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5. The product 6 (z) 6™ (»). When 7 = 0 in equation (5.1) we have
H(2) 0" (2) = } 6% (a)
for p = 0,1,2,... On using the theorem it follows that
8 () 6P (@) = § 0PV (@) — H (0) 6@+ () = 0
for p =0,1,2,...
We will now assume that
5(r)($) 5(11)(93) =0
for some r and p = 0,1, 2, ... Then using the theorem we have
8 () 69 () = 0 — 60 () 6PV () =0
or p=0,1,2,... It follows by induction that
5(7)(90‘) 5(10)(90) =0

orr,p=0,1,2,...
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An inequality for integrals
by
A. P. CALDERON* (Chicago, IIL)

Abstract. An inequality for n-fold integrals of products of functions of less than
n variables is obtained and applied to obtain a Sobolev fype inequaliy.

Consider the following identity

(1) f[ﬁfi(”i)]dw = ”[ 1] f,(wj)dm,-],
nn J=1 =1 =00

where R" is the n-dimensional Euclidean space and dw = dw,dz, ... do, .
This identity can be generalized to an inequality for integrals of products
of functions of less than n variables. For example, if fy(a;, #;) > 0 then

ffm(“'la @) fra (@1 @y) oz (B, @5) Ay Ao dizy
rs

< [ijZZ (@, @) dwldwz]m[ fﬁs(”u ma)d%dms]m[ ffgs(mz; it3) 4y d-’”a]llz-
n? r?

R

In order to describe the general result of which this is a special case,
‘consider subsets o of the set of indices {1,2, ..., n} and denote by fo}
the number of their elements. Let , denote the set of variables
{@iy, Wigy ..., Dig}, Where {iy, Gy, ..., 4} = o, and let f., denote a function
depending only on #,. Then the inequality
[ i of o ~ i " T
) I [T totwaw < JT][ 7@ do]”

el |w|=lt i
holds, where r iy the binomial coefficient (Z:}) and the products extend
over all subsets o of {L, 2,...,n} with o] = k.
© For k =1, (2) is actually an equality, namely (1), and for b =n
the two sides of (2) become the same. Thus in order to prove our assertion
we may assume that 2 < & < n, and argue by induction on n.
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Suppose that (2) helds for n—1 and % < n—1. The sets o can be’

grouped into two classes 8, and §,, 8, consisting of those w which do not
contain the index n and 8, of those which do. For we 8, let @ = o —{n},

that is, @ is obtained from w by removing the index n from it. Then
we have
@ S [Ts@li= [ [Jre]] []f)]e
RN jol=k R" weS] weSy
f [ J [ [17-@][ [[fo@0)]dos ... am,s] o,
oo RB—1 @eSy weSy
<[ N [ ”fm(mw)]pdml...dwn_,]”p T[n | fw(%)]qd%mdmn_l]‘/“dmm
rn—1 &S —co €8y pn—1
n—1 n—1 .
where p = poo and ¢ = =T Now, by our inductive hypothesis
we have
[ [ [ [Tfewafao ..., ]" < [][ [r2@aas,]"™,
Rn—1 weS) weS) Rb

n—1 —
Since 9 =% we have pry. _(;:_;) =r and

where 7, = (’Z:?) —

the inequality above becomes

@ [ [ [[]fe@f .. "<

Rr—1 weS)

[T [ fi@nds,]".

weSy Rk
On the other hand,

[ [ [ []t@] . a0, ] < []] [ fowado

1/ary
@
Rn—~1  weSy weSy plk—1

’

where now r, = (;::g), since for we S, and =, fixed, f,(z,) depends on
k—1 variables. But as is readily verified, ¢r, = v, and since there are
precisely r = (;::i) factors on the right above, integrating with. respect
to @,, and using the inequality

L

+oo
n[ f g}dwn]w,

1

400
[ 0.0 -.. g, <

we obtain

®) T[ [ [Tsetea oy ... ae, ] "

—0 Rn—1 oS,

w< [][ [ oo

weSy RE

) do o, ]1/'

icm

©
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But for we S, we have de_dw, = dx,, so that substituting (4) and (5)
in the last expression in (3), inequality (2) follows.

_As an application of (2) we shall give a simple proof of a result of
L. Nirenberg [1].

Let F(x), v« R*, be a function with continuous integrable derivatives
and such that F(#)—0 as |#|->c0, Then FeI™" and

1/n
6) (Ll
{ n—17S ]Y 350,
To show this let
-+
or
filw) = —%—(wl,wz,..‘.,wj—l—t,...,mn) dt.
2 !

—oa

Then, clearly, f;(#) does not depend on z; and |F(w)| <

In/n -1 < ”f lln-—

thus, integrating using (2) with || = n—1 and observing that
or oF

Sl 1% =51

f;(#) and therefore

[ s an ... an, du .. do, =
1

»—

we obtain (6).
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