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A short proof of the theorem of Crone and Robinson* on quasl-eqmvalence
of regular bases

by
PLAMEN B, DJAKOYV (Sofia)

Abstract. Recently L. Crone and W. Robinson* proved that in any nuelear
Fréchet space with a regular basis all bases are quasi-equivalent, Here a simple proof
of this fact is given.

Let (6,);" and (f,); be bases in a linear topological space H. We say
that (e,) and (f,) are equivalent if the operator T: E-»E such that Te,
= fuy Vm, i3 an isomorphism; (e,) and (f,) are semi-equivalent if there
existy a sequence (r,) of non-zero scalars such that (e,) and (r,f,) are
equivalent; (e,) and (f,) are quasi-equivalent if there exigts a permutation
o of natural numbers such that (e,) and (f,4) are semi-equivalent.

A Dbasis {,) in a Fréchet space H is regular (in the sense of Dragilev
[2]) if there i3 & sequence of semi-norms (p,)P generatmg the topology
of H, such that

P5(6n) [Pi11(6n) = Po(€n11) [Prs1(€ngs)  for all i and n.

M. M. Dragilev, B. S. Mitiagin and V. P. Zaharjuta have proved,
for wide classes of linear topological spaces, that all bases in the space
are quasi-equivalent. For more information and historical remarks see
Mitiagin [5].

Recently L. Crone and W. Robinson®, generahzmg former Dragilev’s
results, proved in [1] the following

TEBOREM. In every nuclear Fréchet sgwwe with a regular basis all bases
are quasi-equivalent,

Since in any nuclear Fréchet space w1th a regular basis every basis
admits a permutation which makes it regular ([2], Theorem 1), the proof
of Theorem reduces to that of the following proposition.

Proro|ITION 1. If B is a nuclear Fréchet space, then any two regular
bases for B are semi-equivalent.

¥ Remark added in proof. The author was informed that the same
theorem. was obtained independently by V. P. Kondakov (see [7]).
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We shall present a simple proof of this proposition. Suppose that
(8,)5° and (f,)5° are bases in F which are regular with respect to the
sequences of semi-norms (p,)7° and (g,)7, respectively. Put

pi(0) = (D 16rnie)” for = D&,
and U, = {wel: pj(v) <1},
@@ = (3 @) for o= Du.f,

and  V, = {wel: gf(w) < 1}.

Since all bases in nuclear Fréchet spaces are absolute (Dynin-Mitiagin
[81; of. [4] and [6]), each sequence of semi-norms (p}) and (g}) generates
the topology of Z. Without loss of generality one may assumé that

U V;2U;>...o0U0;> Vt5 [/ E=T

(if not, we pass to suitable subsequences of the seminorms, and replace
the seminorms by their positive multiples).

Since the bases are regular, we have the following expressions for
the diameters (cf. [4], § 2, or [6], 9.1):

a,(Ug Uy) = a’;/a';: Ve, Vi) = bf,./bﬁ”

where af, = p,(e,), bL = g,(f.).

Therefore
(I if t<s then U;> V,=> V,» U,,, and we have
G(Usry U) < 8(Vo, Vi), apfagt™ < BLfby  for
(I0) it ¢ > s then ¥V, > U,,, > U;> V, and we have
G(Viy Vo) < 4u(Ty, Upyy), B0 <ai*fal, for n=0,1,...
By (I) and (II), a}/b} < af™*/b8 tor all ¢, s and n. Let

7, = supal, [b},.
y

n=0,1,...;

Then a;, < 7,0} < a* for all ¢ and n. Hence the operator T: H-+H such

that Te, = r,f, for every n is an isomorphism. This completes the proof
of the proposition.

The author wishes to thank Professor B. 8. Mitiagin for his agsistance,
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