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Oleaxly, A e #,. Using (1), we define inductively an increaging sequence
of the indices (n;) so that for every sequence of signs (a;)

P(AN(aye, = 1)) >27%

I
(2) P(Aan (48, = 1))

k—1 k—1
> 97 (27 P AN (M (aey, = )P (A0 ) (a8, = 1)) =277
g1 i=l
for bk =1,2,...
Let us pub e = ¢ for ¢ =mn; (j =1,2,...) and ¢ = —g¢ otherwise. Leb
n
A = {coe Q: SHPHZS;(“’)”‘H < M}
7 =1
Since the sequences () and (e;) are equidistributed, it follows from (2)
that
k k
. (3) PlAn N (e, = 1)) = P{A' 0N (a8, =1)) > 9-k-1
i=1 =1 .
for every sequence of signs (a;) and for & = 1,2, ... Fix now % and the

k
SigNS @y, Gy, ..., @, Since P() (e, = 1)) =27% it follows from (2)
t=1

and (3) that there exists an we £ which belongs to the intersection
k

ANnA N () (a6, = 1). Thus
i=1 .

k 7y ng )
HZ:aim"i = Hz—l(;:sj(w)wj-i—gs}(w)mj)‘, <M.
i= = F=1

Since the positive integer k¥ and the signs a., a, ..., a; have been fixed
n

arbitrary, the last inequality implies that the series ) m, ; 18 weakly un-

=1
conditionally convergent, while inf[]wnl]l> 0. Thus, by a result of [1],
B contains a subspace isorhorphic to c¢,.
This completes the proof of the Proposition.
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Projections on Banach spaces with symmetric bases
by
P. G. OASAZZA‘(Huntsvﬂle, Alabama) and BOR-LUH LIN (Iowa City, Iowa)

Abstract. Lot P be a bounded linear projection on a Banach space X with a sym-
metric basis. Then either PX or (I —P)X contains a subspace B which is complemented
in X and such that ¥ is isomorphic to X. As a consequence, Pelezyiiski’s complement-
ably universal space for all Banach spaces with unconditional bases is primary.

A Banach space X ig called prime (resp., primary) if for every bounded
linear projection P on X with dimPX = co, PX (resp., PX or (I—P)X)
is isomorphic to X. Clearly, every prime space is primary. It is well known
that ¢, and 1,, 1< p < oo, are prime spaees ([5], [10]). However, it is an
open question whether there are other prime Banach spaces. Recently,
Lindenstrauss and Pelezyiiski ([8]) have shown that ([0, 1] is primary.
For other information on prime and primary Banach spaces, we refer
the reader to [6].

A Dbasis {u,} in a Banach space X iy called symmeiric if every permu-
tation {w.} of {#,} is a basis of X, equivalent to {z,}. It is well known
that in ¢, and 1,, 1< p < oo, all symmetric basic sequences are equiv-
alent (cf. [1]). There are two important classes of Banach spaces with
symmetric bases: the Orlicz sequence spaces ([9]) and the Lorentz se-
quence spaces ([1], [8]). In this note we show that if P is a bounded linear
projection on a Banach space X with 4 symmetric basis, then either PX
or (I—P)X contains a subspace B which is complemented in X and is
isomorphic to X. As a consequence, Pelezydski’s complementably universal
space ([117]) for all Banach spaces with unconditional bages is primary.
This indicates that it is conceivable that all Banach spaces with sym-
metric bases are primary and strengthens the conjecture of Linden-
gtromss and Tzafriri ([9]) that there are new examples of prime Banach
spaces among the minimal Orlicz sequence spaces.

Tiet X be o Banach space with a symmetric basis. Then there exists:
an equivalent symmetric norm (of. [12]) in X. Throughout this paper,
we shall agsume that X is equipped with the symmetric norm and that
every projection is a bounded linear projection. We shall write X ~¥
(vesp., {#p}~{y,}) to mean that X is isomerphic to ¥ (resp., {#,} 18
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equivalent to {y,}). For the terminology on bases, we follow Singer’s
book [12]. .

TemoREM. Let X be a Banach space with a symmetric basis {x,}. If P
is a projection on X, then either PX or (I-P)X contains a subspace T
which is isomorphic ‘o X and complemented in X.

Proof. Since the space I, is prime, it remaing to prove the theorem

when X is not isomorphic to I, . We may assume that [z,] = 1,0 =1, 2,...
[od

Let P(m,) = Y @@, ® =1,2,... We claim that lima,; =0 for each
4=l

N=»00

i =1,2,... If not, then there exist 4, and 4 > 0 such that |“n;c,io| = ¢ for

. [+] oa o
§01e g <My < ... For any Y a,5,¢X, then @ = 3 (3 8g0 ty, 1, ay] Gy 1) s
is convergent in X and " i1 =l
o o0
o)
Plo) = Z (ZSgna’nk,'tQ [akla/nk,i) Py
' i=1 k=1
Hence

o

[=+] [><]
]
IP@IZ Y 8800, 04l Gy = D) 105l [yl = 8 DNl
=1

k=1 o k=1

Therefore {z,} is equivalent to the unit veetor basis of I, which is a .con-
tradiction. Now we consider two cases.
Case L. There exists e > 0 such that inf = sup [“’W] > eforsome n, < N,

. . 1€ f <o 1<i <00 3
< ... Then 1;1f P (200, = 1jn;€sup]an =& and 1imfi(Pw,,j) = h’manjﬂ =0,
i 0 J=»00

i =1,2,..., where {f;} is the sequence of biorthogonal functionals of {z;}.

By Theorem 3, [2], there exist p; < p, < ... and a subsequence of {P(mny)},
call it {P(w,,j)} again, such that :

D) gy —P (g I < B,

J=1
P41

where {y; = ) Z+ tyy,5;) 18 equivalent to {P(w,,)}. Since sup |a, ;|> ¢ and
=pj+1 1gi<
Iy —P (@)l < e, it Tollows that ”

SU-P I“nj,il > %8

for each j =1,2,...
DyFISISOy 1

~ Hence {y;} is a bounded block basic sequence of {#,} and by Proposition

45 1], {y;} dominates {w,}. On the other hand, if } a,, is convergent
. o B 00 N=]

in X then Zl'ajmnj converges. Hence ZajP(mnj) converges and therefore
oo = J=1

%‘ o;9; is convergent. Thus {w,} dominates .{g/j} and so {z,}~{y;}. Now,

2
by Remark 1, [3], there exigts a projection @ from X onto [y,], the closed
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linear subspace in X spanned by {y;}. We define @: X~—[y,1 by
=+ ’ el bi
o > tum) = > 2
=1 = G

where p,-+1<1,< Py have been chosen to satisty 'l%n|>%8 for
n =1,2,... By Theorem 2, [2], and by switching to a subsequence if

" necessary, we conclude that [P (s,)]is complemented in X. Finally, since

{P(w, j)} ~{y} ~{@n); [P, Pl iy isomorphic to. X. Thus, in this case,
PX containg a subspace which is isomorphic to X and complemented in X.

Case II. If inf supla,, = 0, then since
1N <eo 1<i<oo

N o
(I =PWy = D i@+ (L= G0y 1 =1,2, 00y
in
there exist m, and &> 0 such that [L—a,,|> ¢ for all n > n,. Now,
proceeding as in Case I, we conclude that there is a subsequence {m"j} of {z,}
such that [(I —P)mnj] is isomorphic to X and complemented in X. Q.E.D.

Remark 1. If P is a projection on & Banach space X with a sym-:
metric basis, then PX need not have a subspace which is isomorphic to X.
For example, it is known ([3]) that in every infinite-dimensional subspace
of a Lorentz sequence space d(a, p) there is a subspace which is isomorphic
to 1, and is complemented in d(a, p) while d(a, p) is never isomorphic
to a subspace of 1,.

OoROLLARY 1. Let X be o Banach space with a symmetric basis. If P
is a projection on X such that either PX or (I —P)X is isomorphic to its
Cartesian square then either PX or (I—P)X is isomorphic to X. Therefore,
if PX has symmeiric basis then either PX or (T —P)X is isomorphic to X.

Proof. We may assume that there is a subspace W in PX such
that PX ~X@W. .

“Oase L. PX ~PX@PX. Then X ~PX®(I—P) X ~PXOPXD(I-P)X
~PXHX~XOWPIX ~PX.

Case II. (I—P)X~(I—P)X@®(I—P)X. Then PX~XPW~XD
DXQW ~PXOPID(I—P) X®(I-P)XDW ~PXPPX®(I—P)XQW
~PXDXOW ~PXPPX. Hence, by Case I, PX~X. Q.E.D.

" Remark 2. There exists a projection P on a Banach space X with
a vymmetric basiy such that PX is not isomorphic to PX@PX. Indeed,
if B is a Banach space with unconditional basis such that B is not isomor-
phic to B@X ([4]), then by [7] there exists a Banach space X with a
symmetric basis such that B is complemented in X.

CoROLLARY 2. Let X be a Banach space with o symmetric basis. If
Xme®Y or X~,BY, 1< p < oo then X~Y.
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Proof. This follows immediately from Corollary 1 and the fa,ctv

([10]) that if ¥ is a complemented subspaces in ¢y or 1), 1 <X p < oo, then ¥
is isomorphic to ¢, or I,, 1< p < co. QL.D.

COROLLARY 3. Let X be a Banach space with a symmetric basis. Then X
is primary of and only if for every projection P on X, X is {somorphic to
XPPX.

Proof. If X is primary and P is projection on X then either X ~PX ~
XX ~XPPX or X~(I—P)X~PXDIL—~P)X~PXDX. Converse-
ly, suppose X ~X@PX for every projection P on X. If PX~I@W,
then PX~X@XOW ~X@PPX~X, Similarly, it (I—-P)X containg
% subspace which is isomorphic to X and complemented in X then
(I—P)X ~X. Thus X is primary. Q.1.D.

Remark 3. By Corollary 1, it in easily scen that there exists a Banach
space with symmetric basis which is not primary if and only if there
exist Banach spaces X and ¥ which do not have symmetric bases such
that X@® Y has a symmetric basis. Notice that if X and ¥ are Banach
spaces with symmetric bases such that X is not isomorphic to a comple-
mented subspace of ¥ and ¥ is not isomorphic to a complemented sub-
space of X then X@Y does not have a symmetric basis. For examples,
let d(a, p) be a Lorentz sequence space. If 1< p < ¢ < oo, then I,®1,
L,@d(a, q) and d(a, p)Pd(a,q) do not have symmetric bases. '

COROLLARY 4. Let X be a Banach space with a symmetrio basis {o,}
and let

Pl Pyt1
Yn = 2 wt/” Z .’)011”, wo=1,2,...,
=y +1 t=pyt+l

be a block basic sequence of {m,}. If P 4s a projection from X onto [Y,]s
then X is isomorphic either to [y,] or (I —P)X.

Proof. Let N be the set of natural numbers and let N = LDij,
. . == 5. {2
llV;ANj = O@forall{#jand N = N,,i == 1,2, ... For each N, = {(i,j)};,,,,,g,_",
®

Tjop1 T O
) —1 7 .
Gy = D ayl H D “, J=1,2,..
Tmappy-1 Tewapy -1

Since {z,} is symmetric, for each 4 =1, 8, vy B bmag,. ~{us) Lot
Z = [2;)i o1,5,... Then Z iy complemented.in X (cf: [l.éj]’,mp. t588). Tt
5 easy to show that Z ~ZQ % ~Z@ [y,]. Now [24,1]4w1,2,... 18 complemented
in Z and, by [1], Proposition 3, {21} ~{#,}. Hence Z contains a comple-
mented subspace which is isomorphic to X. By Corollary 1, we conelude
that Z~X. Hence X~Z~Z®[y,l~X®[y,]. Thus, by Oorollary 3,
X i isomorphic either to [y,] or to (I -P)X. QE.D,
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CoroLLARY B. Let X be a Banach gpace with a symmetric basis. If X
is tsomorphic to (XD X@...)y where I is one of the spaces ey orl,, 1 < p < oo,
then X is primary. ‘

Proof. Let P be a projection on X. By the standard decompo-
gition method of Pelezytiski [10],

X~e(XOXD...)p~(PXDPX®...)z® (I —P) XTI -P)XD.. )5
~PXDPXBPX®..)z® (I -P)XHI—P)XB.. |z~PXDX.

By Corollary 3, we conclude that X is primary. Q.E.D.
CorOLLARY 6. The Pelovyriski’s complementably universal space U
for the family of oll Bamach spaces with unconditional bases is primary.

Proof. By [7], U has a symmetric basis and by [12], p. 550, U~
~(UpU®D. ..),p, 1< p < oo. Hence by Corollary 4, U is primary. Q.B.D.
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