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CHARACTERIZATIONS OF POWER DISTRIBUTIONS VIA
MOMENTS OF ORDER STATISTICS
AND RECORD VALUES

Abstract. Power distributions can be characterized by equalities involv-
ing three moments of order statistics. Similar equalities involving three
moments of k-record values can also be used for such a characterization.
The case of samples with random sizes is also considered.

1. Introduction. Too and Lin [8] have given a characterization of the
uniform distribution by an equality involving only two moments of order
statistics. We extend that result to power distributions. Moreover, we give
a characterization of power distributions in terms of moments of k-record
values. In Sections 4 and 5 we treat the characterization problem when
sample sizes are random (cf. [1], [6], [9]).

2. A characterization of power distributions. Let X;., be the
kth smallest order statistic of a random sample (Xi,...,X,,) from a dis-
tribution F. Let m be a negative integer. We start with the problem of
characterizing the power distribution function F' defined as follows (cf. [1]):

(2.1) Fx)=1—1+mz)"Y™ ze(0,-1/m).
THEOREM 1. With the above motation suppose that EX,%m < oo for
some pair (k,n). Then the equality

(22) Ex2 -2 [&Exm_m - EX,M]
m | (n— m)[k}

1 N[k QR[M :|
— - +1| =0,
m? [(n —2m)p (n—m)

where njy =n(n —1)...(n—k+1), holds iff F is given by (2.1).
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Proof. Let F~1(t) = inf{x: F(z) > ¢, t € (0,1)}. Taking into account
that
1

i JEet a1,

(23) EX}, -

we see that E|Xy.,| < oo, and F|X.,—m| < co. Furthermore, when F is
given by (2.1), we find that

k (s
(2.4) BXjs = —~ <k> [B(k,s —m —k + 1)
—B(k,n—k+1)], n<s<n-—m.
and

k (n
2 _
(2.5) EXk:n—W<

k
+ B(k,n — k+1)],
where B(a,b) is the Beta function, and so (2.2) holds true.

Conversely, assume that (2.2) holds. Applying (2.3) we see that (2.2)

can be written as
1

| <F—1(t) - w)itk‘l(l — )"k dt =0,

m
0

which implies that F'(x) is given by (2.1).

>[B(k:,n—k:—2m+1)—QB(k:,n—k:—m—i-l)

When m = —1 Theorem 1 reduces to the following characterization of
the uniform distribution.

COROLLARY 1 (cf. [8]). Let EX?.,, < oo for some pair (k,n). Then
2k E(k+1

(2.2") EX?. — n—HEXkaH + m =0
iff F(x) =z on (0,1).

In proving (2.2") we use the equality

(n—k)EXkp +kEXki1.0 = nEXpm—1

with k =1 (cf. [2]).

Using (2.4) and (2.5) we obtain the following characterizing conditions.

THEOREM 1’. Under the assumptions of Theorem 1 the distribution
function F' is given by (2.1) iff

1
EXps = — |:78[k] - 1:| ) s=n, n—m,
m [ (s —m)y

1 N[k N[k]
EXZ, = — [ [ —2 +1].
: m?2 [ (n —2m) (n —m)
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The same results can be derived for the distribution
(2.6) Flz)=1—(1+mz) Y™ z>0,

where m is a positive integer (cf. [1]). In this case (2.2) holds with n—2m —
kE>0.

3. Characterizations in terms of moments of k-record values.
Let {X,, n > 1} be a sequence of i.i.d. random variables with a common
distribution function F. For a fixed integer £ > 1 we define (cf. [3]) the
sequence of k-record values as follows:

Yngk) = XLk(n):Lk(n)+k—17 n €N,
where the sequence {L(n), n > 1} of k-record times is given by L (1) = 1,
Lk(n + 1) = mln{j 1y > Lk(n), Xj:j+k—1 > XLk(n):Lk(n)—i—k—l}a n € N.
A characterization of F' in (2.1) is contained in the following theorem.
THEOREM 2. Let {X,,, n > 1} be a sequence of i.i.d. random variables

with a common distribution function F such that E|lmin(X1,..., X;)[?P < 0o
for a fized k > 1 and some p > 1. Then F is given by (2.1) iff

2 Eo\"
(31)  E{Y,®)2 - —[(—) EY,(k=m) —EYn(k)}

m|\k—m
1 k " k "
—(1-2 —=— =
+m2< <k:—m) +<k—2m)> 0
form=1,2,...

Proof. Suppose that F' is given by (2.1). Then we have

(3.2) EY,®) = (nk_nn' VP () [~ log(1 — )] (1 — )" dt
"0
k

1 m
-5 ) -]
and
(3 3) E(Yn(k))Q — (n k_nl)' S(F—l(t))Q[_ log(l - t)]n_l(l . t)k_l dt
U
- (n—1)! S [(1—t)™™ —1]*[-log(1 — )" ' (1 — t)k—l dt
0
_ k™ L(n)  20(n) 1 .
B (n—l)!m2|:(k;_2m)n (k;_m)n +knF( ):|

ZﬁKk—Zm)n_Q(ﬁ)n“}
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(3.4) <%>nEYn(’“‘m) = %ﬂ <(k —12m)” (K —1m)" )

which establishes (3.1).
Conversely, assuming that (3.1) is satisfied we see that

1
IECE
0

Since the sequence {(—log(1l —t))™, n > 1}, is complete in L(0,1) (cf. [7])
we conclude that F'(z) is of the form (2.1).

(1—t)~™—1

- r[— log(1 —t)]"~1(1 —t)*~1dt = 0.

THEOREM 2'. Under the assumptions of Theorem 2 the distribution
function F(x) is given by (2.1) for k > 2m iff the following relations hold:

1 n
EYn(S):—K i > —1}, s=k k—m,

m|\s—m
1 k" k"
E(Y*N2 — -2 —— 1
(¥ m2 [\ k —2m K—m) ©
formn=1,2,...
Putting m = —1 we obtain the characterization results given in [6]. For
n =1, m = —1 we obtain the result of Too and Lin [§].

Similar considerations lead to the analogous characterizations for the
distribution (2.6). Namely, we have the following results.

THEOREM 3. Let {X,, n > 1} be a sequence of i.i.d. random variables
with a common distribution function F such that E|min(Xq,..., X;)|?? < oo

for a fired k > 1 and some p > 1. Then F(x) has the form (2.6) iff for
k —2m > 0, where m is a positive integer,

E(Y(k))Q _ 3 k Ey(k—m) o Ey(k—m—l)
" m|\k—m n n
SRl Y _
+m2[ <k:—m> +<k—2m> ] 0

THEOREM 3'. Under the assumptions of Theorem 3, the distribution
function F is given by (2.6) iff for k —2m > 0,

1 n
EYn(S):—K i > —1}, s=k k—m,

m s—m

s () ()

form=1,2,...

formn=1,2,...
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Letting m = 1 we obtain the following characterization result.

COROLLARY 2. F(z) =1— (1+2)" 2 >0, iff

(ky2_o| (7 (k=1)_py(®) | 4o 5 L R
E(Y,®) 2[<k_1> EY! EY, ]+1 2<k_1> +(k_2> 0.

4. Characterizations by moments of randomly indexed order
statistics. Let Xj.n be the kth smallest order statistics of a random sample
(X1,...,Xn) with common distribution function F', where N is a random
variable independent of {X,, n > 1} with a probability function p(k) =
P[N =k], k=1,2,... We write P, = P[N > kJ.

In this section we give a characterization for the distribution (2.1) in
terms of moments of order statistics with a random index.

THEOREM 4. With the above notation, suppose that E(XZ v |N > k)
< 00 for some k and a given probability function p(-) of N. Then

(41) E(XZy|N=>k)

20y NS R) - B(Xew [N > B
m (N — m)[k] smm - ’ -

+ L [E<7N[k] N > k:) - 2E<7NW
m2 (N — 2m)[k] o (N - m)[k]

where Njjg = N(N —1)... (N —k+1), iff F is given by (2.1).

N>k:)+1} — 0,

Proof. Let F~1(t) =inf{x: F(x) > t, t € (0,1)}. We have

JEeyra - a1z

(12)  EXL, =

n!
(k=1 n—k)

Suppose that F' is given by (2.1). Since N is independent of {X,,, n > 1},
from (2.3) we have

(4.3) EXpnN|N=>k)=

- n!
mPy, Z (k—1D!(n —k)!

n==k
<\ [1—t)™™ =111 — )" * dt P[N = n]

0
Nzk)-1)

N,
S
m (N — m)[k]
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(4.4) E<(N]j7[;i)[k]Xk;N_m ‘ N > k>

o0

1 (n—m)!

N mPk;::k(k:—l)!(n—k—m)!
nn—1)...(n—k+1)

n—m)n—-—m-1)...(n—m—k+1)

x \ (1 —=t)"™ = )t" (1 —t)"~™ % dt P[N = n]

N>k)—E<( N Nzk:)]

and
(45)  BE(Xiy|N>k)

1 N
- |E [k]
m? (N —2m)
We see that (4.1) holds true.
Conversely, assume that (4.1) holds. It can be written as

S <F‘1(t) - w)ztk_l(l — )"k 4t P[N = n] = 0,

m
n=k 0

which implies that F' is given by (2.1).

Using (4.3)—(4.5) we have the following characterization conditions in
terms of conditional moments of order statistics.

THEOREM 4'. Under the assumptions of Theorem 4 the distribution
function F is given by (2.1) iff
N> k:> - 1},

vz i) =)

1 N
B 1824 = (G

E(ﬂxw ‘N>k>
(N=m)p ™|~

1 N
- — [E<¢
m (N —2m)p

and
1 Ny
EX?vIN>k=—|F|l————2  |[IN>k
Koy [N 2 4) WQ[ <(N_2m)[k] - )
—2E<& N>k>—|—1]
(N=m)pw | —
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COROLLARY 3. Let N be a random wvariable with probability function

@7 PN =n] =2 1,2 L he)
. =n]=— n= = .
n Y Y ) Y ln(]_ _ 9)? Y
Then X has the distribution (2.1) iff
1 <« "
EXiy=—|0"(1- — ) -1
=g (e 7))
—2m —m
N 1 2m m 2 6" m 6"
EN—lezN_m:E[e —0 —HmOZZ;—Fe OZZ;],
n=1 n=1
EX2, = 1 |g2m —zem—aem_ila—n +2ama§9—n +1
o m? n=1 n n=1 n .
REMARK. Putting m = —1 we obtain a characterization of the uniform

distribution in terms of X;.y, which after using the equality
N 1
EXiy - E——X;.n =aFEX 1— - |EX,,
LN N LN T ek + ( 0) 1N
leads to the result of [9], i.e.

EX? —2[aEX—|— <1 - %)EXLN] = —a[g - % - <1 - l)2111(1 —9)}

5. Characterizations via moments of randomly indexed record
statistics

THEOREM 5. Let Y]S,k) be the kth record value, where N is a positive
integer-valued random variable independent of {X,, n > 1}, and suppose

that E(Yjs,k))2 < o00. Then F is given by (2.1) iff

N
(5.1) E(Y}V’“))2—3[E< K > y]gk—thy;ﬁ]

m k—m
1 koY AN
— |1 -2F( ——— E =0.
+m2[ <k:—m) * <k—2m> }
Proof. Suppose that F'is given by (2.1). Since
1
kn
V(FH (1) [~ log(1 — )"~ (1 — 1) at
(n—=1)!7
and N and {X,,, n > 1} are independent, it follows that

N
e = 28| (e25) 1]

R RS Y O LT A B
k—m N m k—2m k—m ’

B! =
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1 koY koY
E(ngk))Q:W[E(k_m) —2E<—k_m> +1],

which establishes (5.1).
Assuming now that (2.1) is satisfied we see that
1

N % B 1—t)™—1\2
;n—l)!S(Fl“)‘( )

0

x [~log(1 — )"~ '(1 —t)*~'dt PIN = n] = 0.
Since the sequence {(—log(1 —t))", n > 1} is complete in L(0,1) (cf. [7])
it follows that F'(x) has the form (2.1).

Putting m = —1 we have the following characterization.

COROLLARY 4. F(z) =z, x € (0,1), iff

k N
E(YP)? 42 <E<k—+1> y D EY}V’“))

E Y E Y
E(—L) —op(- =l 1=
v ) () w10
(cf. [5] with m = 1).

COROLLARY 5. Let N be a random variable with the probability function
(4.7). Then X has the distribution (2.1) iff

9 EAY
Eyye - = [E<—> yiFm EY}V’“)}

m k—m
+ % [1+2alog% —alogw
REMARK. F(x) =z, z € (0,1), iff
E(Y{")? +2 <E<ki+1> NY}V’““) - EY}V’”)
—|-1+2ozlogk(1k_7_f)l+l —ozlogk(lk_if);_2 =0.
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