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A simple complement to Mikusifski’s operational caleulus
by
KOBAKT YOSIDA (Tokyo)

Abstract, According to Mikusinski’s operational ealeulus, any solution y = {y (1)}
of the Cauehy problom for the nth order linear ordinary differential equation with
complox coollicionty and with inlomogoneous torm fe= {f(£)} €00, oo) must satisty

(%) (e 8% - ctyyy 87 Rk dag)y == fob Py 87 o By g8 L Bos

where a's and fi’s are eomplex numbery with a, % 0. The entitled complement
provos that g == {y (1)} given by (x) i n-timos continuously differentiable in ¢ so that
y () is in truth the unique solution of the original Cauchy problem. Cf. the subsequent.
paper by 8. Okamoto (this volume, pp. 99-101).

The entitled “complement” will be stated in § 2. For the sake of the
reader’s convenionce, I ghall begin with a brief prerequisite from the oper-
ational caleulus of J. Mikusiigki [1] as exposed in a joint paper [2] of the
present anthor.

§1. The prerequisite. Lot ¢ denote the totality of complex-valued
continnous funetions defined on [0, o). We denote such a function by

{f ()} or simply by f, while f({) means the value at i of the function f.
Yor f, g% and a, § ¢ I (== the complex number field) we define

t
() af By = {af()+pg®)} and fy = off(t-r)y(r)dr}-

Thon ¢ is & commutative ring with respect to the above addition and multi-
plication over tho coefficient field IC.

We shall denote by h the constant function {1} €% so that we have
fe?

, 1 o \ et
(2) IIJ‘ lbf f('ﬂ)(l'&‘l for and AP = {m—ir}.

Tor any integor » 3 1 and f ¢ €, we have, by (2),
(3) W = 0 J=0,

where 0 denotes {0} &%, Therefore we can define the commutative saper-
ring €, of ¢ by

implies
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(4) Gy = {fIh"; fe® and n =1,2,...},

‘where the equality means

() —;f;; = 7f,T it and only if fA" = f&"
5 ]

and the addition and muliiplication are defined by

© SN L™ U i
h“ o A T T U
We introduce
7 i . K
{7 )I::—ﬁcé’,, (n=1,2,..) and s== G by (M=21,2,..)

so that we have

(8) sh =hs =1,
‘Then, if both f and its derivative f* belong to ¢, we have
(9) I = sf—[f(0)], [f(0)] = s{f(0)},

because of the Newton formula

and I is the multiplicative unit of the ring ¥y.

where

|1
(o)’ 1 = { [ (@)ac} = {f(6) —F(0)} = F—{f(0)}
0
Formula (9) is generalized as follows:
If f is n-times continuously differentiable, we have

F® = (O] . =[O0

Her‘ea,i"ter, we shall write f7(0) for [f?(0)]in case there be no cou-
fusion of identifying f@(0) with {f®(0)}. We have then

ProOPOSITION. For any a € K and for any positive integer n, we have
the result that

,(9)7/

_ oty

(s =[a])* = 0

= (8 —a)" =

-admits a uniquely determined multiplioative inverse in %y, given by
I I

10 ez (e )T

(o) ey~ ¢

because (s—[al){e“} = I by (9).
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§ 2. The complement. Consider he following Cauchy problem for
linear ovdinary differential equabion with coeflicients belonging to K':

‘ a1y g by = e (@, #0),
) PO vy Y0) =y e g(0) =
By vietuo of (0)"; this problem ghall be converted into the equation in @2
(™ 18 s ) = ol B 87 b g8 - By
(1) B = g Vo g Pl eee B @Yo (o= 0,1, 2, 0, 01,

sineoe the polynomial ving of polynomials én s with cocfficients belonging
{0 I is free from zoro faclors, wo con define vational functions in s:

and  Hy =

T A SRR Sy A

and obtain their pm'i‘.isnl feaetion decompositions

mj
!
Lo iomd
/wm 1 J

k

and Iy == Ay (3 —1,)"",

fimal

whom 78 are mﬂbmut roots of the algebraic polynomial

(1.3) P(R) = g2l ous oy = ay I [ (r—rs)™ (Z my == n)
i
By virtie of (10), we have
(12)" i,
iy o1 ’_;1 [ ik_l
\1 \1 \ [ t . ?1115\‘ - \>1 d 07‘}} c?
HM"H oy e f"l(k i1

g0 that we obtain the solution y of equation (11) given by a funetion of €':

-\ 1 ﬁn 18‘"'" -1 }« "l" /9(»
(14) ¢ P It W)
TG = A P
o ,‘ﬁ,\_.l ,}.J(M{(/ l)UfJ{f »] \ > dlk{—-—:::.-q)' 65}.
J ket

”Ilowuvm', it 48 mot apparent That this fwrm ion y of ©4s precisely t?m
solution of (11), because it is not apparent that ¥ i m-limes continwonsly
differentiable in . In faely i f i8 nob difterentiable in ¢, then, e.g., .

w = @) - {[ e

is not twice continuously differentiable.
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Oux complement says.that, in spite of the above example, we can prove
that the funclion y given by (14) is m-times continuously differentiable so
that it is the unique solution of (11).

Proof. Multiplying both sides of (11)' by A" we obtain
Y+ Oy Byt oo F ol = B+, ke BT

Then F(f) = W+ Byrh+ ... +Bh™ is surely n-times continuously dif-
ferentiable. Thus, by y € ¢’ and by (2), we have the resulb:

Y = — 6 (G WY+ oY+ o+ By) + o {F ()}
is once continuously differentiable and its derivative satisfies
(15) ¥ = —az (@ k' + Guoo B + oo k) o (I (1)} +
+ a polynomial in ¢,
because, e.g.,
(h3y)’ = h2y = 12 (hy" +-9(0)) = Ry’ +1%y(0)
by (9). Thus y’ given by (18) is continuously differentiable in ? and satisfies
Y= — (G B oo By L agky) e B ()}
-+ a polynomial in ¢
é,nd so forth.
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A remark on Yosida's complement to
Mikusinski’s operational calculus
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SHUICHI 0OKAMOTO* (Tokyo)

Dedicated to Profesor J. Mikusiwiski
on his 70th birthday

Abstract. According to the Mikusifiski theory of operational caleulus, the Canchy
problem for the mth order ordinary differential equation with complex coefficiants
and with inhomogeneous texrm f & 00, o) is transformed into the operational equation :

(g 8 o Gy 8" vt Fag)y = FE T RT O BT NIPY Lo S 1R

As a complement to the theory, Prof. K. Yosida showed the fact which states that
the solution y of tho above operational cquation is n-times continuously differentiable
50 that y is the true solution of the original equation. In this paper, a remark on the
abovo comploment is mado by giving & direct proof.

Tt s well known, in the Mikusifiski theory of operational calculus,
that the Cauchy problem:

a’ny(n) -+ a’w.—-ly(n—l) + et WY = f’ .
(1) y(0) = by, Y'(0) =Dby, "-1y(n_1)(0) = by_1y

wel, i=0,..,m, beC, j=0,...,n—1 and fed[0, o)
is transformed into the operational equation:

(a'n‘sm + ('Ln--«lsn—.'l A a’o)y == f"]' Gyt gt -+ an28nn2 s A€oy

@)

Oy, == “”1.1M1b0‘°]‘“ almkl‘gb]_"l" e "|‘%bn—m-—17 m o= 0,1,..., n—1,
where § == 1/h (= L/{L})(cf. [1], [2] and [3]). Therefore we have

‘ e
@ Y=3m T ow
with p(8) = @ys"+ ... 0 = B,(8 — ) (8 —a) ... (8 —ay)
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