icm®

STUDIA MATHEMATICA, T. LXXVIL. (1984)

On some distributional multiplicative products

by
SUSANA ELENA TRIONE (Buenos Aires)

Abstract. In this note we extend the one-dimensional multiplicative products
due to B. Figher (cf. [4], [5], [6] and [7]) and A. Gonzdlez Dominguez and R. Scarfiello
(cf. [10]) to certain kinds of m-dimensional distributions called causal and anticausal
digtributions ((1.2)).

It mainly deals with a method which gives sense tc¢ many heterodox multipli-
cative distributional products which appear often in applications, especially in the
quantum-theory of fields.

We evaluate some multiplicative products, such as Pi-é(f) P),r=201, 2,...;5
) def .
Py pIrie, {(sgn P) [P} Pr+1, PH1/PT)- 80— (P), (Pf = Finite Part), where

P, P_, 50 (P), (sgnP)|P|") are given by formulae (1.4), (1.7) and (1.8), respectively.
1. Definitions. We begiii with some definitions. Let @ = (4, %3, ... )

be a point of the n-dimengional Euclidean space R"™ Congider 2 non-degen-
erate quadratic form in » variables of the form

(1.1) P =P(@) = @4 oo +05 =851 — oo —Bpigy
where n = p -+ ¢. The distributions (P +i0)* are defined by

(1.2) (P £40)* = Lim{P -Lie|w[2}*,
-0

where &> 0, |22 = %:'“{—l— ... 422,41 C. The distributions (P+i0)* are
analytic in A everywhere except at A= —n/2—k, k=0,1,..., where
they have simple poles ([8], p. 275).

The distributions (P-40)* are called, respectively, causal and anti-
causal distributions.

Turthermore, we can write ([8], formulas (2) and (2'), p. 276),

(1.3) (P +i0)* = P, 4= P2,
where
LI P>0 0 “for Px=0
(14) P = T and PR o= R ~7
0 for - PO, (—Py for P<O.
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The distributions P% and P* have two sets of singularities, namely,
A= =1, =2,..., —k,...,and 2 = —n/2, —u/2—1,..., —n/2 —F, ...
HA=r=0,1,2,..., it follows that
(1.5) (P440)" =P, +e*™ P = P,
We shall define ([8], p. 211, formulae (7) and (8))
(16) 6P, 0> = [S(P)plo)dn = [P0, s, ..., u,)dus...du,,
. P=0 P==0
where
¥ =g, (u)D(3)
and
@1(tyy Uay oeny Uy) = (g, ..., @)
‘We write P = u, and choose the remaining u, coordinates (with § = 2,
3 ..., n) arbitrarily except that the Jacobian of the &, with respect to the

%;, which we shall denote by D (%), does not vanish.
Similarly we put

@) B, oy = [ oB(P)p(a)dw
P=0

= (—1)’°Pf PO, thay oy Uty ..ty
=0

Finally, we observe that the following formulaé are valid :

(1.8) (sgnP)|P|* = P% —p*
and
(1.9) |P}* =P, +PL.

2. Il‘ltl'oducﬁo’n. In this paper we generalize the formulae due to
A. Gonzilez Dominguez and R. Searfiello (ef. [10])

1 ’
- 0) = —5 0@,
and several formulae due to B. Fisher (cf. [4], [5], [6] and [7]); some of

these formulae read

@t T = —imcosec(nd) 8(x), A 5 0,41,42,...;

@l - 80(@) = H(~1yrlé(a), »= 0,1,2,...;

_ -

z~t. 6(r—1)(x)
2(2r —1)!

8-V (g), ...
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In this formula 6" (x) is the rth derivative of the one-dimensional
S-meagure and #, , #* , 1 e C, are the distributions defined by the formulae

and ot =

2* for @>0, 0 for >0,
0 for <0, T w? for 2<0.

ol =

These one-dimensional formulae will be extended to n-dimensional dis-
tributions called causal and anticausal distributions (cf. (1.2)).
To evaluate our results we need the following formulae:

(21) (P 4 0)* (P £40)* = (P 40,

where A, e C, and 2, u and A+ are different from —n/2—k, % =0,
1,2,...; and

. 1 (Y ey
r o Pp L §-0 (P
(P+i0)y™" = Pf G F =T i 8 Py,

~~
o
D
~

forr =1,2,...,7 #0n/2,n/2+1, ..., 024k, F = 0,1, ... (Pf means the
finite part).

Formula (2.1) was proved in [12], Theorem 2, formula (i, 3; 17), p. 23.

Formula (2.2) appears in [3], p. 577, formula (4.9).

Tn order to give a sense to our products we shall make use of 2 special
change of variable. We begin by defining the multiplicative product of
two distributions “a la Mikusifiski” ([1], p. 242, §12.4, formula (1)). If
8 and T are distributions, we shall define their multiplicative product
by the Mikusinski formula:

(2.3) 8T = lim (S g, (@)} {T#ga(2)}

if the limit exists for every mollifier g,(z). The symbol * denotes; as
usual, convolution. By a mollifier we mean a sequence g,{(x) = ng(ns),
where the function g(x) has the properties

(1) g(w) =0,

)

)

) g(@) = g(—2),

) suppg(®) = [—1,1],

6) g(») is increasing for —1 < <0 and decreasing for 0 <#<<1.
Let ¢, be a distribution of one variable s and let u(2) € O*(E") be

guch that the (n—1)-dimensional manifold % (%, @, ..., ®,) = 0 has. no
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critical points; g, denotes the distribution defined on R" by the formula .

(called the Leray formula, cf. [11], p. 102).
(2.4) [ vuef @y .. dw, = [ @ds [ f@w,(@, do);
R™ -0 u(z)=¢8
here w,, is an (n —1)-dimensional form » defined as follows:
dundw = Aoy AAwyA ..o ABDy;

the manifold %(z) = s has the orientation such that w,(z, dr) > 0.

We remark that the one-dimensional products we have considered
when applying Leray’s formula are due to A. Brédimas ([2]) and B. Fisher
([41-[7D)-

3. First we shall prove the following formulae:

(3.1) PL-P7'* = — Incosec(nd) - 6(P)
and ' ‘
(3.2) PPt PPt = P,

where 4 and, —1—1 %= —n/2—~k,n #2,%k =0,1,... and 4 and —1—1
%1, —2,..., —k, k=1,2,...
Taking into account formula (1.3), we have (1 € C)

(3.3) (P+i0) = PL +¢mpt
and
(3.4) (P+i0)~*! = P71 4 girl-i-D p=i-1,

By multiplying the left-hand members of (3.3) and (3.4), one verifies that
(3.5) (P+i0) (P 4-40)~* = (P+i0)"*.

The last formula is valid when A and —21—1 are complex numbers differ-
ent from —n/2—%,%k =0,1,2,..., and n 2 (cf. (2.1)).
We also have from (2.2), for n # 2,

(3.6) : (P-+i0)™ = % —im 8 (P)
From (3.5) and (3.6) we get
(3.7) (P +i0) - (P+40)"* = % —ind(P),

Aand —1-1 different from —n/2—k, & = 0,1, ..., n £ 2.

e ©
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Ou the other hand, by multiplying the right-hand members of (3.3)
and (3.4), we obtain the formula

(38)  {PA+emP}-{Pit 4P
+ +
= PA-PyPt —PAPoR 4 @isinmA}PE-PTM,

valid when A and —A—1 are complex numbers different from —n/2—%k
and different from —1,—2,..., —k,k=1,2,...

‘We remark that the heterodox multiplicative products which appear
in (3.8) and the other products that we evaluate in what follows are per-
fectly justified by the Leray formula (2.4) and also by Theorems 8, 9,
10,11and 12 of [9].

From (3.7) and (3.8) we get

1
(3.9) 5~ ind(P) = PL-P7* ! —PL- P QisineA} P71 P,
2 and —4 -1 —nf2—k, n #2, k=0,1,2,..., 2and —1 -1
# =1, —2,..., =k, k=1,2,...
Tt is immediately seen by equalizing the real and the imaginary parts
of both members of (3.9) that

1

(8.10) PL.pyt PPt = 5
2 and —A—1% —n2—Fk,n#2,k=0,1,...;2and —1 -1 # —1,
—2, .00y —ky b =1,2,...,20d
@1y P+1P = —jmcoseo(nih) §(P),
where Aand —4 —1 % n/2—k,n #2,k=0,1,...,Aand —4 -1 # —1,
—2,...y =k, b =1,2,...,28 we wish to prove.

Tormulae (3.10) and (3.11) are generalizations of the one-dimensional

distributional multiplicative products due to B. Fisher (ef. [7], p. 3117,
formula (1.1) and [4], formula (1), . 296, respectively):

A p—de—l PR B RS |
AT Rl A =2,
and

ok @t = —fncosecni,

where 4 5 0, 41, 4+2,...
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4. In this section we shall prove the following formula:

(4.1) P -00(P) = }(—1)r1-6(P),

wherer = 0,1,...,m #2,7 #=n/2—-1,%/2,...,0/2+k, k= —1,0,1,...

‘We begin by considering formula (2.2):

( 1)1‘4—1

(4.2) (P+i0)~+) = ml + mi 80 (P),

for r=0,1,2,..;r #n/2—1,n/2,...,n/2+7c;70 = -1, 0, 1, 2, ...
Taking into account (3.7), with 2 = r, we obtain

1

(4.3) (P 410) (P +i0)~¢+) = (P+40)"" = 5 —ind(P),
where r =0,1,2,...; —r—1 % —n/2~k,n %2,k =0,1,2,..

From the right- hand member of (3.3), where 1 = 7, and from (4.2)
we obtain, taking into account formula (1.5),

)r+

(44)  {PLAOTPILP S sy

(—1y+

= pr.p-r+ — 80 (P)-pr,

forr=0,1,2,..,r 521,02, ..., n/2+k,k=—1,0, 1,2,... We get,
by tak_mg the imaginary parts of the right-hand members of (4 3) and
(4.4),

(4.5) Prg(P) = (—1)r16(P),

forr =0,1,..57 #n/2—1,n/2,...,n/2+k,k = —1,0,1, ... We know
that :

(4.6) Pr =P+ (—1)P" !
for » a non-negative integer. From (4.5) and (4.8), we getb
(4.7) PL-a"(P) = §(—1yr18(P),

for r =0,1,...,0n %2, 7 #n/2-1, B2 ey nf24F, = —1,0,1,...,
analogously we get

(4.8) P 89(P) = r15(P),
for »=0,1,...,n #2,¢ #n2-1,n/2,..., n/2+k, Tk = —-1,0,1,...

©
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Formulae (4.7) and (4.8) are extensions of the one-dimensional formulae
due to B. Fisher ([4], formula (2), pp. 297 and 298):

a8 = 3(—1yrts,
where r =0,1,2,..., and
ol 6" = L r18(z),
where r =1, 2, ...
5. Here we shall establish the formula

(r=1)!

[l

1 I 1
5. . 5r-(P) = = (—1)
6] 1)‘ ‘PfPr S IN(P) 2 (—1)

wherer = 0,1, ...;2r #Fn/2,n24+1,...,r #0/2,n/2+1,...
1 1
Formula (5.1) is a generalization of the formula g o) = — —2—6'({0)
due to A. Gonzalez Domingunez and R. Scarfiello ([10]) and is identical
with formula (8.1), p. 17, [9]. From (2.2) we get

1y2r-1
(5.2) (P—]—-'L'O)—'w =PtP¥4 ((2 1) o 6(01«1)(P)’
r=1,2,...;2r #n/2,n/2+1,... Also we have ((2.1))

(8.3)  (P£i0)™ = [(P£i0)7] = (P£40)™" (P £40)™"
__‘ 1y (r— 2
- {Pf,P'} [—1 ']2{5 MPF

(=) .
24P i sr=(p
# aferg | [ ),
where r =1, ..., —r and —2r #=n/2—k, bk =0,1,...

By comparing the real and imaginary parts of the right-hand members -
of (5.2) and (5.3), we get

(5.4) pep = for 2l T e,
and
(63)  Pio sNE) =L 1)'((—“11)76‘“-”(1’),

forr =1,2,...;2r #=nf2,n24+1, .. #n/2,n/241,...

2 — Studia Mathematica 77.3
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6. Formula (3.3) for A= —r—1/2,7 =0,1,...,reads
(6.1) (P£i0)~r—Y = Pyl gHinCrimpIri,
Therefore, we obtain
[(P i0) AT = [P [Hnr AP
SN o) S

(6.2)

forr=0,1,2,...; —~r—1/25 —n/2—Fk,k=0,1,...; 271+ — (2 —T.
The left-hand member of (6.2) is ((2.1).and (2.2)),

(63) [(P:l:io)—r—llz]z — (P:l:,io)-r—-llz('l):hio)—r-—llz — (P:}:,[O)-—(llr-l-l)

—— P—(Er-i—l):F

i_ﬂ((_j'_)i_r 5@ (P),

27)!

where —r—1/2 % —n/2—k, —~2r—1 % —n(2—k; k= 0,1,...; and
7 =0,1,2,... By taking the imaginary parts of the right-hand members
of (6.2) and (6.3), we obtain

P;T—IIZ,P—-T—-I/Z . (_l)r

6-4) 2(2r)!

¢ (P)

for —r—1/2 s —n/2—F; —2r—1 % —n/2—Fk;k =0,1,...
1,2, ... Formula (6.4) is a generalization of the formula

(1)
2(2r)!

and r =0,

w—r—l/ﬁ .mwr—1/2 —
+

6@ (1),

where r = 0,1, ..., due to Fisher ([5], p. 125).
7. We shall extend the formula
{sgna o’} 67 (2) =0,

for A>2r—1 and r =0,1,2,... which appears in [7], p. 318, formula
(3.1). )
From (6.4) we get

(7.1) 88 (P) = (—1y'2 (2r) P71, p=tr41i)

for —r—1/2 # —n2—k; —2r—1 % —nf2—~k, k= 0,1,...;
r = 0,1, ... The following formula is valid (1 ¢ C)

(7.2)

and

(sgnP)|P|* = P4 —P%,

icm
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By multiplying the left and the right-hand members of the preceding
formula, we get )

(7.3) {(sgnP)|P"}- 6@ (P)=(—1)'2(2r) I n{P7 P} (P —P1} =0,
that is to say,

(7.4) {(sgnP)|[P|*}- 8"7(P) = 0,

for —r—1/2 and —2r—1 # —n/2—k,k =0,1,...; and r = 0,1,...;
ieCy, —r—1/2+4 and —2r—1421 % —1, —2,..., and 4, —2r—1+41
#= —nf2 —k.

8. We ghall obtain the following formula:

(8.1) [P 6B (P) =0,
where AeC, —r—1 = —/2—Fk, k =0,1,..., —2r—2 = —n (2 —Fk; and
Ay —r+1+24s% —k and #=—n2-—Fk, —2—2r+1% -1,r=1,2,...
Formula (8.1) is an n-dimensional extension of

ol 647 (2) = 0,

where A>2r and r = 0,1, ...,due to B. Fisher ([7], p. 318, formula
(3.2)). . :
From (6.4) we have, for —7r—1 %= —n/2—Fk, %k =0,1,...; —2r—2
#= —nf2—-k;r=1,2,...,

(8.2). SC N (P) = (—1)+122(2r +1) I PP
We also know that (1 e C)
(8.3) |P* = P%+PL.

Multiplying the two last equalities, we obtain
(84) PP 88T+ (P) = 0,

where ieC; —r—1 %% —nf2—k,k=0,1,...;

—2r—2 £ —n/2—k;
—2r—2-41 % —1,r =0,1, ... .

9. Taking into account formula (7.2), we have
(9.1) {(sgnP)|PP}- P+ = (P} —P1}-PYH = Pphiardl,

The lagt formula

(9.2) {(Sg’l’lP) IP[‘}'PQ—H — Pi+27+1’
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where 7 = 0,1,...,2eC and 2r--2+1 5% —1, 1. % —Fk and # n/2 —~k,
k=0,1,...,generalizes the equality L

~ {(sgnP)[ol’} -2t = 2
for 1>—2r—3,1 % —2¢—2 and r =0,1,..., ([7T], p. 319, formula
(4.2)).

10. We shall obtain the distributional multiplicative product
|P|* P, which generalizes formula (4.1), p. 319 of [7]. Tirst: we register
the formula ‘ ‘

(10.1) (P +40)" (P +i0)* = (P +140)"+*,

where A and 27+ 1 are complex numbers different from —n/2 —7%, # and
k=20,1,... From (1.3) and (1.9) we have

(10.2) (P+40)" = (|P|~P) + 6P,
for Ae C and ' :
(10.3) (P +1430)* = Pif—}—e“’”P'f,

for 7 = 0,1, ... Multiplying the left-hand members of (10.2) and (10.3)
we obtain

10.4)  (PA+i0)(P+40)" = (P+140)"+*" = Phtar girlb+an phttr

for A% —nf2—kk=0,1,...-and 7 =0,1,... By multiplying the
right-hand members of (10.2) and (10.3) we obtain ‘
(10.5)  [(|P* —PL) 4¢P |- [Pl . g2~ p27]

— |.P{)"P%:-]~6i2“r [_PIA,Pz_r___(eiznr___ein(l+2r)1>1+2r),
for 2eC, r=0,1,..., A —L, —2,..., — k; A % —n/2—k and k =
0,1,2,... From (10.4) and (10.5) we conclude
(10.6) |PLPY = Pt
where r = 0,1, ...54 % —1, —2,..., —k; 4 % —n/2—Fk, &k = 0,1, ...

11. In this last paragraph we shall evaluate the product (P 4=10)* %
X (P £40)~*=%, This formula is a particular case of our Theorem 2, formula
({, 3517}, p. 23 of [12], or, equivalently, formula (2.1). We have

(11.1) (P £i0)*(P +i0)~*1 = (P4 i0)™",

icm®
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where 4 and —21-—1 are different from —n/2—%k,n 5%2,%k=0,1, ... We
also have ((2.2))

(11.2) (P+i0)™" = —;,— Find(P),

n # 2. Formulae (11.1) and (11.2) are generalizations of the formulae
(@£ i0Y* (£30)"*" = (2 140)" = &~ F ind(z)
where 4 % 0, 41,42, ...; due to B. Fisher ([7], p. 324, formula (6.1)).
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