e ©
lm STUDIA MATHEMATICA, T. LIV. (1976)

A mean ergodic theorem for a contraction semigroup
in Lebesgue space

by
RYOTARO SATO (Sakado)

Abstract. Let (X, 4, m) be a o-finite measure space and let I' = {Ty; ¢ > 0}
be a strongly continuous semigroup of linear contraction operators on L) (X, A, m).
The main purpose of t]lis paper is to prove the following: 7T converges weakly as

t—> oo if and. only if f Oy (8) Ty b converges gtrongly ag m—»oco for any sequence (ay)

of Lebesgue measumble complex-valued functions on (0, oco) satisfying

o0 -]
sup [ lan(t)ldt < oo, lm [ ap(®)dt =1, eand lim [lagle = 0.
nEl 9 n—->00 700

This is a continuous parameter version of Akcoglu and Sucheston’s mean ergodic
theorem [1] in Lebesgue space.

1. Introduction. In [2] Blum and Hanson proved that if a linear
operator T on the L,-space of a finite measure space is induced by a meas-
ure preserving transformation of the measure space, then the following
two conditions are equivalent:

(T) I™ converges weakly;

(1) — p 2 7" converges strongly for any smoﬂy NCreasing sequence
[N

(k) of nommegative integers.

Later Akcoglu and Sucheston [1] generalized this result as follows.
If T is & linear contraction operator on. the L,-space of a o-finite measure
gpace, then the equivalence of (I) and (II) still holds. Condition (I) cor-
responds to miwing, or more generally, stability in applications to Brgodic
Theory. In the present paper we intend to extend the result to semigroups
of operators on the IL,-space.

Let I' = {T;; t> 0} be & strongly continuous semigroup ‘of linear
contraction operators on the IL;-space, and consider the following two
conditions: '
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(i) Ty .converges weakly as t—oco;
@

(i) [ a,(8)T; di converges strongly as n~-oo for amy sequence (a,) of

0 3 .
Lebesgue measurable complen-valued funstions on (0, oo) satisfying

supla,ly < oo, lim [ a,d =1,
0

and  lim(a,lle = 0.
nz=1 N—>00 Nmr00
Theorem 1 below states that (i) and (ii) are equivalent. Applying
Theorem 1 we obtain that if all the Z', are positive and T,f converges
weakly as t-—co for any integrable f with zero integral, then for any such.
* f and any sequence (a,) of Lebesgue measurable complex-valued functions

on (0, co) as in (i) above, [ a,())T,fdt converges strongly ag n-+ooc.
0 .

2. Definitions and theorems. Let (X, 4,m) be a o-finite measure

space with positive measure m and let L, (X, m) = Ly (X, A, m), 1< p < oo,
be the usual (complex) Banach spaces. If AeA then 1, is the indicator
function of 4 and I,(4, m) denotes the Banach space of all Ly (X, m)-
functions that vanish a.e. on X —4. Also, I; (4, m) denotes the positive
cone of Z,(4, m) consisting of nonnegative L,(4, m)-functions. A linear
operator T on Ly,(X,m) is called positive it T'(L} (X, m)) < L (X, m)
and a contraction if |T, < 1. A set A A is called T-closed it T(Ly (4, m))
< Ly(4, m).- The adjoint of 7' is denoted by 7™ It is known [3] that
given a contraction T on I,(X, m), there exists a unique pogitive con-
traction v on IL,(X, m), called the linear modulus of T, such. that

7y =sup{|Tfl; feL (X, m) and |f|< g}

for any geLi (X, m). It is easy to see that a set ded is T-closed if and
only if it is z-closed. ‘

Let I' = {T;; ¢> 0} be a semigroup of linear contraction. operators
on L,(X, m), ie., T,)T, = T, for all ¢, s> 0 and all the T, are linear
contraction operators on L, (X, m). Throughout this paper wo shall agyuwme
that I' is strongly continuous. This means that for any ¢> 0 and any
fe L (X, m) we have lt:m IZof ~ T, flly = 0. Tt follows that if, a(t) iz a

8
Lebesgue. integrable complex-valued function on (0, o0), then for any
fely(X, m), the vector-valued function’ t—a(t)I,f on (0, o) iy alse
Lebesgue integrable. :

We are now in & position to state owr results.

THEOREM 1. The following statements are equivalent.

() If feLy(X,m) then T,f converges weakly in L, (X, m) as t—oo,
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(i1) If feL,(X,m) then e, ()T fdt converges strongly in L, (X, m)
0

as n—> oo for any sequence (a,,) of Lebesgue measurable complem-valued functions
on (0, co) satisfying

L sup [ la, (1) di < oo,
nzl 0

(2) lim [ a,(t)dt =1,
N0 N

(3) lim [}, = 0.

Tunormm 2. Suppose that oll the T, are positive. Then the following
statements are equivalent.

(1) If fe Ly (X, m) and [fdm = 0, then T,f converges wealkly in Ly (X, m)
as t—oo.

(il) If feLy (X, m) and [ fam = 0, then [ a,(t)T.fdt converges strongly
0

in Ly (X, m) as n—co for amy sequence (a,) of Lebesque measurable complex-
valued functions on (0, oo) satisfying conditions (1), (2), and (3) in Theorem 1.

For the proof of Theorem 1 we need two lemmas which are given
in the next gection, and Theorem 2 follows from Theorem 1.

3. Lemmas.

Lovwa 1. If the semigroup I' = {T; t> 0} satisfies, in addition,
that | Tifle < Iflleo for all £>0 and all feln (X, m) N L, (X, m), then the
statement (i) of Theorem 1 implies the statement (ii) of Theorem 1.

Proof. It follows from the Riesz convexity theorem ([4], Theorem
VI. 10. 11) that [7y), < 1 for all {> 0, and an approximation argument
shows that the semigroup I'={T}; > 0}is a strongly continuous semi-
group of linear contractions on L,(X, m) and that T,f converges weakly
In Ly(X,m) ag t->00 for all feL,(X,m). Thus a slight modification of

[6] implies that [ ,(4)7,fd¢ converges strongly in I, (X, m) as n—>co for
0

any feliy(X, m) and any sequence (a,) of Liebesgue measurable complex-
valued functions on (0, o) satisfying conditions (1), (2), and (3).
Suppose feLy (X, m) "Ly (X, m), and let ¢ > 0 be given. Then, since
T.f converges weakly in I, (X, m) as t->oo, using the Vitali~-Flahn—Saks
theorem ([4], Theorem: IIL. 7.2) we can choose a set Aed such that

m(A)< oo and [|Tyfidm < & for all 2 1. Let f, = [ a,(t)T,fdi for
- o

X
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n=12...,and ‘let ¢ be a function in Ly(X, m) such that Lim [If, —gl.
N—-00
= (. Then we have. .

M=) Ll < I — glla¥ m(4) =0

as n—>co, and

sy = || | @ (O 1xoaTef ],
0 .
< [ 10y (01l
0

© ‘
< Nl [l -5 (50 [ 1 (9] d).

* nzl g

Hence, by conditions (1) and (3), we observe that (f,) is a Cauchy sequence

in I,(X,m), and f, converges strongly in L(X,m) a8 n—-co. Since

L (X, m)nLy (X, m)is a dense subspace of Ly (X, m) in the strong topology

and sup |1°f°an(t) T,dif, < oo by condition (1), this completes the proof
=1 ¢ E

7. ]
of the present lemma. ' :

For each > 0, let us denote by 7, the linear modulus of T;.

LeMmA 2. Let feL,(X, m) and YeA. Suppose T, converges waa(cly
in Ly(X, m) as t-»o00 and X—Y is Ty-closed for oll ¢> 0. Tﬁm either
Lm [ |Tyfldm =0 or there emists a function geLf(Y,m) with |gly> 0
tso00 ¥
and 7,9 =g for all 1> 0.

Proof, Let n be any invariant mean on the additive semigroup
(0, o5) {see, for example, [5], Sections 3.3-3.5) and define

p(4) = n(AfY \T'f | dm)

for all AeA. Since the set {T,f; ¢ >1} is weakly sequentially compact

in IL,(X,m), it follows from the Vitali-Hahn~Saks theorem that

lim(sup [ |T,fldm)=0 for any decreasing sequence (4,) ol measurable

n~0 t214d,NY

sets with lim A, = @, from which it may be readily seen that u is a finite
N—»00

measure on (X, A) absolutely continuous with respeot to m. et g = du/dm.

Then clearly geLi (Y, m), and since X —Y iy T-cloged for all ¢ > 0, for

any ¢> 0 and any AeA we have
Jrodm = [ g 1aam = o ([ 1123 10dm) = n( [ 7u(LrlZ)dm)
. ¥ 4

([ wiTflam)zn( [ oflam) =q( [ 116 dm) = f gdm.
ANY ANY «

AnY
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Therefore 7,9 > ¢, and hence Ty = ¢ since |lv,l, << 1. On the other hand,

it may be_ readily seen that |jgll, = lim J IT,fldm. Hence the lemma is
proved. tvoo ¥ .

4. Proof of Theorem 1. (i) =(ii). We can choose a set Ped such
that there exists a function heZ; (P, m) with h> 0 a.e. on P and wh =h
for all >0 and also such that geZ; (X, m) and 7,9 =g for all t> 0
imply geLi (P, m). Clearly, T, (Ly(P, m)) = Ly(P, m) for all t> 0. So P
is T-closed for all ¢> 0. Let A4 be the finite measure on (X, 4) defined
by A(4) = Lf hdm for all 4 ¢ A. Then it follows that feLy (P, ) if and only

P
it fhely (P, m), and that 1‘! Ifldh = fifhldm tor all feL,(P,2). Thus, if
P
we seti for all ¢> 0 and all feIL, (P, 3),

8 =3 T,

t‘.hen’A = {8); t> 0} is a strongly continuous semigroup of linear con-
traction operators on L (P, ). Clearly, (i) implies that S,f converges
weakly in L, (P, 1) ag t—oco for any feLy (P, 4). Moreover, since 7,h = h
for all ¢ > 0, it follows that 1S,fll,, < [Ifll. for all £> 0 and all fely (P, ).
Hence we may apply Lemma 1 to infer that for any feL,(P, 4) and any

sequence (a,) of Lebesgue measurable complex-valued functions on (0, oo)
gatiﬁfying conditions (1), (2), and (3), [ a,(t)8,fdt converges strongly
in Ly(P, 1) as n-»o0, Since 0 ‘
o0 1 o0
[ wmwsga =< [ ew1ima
0 0
and

La(Bym) = {fh; feIy (P, A)},

. -]
this shows that [ a,(4)T.fdt converges strongly in Ly (P, m) ag n—co for
0

any fely (P, m). .

Next let felL,(X —P,m). Then, since P is T,-closed for all ¢ 0,
Lemma 2 implies that for any given &> 0 we can choose a positive real
¢ such 1'.ha,tx j;]_’l’,fl dm << & for all tze. It follows that

o%g

aa(OTf it = [ a,(OIfat+ [ a, (0T, fa,
0 ¢

I f 0 (DL dt |, < llay s [l 00
0.
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as n—>oo by condition (3), and

[ au0mgat = [ d,0Tfa+ |
0 0

¢

= a,(t-+o) for all t> 0, f; = (Lof)1p, and fo = (Tf)lx.p.

ay ()T fodt,

where a,, (1)
Therefore

H f a;(tmfzdt||1<fJa;,,<t>,1nfguldt<a(sg; fm 3 (1)),

and fma,,',(t)T,fldt converges strongly in Ly (X, m), since f,ely (P, m)
and t(ile sequence (a,) satisfies conditions (1), (2), and (3). Consequently,
00

we observe that the sequence ( [ @, () T,fdt) is a Cauchy sequence in

Ly (X, m), which completes the proof of (i)=-(ii).
(ii) =(i). It suffices to show that lim (T,f, u) exists for any fe Ll(l m)
f~>00
and any weL,(X,m). Let ¢> 0 be given, and choose a positive integer
N such that 1<%, s<2 and |s—t| <1/¥ imply [|T,f—T,flly < e. Then
for any real s with 1 < n/N <s< (n+1)/N we have

'n+1 'ﬂ+1

“ |z.r- N(f tail, = |3 ( ] @s-zna),
& &
n+l
N
<N( [ 1LS—Tiflhdt) < e
¥ ‘

Let us write T = Ty and f* = N| f T,fdt). Then (i) implies that ——ZTI”f’
nis
converges strongly in I,(X, m) a8 n—>oo for any strictly increasing se-
quence (k;) of nonnegative integers. Thus it follows from [1], Theorem 2.1,
that for any ueL (X, m) the limit
n4-1
'

11m Iy u) _11m<N( f .l’,fdt) w)

-N
exists. This together with (4) shows that

Jlim (<, wy = (ILf, wy] =0,
, 8300 i

and hence the proof of (ii)=-(i) is completed.
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5. Proof of Theorem 2. Suppose (i) holds. If there does not exist
a function ge L (X, m) such that lg|, > 0 and T,g = g for all 1> 0, then
(ii) follows readily from Lemma 2. On the other hand, if there exists
a function ge Li (X, m) such that |y, > 0 and T,g9 = g for all ¢ > 0, then
we can see that I.f converges weakly in L,(X, m) as f->oo fcu any
f€L1 (X, m). In fact, any fel,(X, m) can be written as f=/fi+fs, where

(ffdm/fgdm)g and f, =f—f, (cf. [1]). Olearly, T,f, =, for all
L> 0 and [ f.dm = 0. Hence, in this case, (i) follows from Theorem 1.

The proof of (ii) =(i) is similar to that of (ii) =(i) in Theorem 1.
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