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Multiplier eriteria of Hormander type for Jacobi expansions

by
GEORGE GASPER* (Evanston, II.) and WALTER TREBELS (Darmstadt)

Abstract. Tt is shown how the multiplier criteria of Hormander type derived
in Connett and Schwartz [7] for Jacobi expansions by the use of finite differences
can be substantially improved by using fractional differences. The main result, stated
n Theorem 1, is in a certain sense best possible.

1. Introduction. In this paper we show how the multiplier eriteria
of Hormander type [14] derived in Connett and Schwartz [7] for Jacobi
expansions by the use of finite differences can be substantially improved
by using fractional differences. .

To state our results we shall employ the following notation which, for
the convenience of the reader, is essentially that in [7]. Fix a > p= —1/2,
a> —1/2andlet L? = Lf, ,,1 < p < oo, denote the space of measurable
funetions f(x) on (—1,1) for which

1

Ifly = [ if@dm(@) )" < oo,
-1 . - . . B,
where dm(m) = dmz(®) = (1 —2)(L+a)’ds. Also let R,(x) = R&P(x)

= P (@) |P{-(1), where P(P(z) ig the Jacobi polynomial of order
(ay B), [16]. Bach fe L” has an expansion of thé form

@) ~ Y f" (Wh,Ry0),

where "
F(n) = [ f@)Ry(e)dm(a)
and

_ (@ntatp+1) I (n+a+F+1)F(n+a+1)
TP M4 41) M(n+1) I'(a41) IMa-++1)”

hn = h(y:’ﬂ) = ”Rn”z—z

* Bupported in part by N8F Grant MCS 76-06635.
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A sequence m = {my}3 o € 1™ is called a multiplier of (strong) type
(p, ), notation m e MY, if for each f e I* there cxists a function Mf e L4

with

Mf(w) ~ 2 m,f " (W) Ba(@), 1Ml < OUfl,-

n=0
The smallest constant ¢ independent of f for which (1.1) holds is ealled
the multiplier norm of m and it is denoted by [m]| m -
As in our previous papers [10], [11], [12] we aofme the fractional
difference operator .4* by -
I'(n-4A-+1)

ZA;}; My :'l = (”'4:}*) = 11(%+1)1'v(}:_-l_:‘13~

whenever the series converges. For y > 0,1 < ¢ < oo, the space wbvy,, of
sequences of weak bounded variation of order y is defined by

(1.1)

whv,, = {mel®: [mly,,m., < oo}
where .
2ky Va
iy = Il +sup( 3 w24z 47m, 2" .
k=0 ok—1

Then our main results can be stated as follows.
THEEOREM 1. If y > a1, then
wbv,, = My, 1<p< oco.

THEOREM 2. (a) If 1<p < oo and [1/p—1/2] > 1/q, then

Wb, < MB, y> (2a+2)1/p—1[2].
(b) If 1 <p < oo, then
M, y>(2a+1)[1/p—1/2|+1/2.

Theorem 2 will be derived by interpolating between Theorem 1
and other known multiplier criteria. Note that part (b) of Theorem 2
implies that
(1.2)
if y > a+1. This result is best possible in the sense that whbv, , ¢ M}
when x < a1 and p > 1 is near 1. This can be seen by the counterexample
of the Oesdro. kernel when modifying the corresponding reasoning in
[11], Section 8. In terms of our whv,,, notation the Connett and Schwartz
result in [7] reads:

(1.3)

whv,, <

wbv,, = My, 1<p< oo

WhVy a4 S Mp, 1<p<oo,azf>~1/2,

icm
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where [a-+2] is the integer part of «+2; so (1.3) follows from (1.2). The
case a> —1/2 = f is proved in [10].

Since, by [11], Lemma 1,

Whvg, S Whv,,, O0<u<y, 1<g< oo,

to prove Theorem 1 it suffices to just prove it for the special cage a-+2
>y > a--1. Also, in view of [11], Lemma 2, we may assume that {m,}
has compact support and that m, = 0. In order to extend the Connett
and Schwartz proof of (1.3) to get Theorem 1 we shall need the following
fractional analogs of Proposition 4.1 and Lommcw 5.1-5.3 in [6].

ProposrrroN 1. If a-+2>A>1/2 and f(x) = 3 ¢,h,R,(®), where
{o,} has compact support, then

0 (d*,)h,

n=0

[ (@ —2)(f(@))* dm(2) <

-1
with C independent of f.
LmvvA 1. " Let  du() = 2°+A+2gin?*+1 g cos®+1 640
= W.(0) — W,,(0), where

and V,.(0) =

D (L—7)"h, R, (cos26).

()

If a42>y> a1 and m = {m,} has compact support, then

- W,(6) =

/2

(of (1 —cos ) MV ,(0) du(0))" < Olfmly ="~

with C independent of m.
LeMma 2. If a4+2 > 9y > a+1,0 < < y —a—1 and {m } has compact
support, then ‘ ; .

/2%

I 1V, (0)1(0 ) au(6) < onmnz,,;w
0

with C independent of m. )
Lmvva 8, Suppose that the hypotheses of Lemma 2 hold and let -
a(0) = (M( Wymii =Wy i) #(Wy—im1+Wy-1) (6),
where the convolution * is defmed as in [7], [9]. Then

f Jag 6¢(0)-a‘*‘d%(0)]dy(0)\<_‘0min1( ' —"’L—?!L}
H .

lp— ‘Pol)
where 8, is the unit mass concentrated at ¢ and

= {01 |0 —@o > 2lp —g@ol}.
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- Proposition 1, a weighted Parseval inequality, is proved in Section 2;
it is the crux of the proof of our main result —in particular it is the key
relation in the proof of Lemma 1, given in Section 8. Since the proofs
of Lemmag 2 and 3 are repetitions of those of Lemmas 5.2 and 5.3 in [6],
they will be omitted. Theorem 1 then follows from Proposition 1 and
Lemmag 1-3 by the same argument as in Connett and Schwartz [7],
Dp. :241~-248; see [10] for the case f = —1/2. After proving Theorem 2
in-Section 4 we shall close with some additional remarks and a conjecture
concerning multipliers.

2. Proof of Proposition 1. Observe that if

s
@ ~ 3 a MR,

- n=0

where

1
(21) dy = [ F@REHD @) (1—0)" (1 +2) do,

then, by Parseval’s relation,

(2.2) f(f(v’v - 93)"“(1-{—:)0"01:0—2(12 He+A0)

n=0

Thus, from. (2.1) and. the formula 2], (3.41)

(L—2) BE+H (@) = Y B (@), —l<o<l, i> —a/2—3/4,
© k=n . :
‘where .
a(n) = (2k+a+B+1)L(n+k+a+p+1) I'(k—n —4) [(a+A-+1)2*
o) =

(k—n) ! T(n 4k +a-+B+A42) T'(—21) T(a-+1) !
it follows that B ‘

(2.3). -~ d, = Zak (n)o,.

k=n

Since {c,} has compaet support, the sum (2.3) actua.lly termmates and,
for 4> 0, we have that ¢, = A7*4%,. Henhce -

)

d = Zak(n ) D Almidle

J=k

’ ——ij(n c,

Ju=n-

icm°®
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with

I-n

Z +k n)AI-n-—lc

Je==0
2 T@n+a+p-+2) Na+A+1) I(A+j —n)
T T@EntatB+at2) T (a+1)T(A)(j—n)!
2"‘1““""13']‘1; W+(a+ﬂ+3)/2a v H
¢ “[ +a+p+1)/2, 2n4a-tB+i+2, -z+n-j]'

In order to obtain a gharp estimate for b;(n), we first use the transformatlon
forumla [5], 4.5 (1) to find that for &k >0

_ 2 T@n+at+p+2) Ia+2+1) (2n+a+f+2+1),
I'(2n-+a+p+A+2) (a+1)k!

F[2n+k+a-;-,3+/1+1, n+(a++2)2, n+i+(a+p+1)/2, —k;]

Crlomtatprate,  nd(atB4A+1)/2,  A(atBLAt2)2

where (@), = I'(n-+a)/I'(a), and then use [4],.(4.81) to show. that this By
is equal to

bj (n

_..,‘[’

n i-k(

7 =k,  2nta-f+2, 2';1,+21+a+ﬂ+1;]
T ontatp4adl,  omta--pa+e
Application of the transformation formula

-k, a, b
st [o, fn+a+b~—a—-k] L

(0—“_'”"*'1)]::(0_ N 7 [_kv b, 1’."“'”’5 ]

T (o)le—a—b—n+1), ¥ t|itb—o—k, 1-+o—a-—n
which is a consequence of the Thomae relations in [5], Ohap 3, yields
(2.4)  byyp(n)

2 T@n+a42) I'(a-+A-1) (A), (A—1), 7 [ —k, 2n4a-+p+2, 1 —k; ]
 T@ntEratpHAte) Dlatkl 2 —a—k, 1-2 ~I
Clearly b, (n) < On=*.
(—k)y(8—24—T);,  I'(l~41) I'(l 422 —2) I'(k —j +-4 ~1) I'(l —j 4-)
@—A—k)(L—=A—To), — T(h-+A—=1)T(l+A) I'(%—j +1) I'(k —j +24—2)
is uniformly bounded for % —1 > j> 0 and each of the terms in the I,
series in (2.4) is nonnegative when 4 > 1/2, this .77, is bounded by a constant
multiple of
17' [2%—1—a+ﬁ+2, 1 ——k;] _
s —24—% a

Since

@n+a+p-+24+1),,
(24 —1),_,
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and so
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boy (@) < CR" (M A1P2, k1.

Here and below n* is to be replaced by 1 when n = 0. Now

Ll

F=n

I, < D) 1b;(n) des|

< On Ao, | 40 3 wd = (n 42 dPg,)

FEY S

dnd, from (2.2) and the fact that h{™» ~ n2t?

(2.5)

1

[ (f(@))F @ =241 ba) dw

-1

< o Z (n—ldlon)2n2u+2l+l +O
n=0

n=0 j=n

The first sum above is clearly dominated by

Since the gsecond sum in (2.5) is

for 42 > 1> 1/2 by [13], Theorem 346, the pi'oof is eomplefe.

3. Proof of Lemma 1. Let a2 >y > a+1. It suffices to congidor
- only the case when y is not an integer since the integer case hag already

<

<

¢

(o}

[\

n

1
o

N

ne=t

=

o

o0
D) (Ao, Ph,
n=

(S’y-zm%jl)znzbzua

Jmn

nzrt—21+3(,nl—ldlcn)2

<O )| Ao, FHed

n=0

been proved in [6], [7]. By Proposition 1

/2 ‘ ©
BL ([ @—cos 071HV, ()P au(6)]" < 0( 3 1armyo,in,) ",
0

Je=0

where ¢, = (1—7/2)% —(1 —»)F,
Let us first consider the case y < 1. By series manipulations,

(3.2)

Ay, = myA Y6, - o d*my 4 By,

Z‘o’(f(”‘{'j)z_zléﬂcj] )2%20—214.3.

icm
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If we denote the right-hand side of (8.1) by 8, then it follows from (3.2)

that

@ ®
(83) SO 3 i a1 40( 3 loarm e
oen O Jewn ()

oo

0 a1

T P
om0 il i=r ;

= 8+ 83+ 8.

Since
(3.4)

and

we have

- Algo, since

(3.8)

and oy == 0,

A (L =) = 9?1 —rp)

DAL= O, A

8y < Olm| (Z P (1 < [2) R0+ 1)1/2
T ()

< Olmfr"™*7"

1=r[2

o =" [ & do<h(L—r2) )2
Loy
&, S 12
SO Y Y louPrarm, )
bl promb=1
it A : 12
<0 12’("'”"")( X [70(1--7"/2)’”"7".4”m;a|2)‘
el Towagb1 )

< Orlimlly ) (2" (L —7[2)

wa ]

ol-1

< Ollmnz.v;w’"ywn*l
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by [6], bottom of p. 67. Clearly, |de;] < Gr(l—~r/2)’ and go

< Orlimlle (k‘glnéjl(n—k)""ljgl 1—r[2 1] e 1)1/2
= Orlml (2; L =;;(1 ~r[2) fg: n— o)1) 2

<o (S| ey

k=0
< Olfml 7o
as in [6], p. 67. )
Now consider the case y > 1. From Peyerimhoff [15], 1.3,

A”mkok = mkAVck+ 2( )A"ckd” jm],+j +R,

=0
with
o0 n—[»] :
By = (—1)¥! ATy —my) N AT (Ao, — AV,
n=K-14+[r] ko1 :

So, applying Minkowski’s mequahty a,nd using a notation like that in
(3.3), we have L

[+]

<‘91+ng,‘1+}93.
=0
Again
O I
=0
Ifj 1 then Ajgk 074( __,,./2)10 by (34) and so
o altlog
Sz,i T’Z( 2 (1— "'/2)”‘1(70-}-,7 =1 v jmk 127021 zy+za“)1/z
=0 goaly

<00 31 —ppppigenren
I=0

< Olmll, =1

2 P—Jiw

as before. Similarly the case j = 0 follows by using (3.5). Hence it remains
o estimatbe the remainder term §,. We have, employing two ¢hanges in

icm°®

Mulliplier criteria of Hérmander type 195

order of summation,

n=[v] i=1
Byl <O (=1l D' (n—[y] = 3T | Aty
sl 3o [V] Jemlil 1 Iele

ol n-[r] i
< O’I’“']'I’l”m” Z‘ ,n__]‘; —p-1 2 ('n—[}/] _j}[y]—l Z (1_.,7-/2)"
fali-f L [y] FEY TN Fulih1
) n—[¥] n—[v]
< arm”umn Z n—lyr"t 3 (L—r[2) 2 (n —[y] —jy1-
P elofs )| Fomfiofel Je=i
n—ﬁ!'ﬂ
< Ol (m=B)y7=1 37 (n—[y]—i)PUL —r[2)
qusafoef-Lops [3] Sraltefe 1
w ‘
= O Y, 2 (L—rf2) (=B ~[y] )2
dwalejed n..ﬂ-[v]
< O+ )l ) (1—r)2) (n —R)P1=r=
qomfoepe 1 - [3]
< O+, D' (i+Iy]— KT —r2)f

Aweafiope 1
< Olmloo(L — 7 /2)F9"

and so, finally,

< o(}f‘ Byt et

homal

00
<Olmllar” ( ) (1—r2/ 04" < Olmlgr?==
Tres 0
4. Proof of Theorem 2, Part (a) follows by interpolating between
Theorem 1 and 1™ == M3, using the same methods as in Connett and
Schwartz [8] and Gasper and Trebels [11], Sec. 8.
Tor parti (b) Lirst observe that, by [11], Thoorem 5(e), Whv,, < 1%,
yo > 1/2, Part (b) then follows Ly interpolating betwoen.,
Wwhvs,y, < M3
and (by Theorem. 1)
vaﬂﬂ] < 'Mg
with y, > a--1 and p > 1 near 1.
‘Remarks (i) Analogous results may be derived for Mg-multipliers
for Jacobi expansions and for Hankel transforms with 1 <p <q < oo,
see [11] and [12].
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(ii) As already mentioned in the Introduction Theorem 1 improves
the multiplier criteria of Hormander type derived in Connett and Schwartz
[7] for Jacobi expansions (and even extends Theorem 9.2 in [8] for ultra-
spherical multipliers to all 2 > 0). In a letter to one of the authors Connett
and Schwartz claimed that they have extended their proof in [8] to give
(1.2) for > a+-1 in the special case o > 0. Also let us note that on account
of Theorem 5 (¢) in [11], Theorem 1 contains the Marcinkiewicz type
multiplier criteria in [107. :

(iii) As in Connett and Schwartz [8], p. 80, part (a) of Theorcm 2

gives the correct multiplier range of the sequence {e““'”lc“""} when a = g

> —1/2 and |1/p —~1/2| > 1/g.
(iv) For y < a1 part (b) of Theorem 2 can be slightly improved
by using the lower end-point result

2042

< 242
atltp,e o7

va?moc M£7 7"0>1/2’ 1< a+1_y /2 K oo
0

contained in [11], Theorem 6 (b). There are strong reasons to conjecture
that for 1/2 <y, <1 the latter result can be improved to

2042 < )
atiz %

.
<, 1 20t?

Wb, S a3

sV

Here the main "difficulty iy to obtain multiplier criteria of Férmander
type (¢ = 2) for weighted cosine expansions. For the Marcinkiewicz
(¢ = 1) case, see Askey and Wainger [3] and Askey [1], p. 589.

Added in proof. The latter conjecture is established among other results
in G. Gasper and W. Trebels, Math. Ann. 242 (1979), pp. 226 —240.
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