as

1 _
L a1 3101
2a 0 2

and forn=1,2,...,

2a® + 5a — (2a — 1)V D 5a —2—3VD
P6n—5 = s Pen—a = ———(—————,
4a 4a
a’+a—(a—1)vVD 5a —2 —+/D
¢6n—3 = ) ¢6n—2 )
4a 4a
2a® +3a — (2a — 1)V D 3a—1—+vD
Pon—1 = 5 bon = ———F——
4a 2a

It follows that

o5 =W,y — a(2a®> +10a — 1), ¥}, 5 — a(2a® — da + 1),
Usn_a4 — a(4a® — 1da+1), g 3=V5, o — a(2a —1),
e —a(2a® —da+1), Y, o — a(6a® — 6a+ 1),

o1 =Wg, — alba—1), ¥ | —a2a—1)%, ¥, — a(8a® —10a + 1)

as n tends to infinity.
If a = 3, then ¢ = 1/6 is expanded as
1

6 = 9[1;472747172)1>3]
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and forn=1,2,...,

25 — 3v21 21 — 421 19 — 3v/21

¢6n—4 = 5 6n—3 — ) 6n—2 — )
12 6 12

27 — 5v21 8 —+v21 33 —5v21

¢6n71 - T? ¢6n = T? ¢6n+1 - T

Then one finds that
Wen_q — 3109, WS _, —3-5, Wen_s=0 o, — 335, W 45— 337,
Wen_o — 343, Wop1 =05, —3-17, W | —3-25 W, — 3-43,
Lpﬁn+1—>3'47, Wgn+1_)3'7 (7’L—>OO)

If a = 2, then ¢ = 1/4 is expanded as

1
1 = 9[1;37272717371717172]

and forn=1,2,...,

8 — 33 9—5V3 7—2V3
P8n—6 = 1 P8n—5 = 1 PSn—a = —
11 -5v3 6 —3v3 7-3V3
¢8n—3 = fa ¢8n—2 == Ta ¢8n—1 == Ta
5—2v3 9—3V3
¢8n - T’ ¢8n+1 - T

Thus, one obtains
Uspn—6 —2-37, W3, ¢—2-11, Wg, 5=V5 ,—2-3, V5 . — 225
Wgn_4 — 2. 37, Wgn_g = w8*n72 — 2 23, WS*n73 — 2. 13, !pgn — 2. 13,
w8n_2 = Wgnfl — 2 . 9, WSn—l = WS*n — 2 . 11, JISn—&-l — 2 . 27, WS*’rH»l — 2 . 1
as n tends to infinity.

If a is odd, then 1 — 1/(2a) is expanded as

1 1
T FUSTEIC I SN T I s
2a 2 2
and forn=1,2,...,
a’?+7a— (a+1)vVD 7a+2—3VD
Pen—3 = ; Pon—2=—"7T"-—",
4a 4a
242 + 5a — (2a + 1)v/D 3a+1-+D
¢6n—1 = ’ ¢6n = 5.
4da 2a
2a® + 7a — (2a + 1)V D 5a+2—3vVD
P6n+1 = 1a y Ong2 = 1
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It follows that
Sen_3 — a(2a® +10a — 1), =, 3 —a, Zen_o — a(10a® —2a + 1),
Epo—a6a—1), Zg1 =5 —ala—1), Z&,_1— a(2a+1)?
Zon — a(8a® +2a+1), Zent1 = Zg40 — a(2a® +8a — 1),
Zgni1 —a(2a® +2a+1), Egpy2 — a(2a—1)° (n — 0).

If a is even, then 1 — 1/(2a) is expanded as

1 a a a
l1——= |1;1,1,-+1,1,—+1,2,a,1 1,1, -
20, 6 ) ) 72 + b ’2 + 9 ?a? 7a+ ) ’2
and forn=1,2,...,
a2+5a—(a+1)\/5 20 +1—+D
Psn—5 = ) Pgp—t = ——,
4a 2a
a2+7a—(a—|—1)\/ﬁ Ta+2—3VD
G8n—3 = ) Pgp—o = ——T—,
4a 4a
2a® + 5a — (2a + 1)vV'D 3a+1—-+vD
P8n—1 = ) Pgn = ———F,
4a 2a
2a° 4 7a — (2a + 1)vV/D 5a + 2 — 3vD
P8nt+1 = 10 ) Psnt2 = T e

It follows that

Ssn_s5=25a 4 —a(a®+4a—1), 55 - —ala+1)? Sgu_y — a(3a®+1),
Fgn_3 — a(2a® + 10a — 1), Egp_s —a, Esp_o— a(10a® — 2a + 1),
Ei o —alba—1), Zg, 1 =255 —ala—1), Ei_, — a(2a+1)?
Ssn —a(8a® +2a+1), Ssgpi1 = Zg,40 — a(2a® +8a — 1),

Sgny1 — a(20® + 20+ 1), Zgpi2 —a2a—1)° (n—o0). =

As an analogue to Theorem 7,

M(G, 21b> _ 4{;\5 (b>1)

may be expected if a = 1. However, it is difficult to decide whether this
holds or not because there is little regularity in the inhomogeneous continued
fraction expansion for general b. It is still more difficult for general a and b.
Of course, it is not so hard to check this assertion holds for some concrete
small a’s and b’s.
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