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preceding formula may be written in the form

Gap (X, y) = I X (x—=1) f(t, y)du().

As a function of x, r and y, the integrand in this formula is a non-
negative Borel function on R®. Hence, by Fubini’s theorem it follows that g,,
is a Borel function. Finally we note that '

M, f(x,y) = su wﬁﬁi(fciw)i)ﬁ ,,,,,

s >0 y(x—~r, X+S),

the supremum being taken over the set of all pairs of positive rational
numbers » and s, '
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Radial convolutors on free groups
by
TADEUSZ PYTLIK (Wroclaw)

Abstract. Let ¢ be a free group on finitely many generators and let 1 < p < 2. We show
that any radial function in the Lorentz space /"' (G) defines a bounded convolution operator
on 1(G).

Let G be a free group on k generators, Every element x in G is a word
whose letters are generators or their inverses. We denote by |x| the length of
the word x, ie. the number of letters of the word x in its reduced form.

A complex valued function f on the group G is called radial if it depends
only on the length of a word, that is, if /'(x) = f(y) whenever |x| = |y|. The
subspace of all radial functions in the:Lorentz space 4(G), 1 < p, g <€ 0,
will be denoted by B24(G). Also E(G) = I'P(G).

A bounded operator T on F(G), 1 < p < o0, is called a convolutor if it
commutes with all right translations. Since the characteristic function y, of
the identity element in G belongs to P(G), one may consider T as con-
volution by the function f= T(xo), so that T=A(f), where 1 is the le_ft
regular representation of G on I’(G). We call T a radial convolutor if T(y,) is
a radial function. Let C?(G) denote the Banach algebra of all convolutors on
P(G) and C?(G) the subset of radial convolutors. It was shown in [2] that
CP(G) is a maximal commutative subalgebra in CP(G) and that CI(G)
=CLG) if 1/p+1/q=1.

Here we want to show that

PYG) « CHG) = IP(G) for 1<p<2,

ie. that C2(G) “almost” coincide with (G) (no result of this type is possible
for p=2). We also prove that the necessary and sufficient condition for. a
non-negative radial function to be in C¥#(G) is to be in #'(G). This imp!les
that '(G) is a convolution algebra for p <2 and that the inclusion
CP(G) = E(G) is proper for all p> 1.

Let G,,, m=0, 1, 2, ..., be the set of all words in G of length m and y,,
the characteristic function of G,. Then any radial function f on G has the
form

o

f= Z Oy X+

m=0
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We have (see [2])

D) xi*xs = x2+2K%0s X1 *Tm = Xm1 2k =D Y1, m=2, 3, ..
It follows that
card G, = |[yplly = 2k(2Zk—1y""1 for m=1,2, ...

o
Lemma 1. A radial function f= 3 a,y, belongs to the Lorentz space

m= 0
PAG), 1< p, g <co, if and only if the series

it

3 lol(card G,y

"= 0

Is convergent. In this case
2 Cllfllpq <

with C =1—2k~1)""* and C,=[1-(2k~1)
Proof. Suppose that a measure o =(w;, w,, ..
natural numbers is such that

(Z o,y (card G, )‘l/l')l/q

m=0

Coll Fllng
~1/p]-1.
) on the set N of

)
sup ~— =d < 1,
nsly Wy q
and for a t >0 let o' = (w}, @}, ...). Then
(1—d) ' (E) < [w(E)] < (1—d)™" o' (E)

for any finite set E = N. It follows immediately that /4 (N, w) = B(N, o),
1<p,q<co, and that

@) A=) f gy < <=1y g
for any function f in P4(N, ). Now the lemma follows by (3) with w,
=1, Oy =2k@k—=1""" for m=1, 2,.

Let P,, m=0,1, 2, ..., denote the polynommls defined by Py(z) =1,
Pi(z) =2z, P,(z)= —2k and Py(2) = 2Py (2)—(2k~1) P, ,(z) for m
=3,4,..

It has been shown in [2], Theorem 3.1, that the maximal ideal space of
the algebra CI(G), 1 < p < %, coincides with the ellipse

E, = {zeC: |z 2]+ |2+ 2w| € 20274 20X1 " 1in)),
where @ = (2Ic-—1)“2 The Gelfand transform T of an operator T'e CP(G) for
which T(y,) = Z Um X 1S given by

m=0

I/ “l‘I(N wil Py PN, )

T@) = Z o P (2).
m=0

icm°
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Let Q denote the set of all infinite reduced words in the generators of G
and their inverses and consider the natural action of G on Q by left
multiplication. If P denotes the Poisson kernel (see [17) defined on G x Q by

P(x, w) = (2k — 1y%=@)

where 6(x, w) = n—|x"'w,| when |x| = n and w, is the word in G, consisting
of the first n letters of w, then the following cocycle identities hold,

(@) P(xy, w)= Py, x ') P(x, w), Ple,w)=1.
A simple calculation shows that for any real number ¢
(5 3P x, @) = (2k— 1)+ (2k— 1)1
xedi |
which is independent of w. Put
Qult) = Py (2k~ 1) +(2k-1)'"Y), m=0,1,2,...
Then
(6) Z P' 7C (U) Qm() m=07 1, 2,.-., we.
Xy
Indeed, the cocycle identity and (5) imply
P, wyxyy = Q0 P(, @),

Thus by the recursive formula for P, and (1) one has
P, @) %y = Q) PY( =0,1,2,..
Evaluating this at the identity e one gets (6).

One can easy verify that an explicit formula for Q, (1),
=1,2,... 18

M Qu(t) =

where

5 ),

t#1/2, m

A() 2k~ 1)™ + A(1—1)(2k— 1)1,
(kal)’ —(2k
(2k = 1) = (2k ~ 1)!
Now we are ready to prove the following:
Lima 2. {[A(xulller = Qu(1/p) Jor m=0,1, 2, ...
Proof. Observe that the number (2k—1)"74(2k —1)! ~ P belongs to the
ellipse K,. Thus

14 GmMllce

A1) = -

und p= 1

2 5Up|A(w) * (2)] 2 P (2K = )P+ (2k = D' 1) = Qu (1/p).

26l
To get the converse incquality |4 Gemlice

[1xm * lly < Qu(1/P} |0l

< Q,(1/p) we shall show that
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for any function @ on G with finite support. We may assume that
supppnG, = @ for k=0,1,2,...,2m—1, so that any word y in the
support of ¢ has length at least 2m. Indeed, [x * @ll, = llxm * (@ *,)], for
any xeG, and the function @#d, has the desired property if (x| is big
enough. :

For any yeG, |y| > m and any x€G,, put P(x, y) = P(x, ), where @ is
an element in  such that w, =y when |y| = n. Fix a real number t. Then

m* O =| X @0y <( X P'lx, y) P (x, Yl (xp)))r.

X€G py X6Gpy
Since the function s —s” is convex on (0, w), we have for any numbers
. Sy 825 nnvy Spy Oy Mgy ey Oy in (0’ OO)
(aysy+agsat oo o s F <(ag o+ o ol oy s +oy G+ ... 4o, 8.

In particular

L e @ONP < (Y P p)PTH(Y PP, ) o Gey)P).

xeG, X6Gy

Bit by (6) Y P'(x, y) =Q,(t). Thus

XEG py

' % 0llE =2 tm* @GN < QE™LOY T PP (x, 1) oo ()P

y xeGp,

If the order of summation on the right-hand side of the last inequality is
reversed, variable y replaced by x~ !y and the order of summation changed
dgain, the inner sum becomes

2 PATP(x, xTLy),

X€Gp,
which by the cocycle identity and by (6) is equal to Qm((p—1)t). Therefore
llxm * @llp < Q07 () Qu((P= 1)) X [0 (WP = Q4™ L (1) Qu (P~ 1) llell.
y

In particular for t=1/p we have Qy((p—1)¢) = Q,(1~1/p) = O, (1/p), 50

litm * iy < Qb (1/P) [l
This proves the lemma.

TxeoreM. Let G be a free group on Jfinitely many generators and let
1<p<2. Then

PH6) = C2(G) = B(G).

Proof. The only non-trivial inclusion EY(G) = CI(G) has to be shown.

@ ©
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Take an arbitrary function f in I'(G) and write it in the form

/.= Z Ly Xm«
m=0

By Lemma 2 we have

o

1A ler < 20 ol Gt = 3. 1 @ (1)

m=

Also by Lemma 1

o1

1/l = Ct Y |l (card G,

m=0
Since A(1—1/p) <0 for p <2, we have in (7)
Qm(1/p) < A(1/p)(2k— 1" < A(1/p)(card G,,)'".
Thus
A Mer < A/P) Coll fllp < 0

and so fe C2(G).
CoROLLARY. A non-negative radial function f belongs to C*(G), 1 < p <2,
if and only if felP*(G). This implies that I"*(G) is a convolution algebra.

Proof. Let f= Y a,%» be a non-negative function in C?(G), 1 <p

<2. Then "
I Ylew > sup [(2)] > Zo O Qm(1/p).
zekp me=

But Q,,(1/p) = (card G,)}*”?. Thus by Lemma 1

o

14N, = 2. am(card Gp)' > C|l i1,

me= 0

and so fe /' (G).
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