APPLICATIONES MATHEMATICAE
25,1 (1998), pp. 73-83

W. POPINSKI (Warszawa)

CONSISTENCY OF TRIGONOMETRIC AND POLYNOMIAL
REGRESSION ESTIMATORS

Abstract. The problem of nonparametric regression function estimation
is considered using the complete orthonormal system of trigonometric func-
tions or Legendre polynomials e, £ = 0,1,..., for the observation model
yi = f(z;) +m, i = 1,...,n, where the n; are independent random vari-
ables with zero mean value and finite variance, and the observation points
x; € [a,b], i = 1,...,n, form a random sample from a distribution with
density o € L'la,b]. Sufficient and necessary conditions are obtained for
consistency in the sense of the errors ||f — fn |, |f(z) — fn(z)|, = € [a,b],

and EHf fnll? of the projection estimator fy(z) = Ziv o Crer(x) for
€0,C1, - -.,cn determined by the least squares method and f € L?[a,b].

1. Introduction. Let y;, ¢ = 1,...,n, be observations at points x; €
[a, b] according to the model y; = f(x;)+n;, where f € L?[a, b] is an unknown
function, n;, ¢ = 1,...,n, are independent identically distributed random
variables with zero mean value and finite variance 0727 > 0, and z;, i =
1,...,n, form a random sample from an absolutely continuous distribution
with density o € L'[a,b]. Tt is also assumed that the random variable w =
(21,...,x,) is independent of the observation error vector n = (n1,...,M,).

Let the functions eg, K = 0,1,..., constitute a complete orthonormal
system in the space L?[a,b]. Any function f € L?[a,b] can then be repre-
sented by its Fourier series

9] b
f= chek, where ¢ = Sfek, k=0,1,...
k=0 a

2

We assume that the functions e, k = 0,1,2,..., are analytic in (a,b). As
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an estimator of the vector ¢ = (cg,c1,...,cn)T of coefficients, for a fixed
N, we take the vector ¢V = (¢p,¢1,...,cn)T obtained by the least squares
method:
1 n
~N . - L N, 2
o ang min, 30— 0 1)
where eV (x) = (eg(x),e1(x),...,en(x))T.

The vector ¢ can be uniquely determined with probability one as the

solution of the normal equations
(1) N =G, g,

where
1 & 1 &
G, = - ZleN(xi)eN(%)Ta gn = ;inN(%‘%

since according to the results presented in the author’s earlier work (see
Lemma 2.2 of [7]) the matrices G,, are almost surely positive definite for
N+1<n,whenx;,i=1,...,n, form a random sample from a distribution
with density o € L'[a,b].

Thus, we can study asymptotic properties of the projection estimator of
the regression function f defined by the formula

N

(@)= Gren(x).

k=0

In Sections 2 and 3 we will consider the case when either a = 0,b = 27 or
a=—-1,b=1andeg, £k =0,1,2,..., are the well-known complete orthonor-
mal system of trigonometric functions in L2[0,27] or Legendre polynomials
in L?[—1, 1], respectively (see [10]). The results obtained give sufficient con-
ditions for the consistency in the sense of L?-norm and uniform pointwise
consistency of the estimators.

In Section 4 a necessary condition for consistency in the sense of the
integrated mean-square error is given in the case where the projection esti-
mators are obtained using any orthonormal system of analytic functions.

In [5] Lugosi and Zeger proved general results concerning universal con-
sistency of trigonometric and polynomial estimators of the regression func-
tion E(Y | X = x) in the case where pairs of random variables (X;,Y;),
i = 1,...,n, are observed. The estimators considered in [5] are, however,
determined by minimizing the empirical error

1 n
2=

N(n)

Y= Y arer(Xy)
k=0

p

)

p=1

)
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under the constraint ZkN:(g) lak| < Bn, where, to obtain consistency, N(n)
and (,, have to grow, but not too rapidly, as the sample size n grows.

Certain results concerning asymptotic properties of the polynomial re-
gression function estimators in the case of a fixed-point design are presented
in [1].

Another approach to nonparametric regression function estimation us-
ing polynomials, together with recent results concerning its consistency
and comparison with other estimation methods are presented in the mono-
graph [2].

According to the Jackson theorem [4] for any continuous 27-periodic
function (i.e. for f € C|0,2n] satisfying f(0) = f(27)) the following in-
equality is valid:

(2) d5(f) = inf sup |f(s) = T(s)| < 12w(1/L, f),

TeTn 0<s<2m
where N =21, 1 =1,2,..., Ty = span{l,sin(s),cos(s)...,sin(ls),cos(ls)}
and w(0d, f) for § > 0 denotes the modulus of continuity of the function
f (see [4]). A similar theorem on uniform polynomial approximation (e.g.
Theorem 3.11 of [6]) implies that for f € C[—1,1],
(3) dy(f) = jinf ~ sup |f(s) = P(s)| < 6w(1/N, f),

PePn _1<5<1

where N = 1,2,..., and Py denotes the set of algebraic polynomials of
degree N.

2. L?-norm consistency for square-integrable regression func-
tions. First, we prove the following two lemmas.

LEMMA 2.1. (a) Ifeg, k=0,1,..., denote the trigonometric functions

forming a complete orthonormal system in L?|0,2x], then for N = 2I, | =
0,1,...,

N+1
sup e (s) = ==
0<s<2m ™
(b) Ifex, k =0,1,..., denote the Legendre polynomials forming a com-
plete orthonormal system in L?[—1,1], then for N =0,1,...,
N +1)2
sup_ e (s))7 < B
—1<s<1

Proof. For the trigonometric system we have eg(s)= 1/v/27, eg_1(s)=
sin(ls)/\/7, eg(s) = cos(ls)/y/m, | = 1,2,...; accordingly for N = 2] and
s €0, 2],

N l

X (s)7 = 3 ehls) = 5 + = D lsin?(Gs) + cos2(js)] =~ .

T 21
k=0 j=1
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For the Legendre polynomials we have the inequalities |ex(s)| < \/(2k + 1) /2
for k=0,1,... and s € [-1,1] (see [10]). Hence,

N N

1 (N +1)2
X2 =) < 5 Sk + 1= T
k=0 k=0
LEMMA 2.2. If the vector ¢N = (¢y,C1,...,¢n) of Fourier coefficient
estimators is obtained from (1), then
b
-~ Tr Gt _
E,\(f = n)* =0, + oy + G an |,
where
aN = o ZTN(%;)B (zi), 7T~ = Z Ck€k; PN = Z Ck-
i=1 k=N+1 k=N+1

Proof. It is easy to see that

b
E \(f = fn)? = Bylle™ =@V +py

so we must calculate the first term in the above formula. Since f(z) =
(eN(x),cN) + ry(z) we have in view of the definitions in (1),

EN:cNJrG;l( ZrN z;)e > ( an Z)

Now, we easily obtain the equalities

2 n
N _ o
Eylle™ =¥ = G an|* + —5 )M (@) G Gt ()
i=1
o2
:”G;laNHQ—i—n—gTr(Ze z;)eN (2) GG )

2
o
= |G tan|* + ;n TrG, =

Let A\, (w) denote the smallest eigenvalue of the matrix G, (w) defined
in (1). It is clearly a measurable random variable since it can be defined as
A (w) =1inf,—1 o (G (W)2m, 2m), where the points z,,, m = 1,2,..., form
a dense subset of the unit sphere Sy 41 = {x € RN *L . ||z|| = 1}.

Further, the (norm-one) eigenvector y,(w) of the matrix G, (w) corre-
sponding to the eigenvalue A\, (w) is also a measurable random variable since
it is defined as a solution of the linear equation (G, (w) — A\, (w)I)y,(w) = 0.
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It is also easy to see that the elements of the matrix GG,, converge in the
mean-square sense to the quantities

n b
(4) Gkl = % w Zek(wi)ez(%) = exero

since
b
2 2
S ere 0

a

3|>—‘
S

n 2
< Zek x;)er(x;) gkl> <
=1

for k,1 =0,1,...,N. Putting G = E_G,,(w) we immediately obtain

N N b 10, )
BuG =GP < 2303 eteto= Y (o) o
k’ 01l=0a a k=0
and consequently since |ly,|| =1, n=1,2,..., we have

(5)  Eu(n = (G Ynyyn))? = Eu((Grtns yn) — (GNynyyn))?
b
1
< Eu|Gn = GNP lyal* < S||€NH4Q-

a

Furthermore, if the density o satisfies the condition ¢ > ¢ > 0, then taking

into account (4) and putting ¥, = (Yno, Yn1, - -->YnN )’ We obtain
N 2
(6) (GN Y, yn) Z nglynkynl = S (Zynkek) 0
k=0 1=0 a k=0

2 S <Zynkek> - cHynHQ =c>0.

a

Now, applying the Chebyshev inequality we conclude in view of (5) that in
that case

4 b

PollAn = (Gl > ¢/2) < — | V[0

and from (6) since \,, > 0 we finally have for ¢ > ¢ > 0,

4 b

4
7 P,(0< A, <¢/2) < — \[eN][*o < 4
M RO A< < G N g s 9]
Since the matrix G,, is symmetric and almost surely positive definite for
N +1 < n, by Lemma 2 of [9] we have |G, tay|? < X\, H{G tay,an) and
using Lemma 3 of 9] we also have (G, an,an) <n '3 ry(z)%
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Consequently, according to Lemma 2.2 the following inequality is almost
surely true for N +1 < n:

> N +1 =
(8) Eylf = fnliz <oar, 1— +pn A" ZTN(%‘)Q,

where || * || denotes the norm in L?[a,b]. Furthermore, taking into account
(7) and (8) we see that for N + 1 < n the inequality

oN+1
) Bllf - i < 2|22 —Zm 22| + o
holds except for w € A,, C [a,b]™, where

4
P,(A,) < o aséliléb [N (s)]I*.

Since
b

1 n
~E., erw(xi)Q =\re<Dpy for o< D,

we also see that for a bounded density p,

I 1/2 1/2
P, — i) > < Dpy~.
(7 S rwte > 9if?) < o
The last inequality together with (9) implies that for N +1 <n, e > 0 and
a density o satisfying D > ¢ > ¢ > 0,

~ 4M (N 2 N+1
PUIf - Tl > ) < 26+ Do + |27 47 + S
nc e?c n
where M (eV) = sup,<,<; [le" (s)[|*. According to Lemma 2.1 for the tri-
gonometric system in L2[0,27] and N = 2] we have M (eV) = (N + 1)?/4,
and for the system of Legendre polynomials in L2[—1,1] we have M (V) <
(N +1)*/4. Thus, for N+1<n,e>0and D> p>c>0,

-~ (N_|_1)T 1/2 2 N+1 1/2 C
P(”f_fNH2>5)§T+DPN +E 77 +p +§PN7
where 7 = 4 in the case of polynomial regression and r = 2, N = 2] for
trigonometric regression. The above conclusions allow us to formulate the

following theorems.

THEOREM 2.1. If the density o € L'[0,2n] satisfies D > o0 > ¢ > 0 and
the sequence of even natural numbers N(n), n =1,2,..., satisfies

lim N(n) = oo, lim N(n)*/n =0,
n— o0

n—oo
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then the trigonometric projection estimator fN(n) of the regression function
f € L?(0,27] is consistent in the L?-norm, i.e.

lim £ = fymll2 £ 0.
n—oo

THEOREM 2.2. If the density o € L*[—1,1] satisfies D > 0 > ¢ > 0 and

the sequence of natural numbers N(n), n =1,2,..., satisfies
. o . 44 _
nlgr;@ N(n) = oo, nl;rrgo N(n)*/n =0,

then the polynomial projection estimator ]/”\N(n) of the regression function
f € L?[—1,1] is consistent in the L*-norm, i.e.

lim || f = fx(mll2 £ 0.
n—oo

3. Uniform pointwise consistency of the projection estimator.
In order to obtain the results concerning uniform pointwise consistency of
the projection estimators considered we shall make use of an inequality
proved in [9] in the case ¢ = G lg, and f € C|a,b),

E(f(x) — Fx(@))” < 2B St + (2N + DBRAG + Adw (1)

for z € [a,b], where dy(f) = dy(f) or dy(f) = d5(f), and By, k =
0,1,2,..., form a non-decreasing sequence of bounds with By >

SUp,<s<yp lex(s)|- Hence, in view of (7) and Lemma 2.1 we then have for
N+1<n,p>c>0andz € [a,b],

- 2(N+1)BY 4N +1)B% +2c
(10) By (fa) - Fla)? < 022N VBN ANF DBy 220, gy
except for w € A,, C [a,b]”, where
Py < Ty
ne

Let us now consider the case of trigonometric regression. Then we have
B =1/m, k=0,1,... If the regression function is 2r-periodic and satisfies
the Lipschitz condition with exponent 0 < a < 1, then w(d, f) < L§%, where
L > 0, and in view of (10) and (2) we obtain for o > ¢ >0, N =2, N+1 <
n and ¢ > 0 the following estimate:

I (\f(x) - JAN(QU)’ > 5) < (Nn021)2
2 N+1 2(N + 1) + en](12L2%)2
cme? 727 n [ ( )NQO‘]( ) ’

valid for x € [0, 27]. Hence, we can formulate the following theorem.
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THEOREM 3.1. If the density o € L'[0,2n] satisfies 0 > ¢ > 0 and the

sequence of even natural numbers, N(n), n=1,2,..., satisfies
. _ . 2 _
nh_}ngo N(n) = oo, nh—>H<}o N(n)*/n =0,

then the trigonometric projection estimator ]/”\N(n) of the 2m-periodic regres-
sion function f satisfying the Lipschitz condition with exponent 1/2 < o < 1
is uniformly pointwise consistent in [0,27], i.e.

lim fN(n)(az) L f(z)  uniformly in [0, 27].

n—oo

In the case of polynomial regression we have Bf = (2k + 1)/2, k =

0,1,..., (see [10]) so the sequence of bounds By is non-decreasing and in
view of (10) we obtain for p > ¢ > 0, N +1 < n and € > 0 the following
estimate:

P(|f(x) = fn(2)] > €) <

nc? ce2 | " n

(N +1)4 N 1 {02 (N +1)(2N +1)
+[2(N +1)(2N + 1) + QC]d?V(f)} ,

valid for x € [—1,1]. In this case we can formulate the following theorem.

THEOREM 3.2. If the density o € L'[—1,1] satisfies 0 > ¢ > 0 and the

sequence of natural numbers N(n), n=1,2,..., satisfies
. _ . 44 _
nhﬁn;o N(n) = 0, nlLH;o N(n)*/n =0,

then the polynomial projection estimator fN(n) of the regression function
f € Cla,b] satisfying the condition d% (f) = o(N~1) is uniformly pointwise
consistent in [—1,1], i.e.

lim ]/”\N(n) () Z f(z)  uniformly in [—1,1].

n—oo

4. Necessary condition for convergence of the integrated mean-
square error. In this section a theorem giving certain necessary conditions
for consistency of the projection estimators of the regression function f €
L?[a,b] in the sense of the integrated mean-square error E, E, | f — fn/|3 is
proved. It should be noted that this theorem is proved under the assumption
(see Section 1) that the functions ex, &k = 0,1,2,..., forming a complete
orthonormal system in L?[a,b] are analytic in (a,b).

THEOREM 4.1. Assume that the density o € L'[a,b] is bounded and
f € L?[a,b] is such that c;, # 0 for infinitely many k. Then the pro-
Jjection estimator fn(n) s consistent in the sense of the integrated mean-

square error E,E,||f — fN(n)H% only if the sequence of nmatural numbers
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N(n), n=1,2,..., satisfies
nh—>rgo N(n) = oo, nh_}rréo N(n)/n =0.

Proof. If the Fourier coefficient estimators are obtained as the solution
of the normal equations ¢V = G (w)g,(w,n), then necessarily N +1 < n
since for N +1 > n we have det G,,(w) = 0 almost surely (see Lemma 2.1
of [7]).

From Lemma 2.2 it follows immediately that the inequality

2

ENf—Ful2> 20 TrGot
"7Hf fNHQ— n r n +pN

is valid almost surely for NV + 1 < n, which implies also that
—~ o?
(1) BuBy|lf =l = 2B, TGy +py = pav.

Hence, since py = Y2~ 4 €7 it is easy to see that N(n) — oo if we have
E E,| f - fN(n)H% —0asn— oo.

Further, the inequality between the arithmetic and harmonic means im-
plies that

i L (V412
=y

Zz 0 )\
for \; > 0, i = 0,1,.. N Consequently, if A\;; ¢ =0,1,...,N, denote
the eigenvalues of the matrlx G, (which is almost surely posrcive definite
for N 4+ 1 < n) we obtain TrG,;* > (N + 1)2/ Tr G,,, which together with
Jensen’s inequality immediately implies
(N+1)? _ (N+1)
™G, ~— E,TrG,
However, since the density g satisfies o < D, D > 0 and |legx|2 = 1, k =
0,1,2,...,

E,TtG,' > E,

N b
E,TrG, = E, Z Zek (x;) ZS D(N +1)
k=0 = i=1 k=0a

and we finally have E, Tr G,;! > (N+1)/D. Together with (11) this implies
that for N +1 < n,

BBy f = Inl3 2 T E TGyt +py 2 0pn——=
Hence if E, Byl f — ]/C\N(n)H% — 0 as n — oo, we must have lim,,_,., N(n)/n

=0. m

It is worth remarking that in the case of uniform distribution of the
observation points on [0,27] (0 = 1/(27m)) there exist Fourier coefficient
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estimators such that the conditions lim, ., N(n) = oo, lim, . N(n)/n =
0 are also sufficient for consistency in the sense of the integrated mean-
square error of the corresponding trigonometric projection estimator for

f € L?[0,27] (see [8]).

5. Conclusions. Theorems similar to 2.1 and 3.1 can also be easily
proved in the case of regression functions defined on the d-dimensional cube
Q = [0,27] € RY, d > 1, and the orthonormal system of trigonometric
functions in the space L?(Q). A certain class of multivariate regression
functions for which a theorem analogous to 3.1 holds is characterized in [9].
Moreover, according to Gallant and White [3] the functions of the form

s(z) =aog+ Z g cOS((kq, ) + by sin((kq, ),
|ka| <K

where x = (x1,...,24) € Q, ko = (k1as- -, kda), |ka| = |k1a] + -« + |kdal,
kio = 0,21, +2,..., 4 =1,...,d, K > 0, can be represented as a single
hidden layer feedforward neural network

r(z) = Bo + Zﬂﬂb(@m@ + 7i0)

with the cosine-squasher activation function

0, —oo <t < —7/2,
Y(t) = { [cos(t +3m/2) +1]/2, —7w/2<t<7T/2,
1, /2 <t < oo,

and properly chosen vector (8o, 51,71,710s - -5 Bm, Yms Ymo) of weights,
where So,8;,70 € R, v, € RY j = 1,...,m, m = m(K). Thus, the
above mentioned multivariate versions of Theorems 2.1 and 3.1 assure exis-
tence of neural network estimators [3] consistent in the L?-norm or uniformly
pointwise consistent for appropriate regression function classes.
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