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1. Let {®, ()} be an orthonormal system in the interval
{0,1). The system presents?) the singularity k,(1<p <o), if
there exists a function f(¢)eL” [f({) belongs to L? if the func~

tion |f(¢) is integrable over (0,1)%)], such that J'|f, [’ n"*= w0,
n=l1

where f are the coefficients of f(t) with respect to the sy-

stem {p}. On the other hand, the singularity L (1< p <w)

requires the existence of an orthogonal series 3'a_¢_(£) with the

n=1
properties: 1) 3'|a " 2< 0, 2) the series is not the deve-
n=l1
lopment of a function belonging to L7,

The purpose of this paper is to extend these definitions to
the case p=c. We define namely the singularity k, as the
existence of a function f(#)e M (that is f(f) is bounded almost
everywhere), such that lim sup n|f|=co. If there is a nume-

rical sequence {a_} such that n|a,| is bounded and 3'a_¢ () is
=1

not the development of a function belonging to M, we shall say
that the system {g,} presents the singularity .

!) See S.Kaczmarz und H. Steinhaus, Theorie der Orthogonalreihen,

Monografie matematyczne t. VI, Warszawa -Lwow 1935 (referred in the sequence
as OR) p. 237—238. '

o0 . N
) We write _Z{zn ®,(f)eLP, if this series is the development of a func-
n=.

tion f(¢) belonging to L7, otl-u:rwise";:'la,l @, () ~ eLP.
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2. The following theorems show the relations between the
singularities & and /.

Theorem 1. If the system {@,} presents the-singularity L,
then the system presents also the singularity k,.

Suppose that the system does not present the singularity %, .

We have then for any function f(f)eL the relation Zw'lfn]

< w0
n=1

Let {a,} be a sequence with the properties: n|a, |<A4,
‘f'an(pn(t)~aM. Then for any f(¢) e L we have 3| a_ f,| <, hence

n=1 n==1
{a,} is the sequence of coefficients of a function belonging to M,
contrary to the property of {a,} and the theorem is proved.

Theorem 2. If the system {p (¢)} presents the singularity
ky, ¢, @&)eM, {9,(O)} complete in M, then {p,(t)} presents also
the singularity [.

By the hypothesis there exists a function f(¢)eL, such that

||

——==w. Suppose that for any sequence {a,}, such that
n

bas

it

n

nla | <1, we have 3'a ¢ (t)¢M; thus the sequence {711-} is

nz=l

a majorant®) for the space M. From the theorem [692] in OR %)

A

follows that }'—"~ < o for any f(f)eL, contrary to the hy-

n=1

pothesis. Consequently there exists a sequence {a_} such that
nla,| <1 and X'a ¢, (t)~eM.
n=1

Corollary. Under the assumptions: ¢ & M, {p,} complete
in M, the singularities &, and /, are equivalent.

Theorem 3. If the system {q } presenis the singularity I,
then it presents also the singularity k..

Suppose that the system does not present the singularity
k.. Then for any f(1)eM we have n|f | < A. Let {a,} be a se-

% OR, p. 240.
5) OR, p. 240.
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o0l a o
quence with the properties 3’ l—):' <o, a,9,(6)~eL. The exi-

n=1 n=]

stence of such a sequence follows from the singularity /. Then

we have j’lanfnl < for every f(¢) belonging to M, which?)
n=1

implies 3'a g, (t)eL, contradictory to the singularity /,, and so
=1

the system {¢_} presents the singularity k..
Theorem 4. The singularity k, with the completness of
{9,} in the space L implies the existence of the singularity 1.
From the singularity %, follows the existence of a function
f(®)eM, such that lim sup n|f,|=c. Consider the space X
n—c
. @ |a
with elements x = {a,}, such that 3’

n=1

< 0, Define the norm

A
n
x la
of x by |[x]|=2 ol
n=l
vectorial, complete and normed). Suppose now that the system
{9} does not present the singularity /. Thus every x is the
sequence of coefficients of a function g(¢) belonging to L and
therefore )

; then X is a space of the type B (that is

1
lim [lg)— 3o, 0,9 dt=0.
I)—)MO k:l

n 1
It follows that lim Z’akfk=ff(t)g(t) dt and 3la f,| <.
n—> 0.y n=1
0

|a,|

n

Hence for any {q} with 2001 < 0 we have
n:l

la, |

2-n[fn|<oo.

n==1 n

That implies n|f,| <A, incompatible with the supposed pro-
perty of f() and so the theorem is proved.

Corollary. Under the assumption: {®,(®)} complete in L,
the singularities %, and I, are equivalent.

%) OR, th. [646], p. 220.
) OR, th. [673], p. 232.
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3. The theorems proved above show the relations between
singularities but they do not assure their existence. A sufficient
condition for the existence gives the following

Theorem 5. The singularity k. exists, if ¢, <A for
all n and almost all t. o |
T la
Take a sequence {a,} with the properties: <o,

n=1

j’aizoo. Then on account of the boundedness of {g,} we

n=1

have Zai goi(t)——: © on a set E of positive mesure?). This im-
n=1

plies the existence of a sequence of indices {n}, such that?)

1ok
lim suplean.qJn.(t)Mt——: ©.
k>0 i=1 L
0

Hence we can find a continuous function g(#) with coefficients

g, satisfying the relation
I
lim sup Zgni a, == .

k>0 i=1

& . oala,l
We have therefore 2|angn]:oo; but the series 2——’—1— being

n==1 n=l

convergent we have also lim sup n|g |=co, which proves the

n-~» 00

existence of k,. Similarly we can prove:

Theorem 6. The singularity k, exists, if the system {@,}
is complete in L.

A sufficient condition for the existence of the singularity /,
gives the

Theorem 7. If |¢ (£)| < A, then the system {@,} presents
the singularity [,.

Consider?) a system {y_({)}, complete in M, containing -
the system {p }. We can suppose that ¥ (f)¢M and that ¢, (¢)
=1, (t), if the set of functions {y} — {g,} is not finite. Then

) OR, th. {512], p. 150.
8 OR, th. [676], p. 235.
%) OR, th. [614], p. 198.
8*



116 S. Kaczmarz.

we have1?)

3d |y @) <q,

=1
if the sequence {d } is a majorant for {y} in M.
Suppose now, that the system {p _} does not present the sin-

gularity /,. Then Zm'an ¢.(t)eM for any {an}; such that n|a | <1.

n=l

The sequence {711—} is therefore a majorant for {g,} and the s

quence {d }, where a’zllz%, dy, =0 is a majorant for {y}
g (¢
hence, as mentioned above, IE;Q—I < . The boundedness of
n=1

{p,} leads to the result 3’ —;11~ < . This contradiction implies the

n==1
existence of /. The proof in the case, when {y,} — {p,} is finite,
is quite similar.

Corollary. From theorems 1 and 7 follows the singularity
k, for |9 ()| < A.

Theorem 8. If |9, (t) < A, then the singularity [, exists
for 1< p<2.

o
Suppose, that for every {a,} such that }'|a [’n"2< 0 we

n=]
have Y'a ¢ (t)eL”. Take a,=1 for n=~K" a>2 lpand a=0
n=1 —
for other n. Then the series > &“®~? is convergent and thus

k=1

2 a,9,(t)eL’, contrary to the fact, ‘that for bounded '{,pn} we
n=1 ‘

have lim a,=0.

n-»w

1) OR, p. 242.

(Regu par la Rédaction le 30. 4. 1936).





