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The Pelezynski property for some uniform algebras
by

F. DELBAEN (Brussel)

Abstract. Let A be a separable uniform algebra on its Shilov boundary X.
If there are no singular orthogonal measures and if each element of the spectrum has
a weakly compact set of representing measures, then 4 has the Pelozyiski property.
The theorem can be applied in the case of Banach algebras of analytic functions on
suitable compact sets of the plane.

1. Introduction. In [11] Wojtaszezyk proved that some uniform
algebras have the Pelezyhiski property. For the disc algebra this property
was already known (see Kislakov [9] and Delbaen [2]). The present
baper generalizes the results of [11] in two ways:

(i) the separability of the annihilator is dropped, and

(ii) the uniciby of the representing measure is replaced by an assump-
tion of weak compactness.

For any unexplained notion on uniform algebras werefer to Gamelin [5].

2. Wilken algebras. If 4 is a point separating subalgebra of #(X)
(X a compact space) such that 1 e 4, then we say that 4 is a uniform
algebra. For simplicity we assume that X is the Shilov boundary of 4.
A positive measure m on X is multiplicative it [f-gdm = [fdm-[gdm
for all fand g in 4. From the Hahn-Banach theorem we learn that every
nonzero multiplicative linear functional on A4 can be represented by such
3 measure. If 4 is any measure on X, then g is called orthogonal when
ffdp =0 for all fe A.

DEFINITION. An algebra is called a Wilken algebra if the only orthog-
onal measure which is singular to all multiplicative measures is the zero
measure. (Wilken (see [5]) proved that R(XK) is such an algebra).

Notation. If X is a compact metric space which is the Shilov bound-
ary for the uniform algebra 4 < #(X), then we denote by 9X the set
of peak points for 4. This set is equal to the Choquet boundary of A.

TuEOREM 1. Let 4 be a Wilken algebra on the compact metric space X.
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If u is & probability measure on X which is singular to all multiplicative
measures, then u(0X) = 1. .
"7 Proof. Let V = {a*cA*: a*(1) =1 = la*i}. We identify X with
the subset of V. By Gamelin II. 11.5, X can be identified with the set
of extreme points of V.
The functional ef(f) = [fdp is in ¥, so there exists a measure &
on 80X such that a (f) = [ (1) @&(t). Tt we consider & as a measure on X
29

we will have g— & e AL, Since p is singular and this difference is absol-
utely continuous with respectto D amy,m; multiplicative, we get £ = u +8,
#_Lp for some B. But ||£]] = [lull; hence § = 0, 50 £ = 4 and, in particular,
u(0X) =1. m :

The following theorem shows that a Wilken algebra has sufficiently
many peak sets.

THEOREM 2. Let A be a separable Wilken algebra on the compact metric
space X. If uis & singular probability measure (4.e. p is singular to all multi-

plicative measures), then Ve> 0 3L < 0X, a compact peak interpolating

set, such that u(L') > 1—e.

Proof. The proof is divided into several lemmas.

Notation. If F is a Banach space, then B(E) denotes the cloged
unit ball of E.

Lmua 1. If pis singular, then B(A) is o (L= (), L () dense in
B(L(u).

Proof of Lemma 1. Suppose that B(4) is not weak* dense in
B(L™). Then 3¢ e L*(u) and & € B(L®) such that

a =sup”fgfd,ul ; feB(A)}<[ngyf =4.

Consider the linear map ¢: 4 — C defined as ¢(f) = Jafdu. Clearly, ]| = a.
By the Hahn-Banach theorem, there is a norm Preserving extension
v: (X))~ C, bl = o :

Let dv = kdu--dv, be the Lebesgue decomposition of » with respech
to u. Since » is an extension of %, we have that v—t ] A. But d(v—1)
= (k—g)du-+dy, and since 4 is a Wilken algebra, »—¢ must be absol-
utely continuous with respect to a sequence of multiplicative measures
hence % = g p-almost sure. This in turn implies a = |p|| = il 4 vl
= lgll I ]l. Hence £< |9l < a; a contradiction.

Lmwwa 2. Ve> 0 3T, a compact sel, such that (L) >1—¢ and the
mapping

4~ %(L),

f—>flL

i a quotient mapping.
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Proof of Lemma 2. Let h, be a dense sequence in B(%(X)). Let g,
be an infinite sequence of functions in B(#%(X)) such that every h, oceurs
an infinite number of times. Let 8, > 0 be decreasing to zero and &, > 0
be such that Y'e, < e. From Lemma 1 we know that B(4)is dense in B(L™)
for the weak* topology. Since it is absolutely convex, it is also dense
for the Mackey topology z(L*, L'). This topology, when restricted to
B(L®), is nothing else but the convergence in u-measure (see [6]).

So there is a sequence s, in B(4) tending to g, in u-measure. By
selecting a subsequence, we may suppose that this sequence s, converges
almost everywhere, and by Egorov’s theorem, we can find & compach
set Ly, p(L;) > 1 —eg, and n, such that for all n > My (8, — g1l < J; (almost)
everywhere on L,. Continuing this procednre we find for all % & function
Ja € B(4) and a compact set I, such that

”fn_gnHLﬂ < 611.’
‘u(Ln) > 1—81»‘

If L = N L,, then u(L)>1—s For every he®(L), |kl <1, there is
1

9,
a funetioi ' € B(#%(X)) such that &’|; = h. Let now 8> 0 be arbitrary
and let n, be such that 6, < /2, for > n,. Let algo h; be such that
Itz —R'| < /2. Since k; occurs infinitely many times, there is n, > n,
such that g, = F,. Also 19, — f,,luLnl < b, < d[2.

Hence [lh—f, [l < I — Ryl -+ e —f I < 8/2+8/2 = 8. Tt follows
that B(4)|; is dense in B{%(L)) and from the open mapping principle
it then follows that the restrietion map 4 - # (L) is a quotient mapping.

L 3. If m is multiplicative on A and if L is not an aiom for m,
then m(L) = 0.

Proof of LLemma 3. Suppose m(L) > 0 and suppose ¢ = L such
that 0 < m(C) < m(L).

Since B(4)|;, is dense in B(% (L)), there is f, € B(4) such that on L,
Ja—1o in m-measure or even better almost everywhere. Since H™(m)
is weak* closed, we have (take a subsequence) that fo—Ff for
o (L®(m), L' (m)) and for f e B(H™). By general arguments on duality and
since the Mackey topology on B(L“ (m)) is the convergence in m-measure,
‘we obtain that f IL = 1p m-almost everywhere. Since m is multiplicative,
we obtain m(f") = m(f)* and since |m{f}| < [|fldm <1—m(L\C) < 1,

we deduce m(f")—>0. Let now g, = 3 then g,—>1, ;. Also
k=1 .

m(g,) =%(m(f)+ oo +m(f) > 0 and so m(0) <m{f =1) = 0; a con-

tradiction.

3 — Studia Mathematica 64.2


GUEST


120 F. Delbaen
Let now L' < LndX be such that u(L’) > 1—s By regularity and
by Theorem 1, this is possible. :

LeMMA 4. m{L') = 0 or 1 for all multiplicative measures m.

Proof of Lemma 4. If L is not an atom for m, then by Lemma 3
m(L') = 0. If, on the other hand, I’ is an atom for m’, then there is » e I’
and 1> a > 0 such that m|;, = aé,. It follows that m = ad,+ (1— a)m’.
Since m and 4, are not mutually singular, they are in the same Gleason
part. But # is » peak point; hence is a trivial Gleason part and som = 4,
proving that m(L') = 1.

Proof of the theorem. Since L' is clearly inferpolating, we
only have to show that it is & peak set. We use Glicksherg’s eriterion ([51)-
Let 2 | A. Since 4 is a Wilken algebra, there is a sequence of mutually
singular multiplicative measures m,, such that 1= ¥'1, and 4, is absolutely
continuous with respect to m,. Also by Riesz’ theorem 1, ] A. Now
> Ay, is clearly orthogonal to 4. m

A =
my{I7)=1

3. The Havin lemma. To prove the Pelezytiski property (see definition
below) one needs functions which look like humps. For analytic functions
this is not possible and so a substibtute is needed. Havin [7] therefore
Proved an ingenious lemma. Kislakov [9] and Wojtaszezyk used this
idea to prove the Pelczyriski property. (In Delbaen [2] another but related
approach is taken). The purpose of this chapter is to generalize Havin’s
lemma. .

A will be a uniform algebra on its Shilov boundary X. For each
9: 4 — C inthe spectrum of 4 (ie. & is a non-zero multiplicative linear
functional) we denote by I, the set of positive representing measures, i.e.:

My = {m] m positive measure on X such that m(f) =D(f) for all fe 4}.

We suppose throughout this section that M o I8 weakly compact,
ie. ol M(X), M(X)*) compact where M (X) is the Banach space of Radon
measures on X.

It follows from [4], p. 307 that if M, is weakly compact, then there
is & measure m & M, such that M, < Li(m). (Of course, a measure absol-
utely continuous with respect to m is identified with its Radon Nikodym
derivative.)

HAviN’s LEswa. Under the above weak compactness conditions we have:
For all £ > 0 there is > 0 with the property: For all closed set B, m(B) < 1,
there are by and Ky € A such that

(@) kg(®)]+ 1K@ <1 for oll ¢ X,

(b) s;glKE(t)-—lf <& and [|Egldm < e,

(e) S::%)IkE(t)l<s and [|L—Fkg|dm < ¢.

icm°
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Proof. We shall use following result due to Kolmogorov: there is
a constant a such that for all fe 4 with f = u+4i%, >0, Jidm =0
we have
il = ( [P am)’ < alully = a [udm.
For the proof see [5], p. 99.

Part I. Construction of Kz. Let 6>0 be given. Let M < co be such
that |e*—1] < /2 for # complex and |2| < 1/M. Let 8, > 0 be such that
(i) a'?81® < 23, (i) exp(—167*") < &/6. Lek 6> 0 be such that M-
+30; < 8, (or Mé < £6;). Also leb £/2 > 5, > 0 be such that for all Borel
sets € = X, m(C) < 9, implies supp(C) < 6. The existence of 5, follows

M,

HeM g
from weak compactness. Let now ¥ be a closed seb such that m(H) < 7.
By regularity of the measure m, there is & > B, ¢ open and m (@) < Ny~
Sinee m(&) < 4, we have sup u(@) < 6. Let now f be a function in Cp(X)

pelM,
such that f = — 38, on @, f = — I on B and —36,>f> — I else-
where. For all g € M, we then have

ffd,u) —Mp(G)— by > —~ME—36,> —0,.
Hence inf [fdu > —6,. From [5], p. 32 it then follows that there is
hed such that
o =Reh<f and [hdm =fRehd/m> — 3.

Let b = w+4o. By the holomorphic functional caleulus ([5]), we obtain
that 7' € A (remark that Reh < —%4,). Let K = exph™. Since Reh™*

— i@
<0, is it clear that |K|<1. On E we have [h~1(5)] = Z’LF—;D;
2 1 1 ‘ .
\m<m<~ﬂ—, hence [K(#)—1]< &f2. i
We now estimate [|K(t)]m(dt):
(«) On @ we have [|E(1)|dm < m(G) < 7, < e/2.
23
(B) On G° and on {|&] < &4}
) ) . ~36 — & < —0 1
w2467 o0 FSE+ R 34260 861 . 347"

o 1 e
b R ——— < ey it}
Hence |K(f)] = exp ey exp( 36}1‘)< 5
{(v) On G° and on {|&] > &34

[ IE@m<m{E] > 84,

Gonflai> o3
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Since o < 0, we can apply Kolomogorov’s result and hence
([16r2am]* < alol, -

So m(](ﬁ] > 5?’4)2di/4<a61 and hence m(;&;l > 6i/4)< 51/26;/8, s ,ng
{2), (B) and (y) we have o

[IE@)dm < e2+e[3-+2/6 = e.
Put now Ky = (1—e/2)K; then
i) [IEzldm < e.
(i) OnB: |Ez(H)—1] = [(Ll—ef2) K@) —1| <2+ |E(f)—1|<s.
Part II. Construction of ky. Let f = log(l—|Egl) > log(&/2). Since
Kg—0 in measure if m(E) -0 and since the family {log(1—|Eg|)|B

closed} is umiformly bounded by —log(s/2), we have that the weak
compactness of M, implies

inf [log(1—|Kzl)dm 0.

relM g
From [5], p. 32 it follows that there are elements vz € Re 4, vz < B such
that [vgdm — 0. If &y = exp (vg--ifz), then |ky| = expugy < expf = 1—
—|Hg|. Hence |kg|l+|Kz <1 and hence on E [ky| <e Also [Tzdm
= fexp(vg+ifig)dm = exp(fvgdm)—>1 as m(B)—0. Since gl <1,
this implies kz — 1 in measure. Hence, for m (H) small enough (say, m(E)
<9< ny), we have [[L—Fgzldm < & :

Remark. By taking 5 small enough, one can even obtain

sup | 1—Fkgldu <& and sup [ |K.ld .
g, el i J Vel <

4. The Pelezynski property. :
B DEFINITION. A sequence f, in a Banach space B is weakly uncon-
ditionally converging (WUC) if for every b e B*

0

D IB* (£l < oo.

n=1
DEFINITION. A Banach space B has the Pelozytiski property if every
set ¥V < B* such that '

w]iﬁﬁu}g [B*(f)l =0  for every (f,) WUC

Is relatively weakly compact (o(B*, B*)).

F’rom. [1] it fo*llows that the Pelezyhski property is equivalent with
the following: If b} e B* is a bounded sequence such that by (b,) =0 for

icm

Pelceyiiski property for some uniform algebras 123

all sequences b,, equivalent with the unit vector base in ¢, then 5} is
relatively weakly compact. Suppose now that B has the Pelezynski prop-
erty and that ¥ < B* is a bounded set which is not relatively weakly
compact. By the Eberlein theorem there is @ sequence b € V with no
weakly convergent subsequence and this implies that no subsequence is
relatively weakly compact. This remark will be used whenever a subse-
quence is needed. We now state the main theorem.

THEOREM. Let A be a uniform algebra on & compact melric space X
(X is supposed to be the Shilov boundary for A). We suppose that A s o Wil-
ken algebra and for each multiplicative linear functional @ we suppose the
set of positive represeniing measures to be weakly compact. Under these con~
ditions we have that A has the Pelczyriski property.

Proof. Using the same ideas (an application of Zorn’s lemma) asin [3],
we see that

A ( Y oer (mi)/H”(mi)l)ll @ (4:_7,‘ @L’(mj))zl-
e E]

All the measures (m,), € [uJ are mutually singular. Let now ay be & se-
quence in A* with no weakly converging subsequence. As in [11] we
suppose that [laf]] = 1= aj(g,) where g, €A and |jg,l|= 1. The measure »,
is then defined as a norm preserving Hahn-Banach extension of a
to ¢(X). The probability measure 7, is defined as dn,= ¢,dv,. Bach 7,
can be decormposed as

Wy = D) @sndmy+df, = Qi+ dn,
el

where 52 are singular measures and where only a countable number of
the functions ¢; , are nonzero. Since taking subsequences does not do any
‘harm, we may suppose that #;— i (weak*).
Furthermore, & = p,+p,, where g, is a singular measure and wu,
ey @L‘(mi)),l. Only a countable number of measures m; and m;. oceur
iel

in the decompositions, so we may suppose that there is subsequence nz,

in (m;); such that
o 1
223 < Z;‘k-'m’k;
=1

a N 1
m< D g e

k=1

for all n:

We consider different cases.
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1. The sequence 7}, is not weakly relatively compact. Since only a count-
able number of measures are involved, there is (by the Lebesgue decompo-
sition fheorem) a Borel set B = X such that m,(B) = 0 for all % and
1a(E°) = 0 for all n. Since the sequence 77 is not relatively weakly co mpact,
there is a sequence 0, of disjoint open sets as well as ¢ > 0 such thaf
7a(0,) > ¢ (see [6]). Hence 75(0,NE)>¢> 0.

By Theorem 2, for each n there is a peak inferpolating set L, such
that 77(L,) > (1—e/2)95(X). Tt follows that 75(L,N0,NE) > ¢/2. By
regulaxity, there is & compact set K, < 0,nL,NE such that n (K,) > g/2.
Sinee a compact set in a metrizable peak interpolating set is necessarily
itself a peak set, we see that there are funetions f, e 4, falg, =1 and
Ifal <1 on K7 . Replacing f, by fir, where s, is sutficiently large gives a se-
quence equivalent with the unit vector base of ¢, such that |n2(fin)| < ¢ /4
for all # and such that |n5(f%)] > &/2. Hence . (fim)] > /4. Let now
by, = fyi g3 then ag (hy) = v, (gufsm) = 7,(fir) and so |af(k,)| > s/4. Since
far s WUC we also have that h, is WUC. The end of part I.

2. g s relatively weakly compact but u, + 0.
3. iy s relatively weakly compact and p, = 0.

The proof in the above cases is an exact copy of Wojtaszezyk’s
proof [11], Theorem 2.4.

5. Concluding remarks. A proof along the one used in [2] can also
be given. For some consequences of the Pelezyniski property we refer to
Pelezyriski’s text [10].
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