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Exponential. integrability of certain singular
integral transforms

by
RICHARD ROCHBERG* (8t. Louis, Mo.)

Abstract. It is shown that singular integral operators with orl.d ]{01:11@]8 map
bounded functions with support of finite measure to locally exponentially mtcgra..bla
functions. In particular it is shown that the periodie Riesz transform of a function
of supremum norm one is exponentially integrable Of,’ order a for e < m/2 and m/2
is the best possible congtant: This extends and gives a new proof of the known result
for the periodic IHilbert transforro. r : )

The following well-known result concerning exponential integmbﬂ.ity
of conjugate harmonic functions can be proved relatively ecasily using
methods from eomplex function theory (e.g. [8], p. 254).

. i,

TrroreM. Let f be a bounded measurable function on {6; —n < O <x}.

Let Hf be the periodic Hilbert transform of f. If [Iflle < 1 then

wl A

2m
f expa|Hf(°)|d0 < 0o for 0<<ax
0

Examples show that the constant /2 in this result is the best possible.
Tn this paper we will ghow that a result analogous :0 the'abov‘e
theorem holds for linear transformations deﬁn'ed on L"’" (™) by smgula}'
intogral operators with odd kernels. The proof is a.,strmghtforw.ard af,‘pph-
cation of results of O'Neil and Weiss [1] on I'Gamrang‘mnents of functions.
It will follow that the above theorem is true, with .the cqnsta.nt ™ /2{
for periodic Tiesz transforms and that the qogstzmt_ ig ag&,l'n 11J11g> bcsz
possible. (In particular, this giw)res a new, and strietly real variable, proo
of the theorem stated above. - ,
o 1}'Llihci ]al,(u(thoi' thanks Professors R, R. Coifman and G. Weiss for valuable
iscussions and suggestions. .
dlﬂﬂ}?ilflzl i?ﬂ;ﬂilfi%le function f defined on the non-atomic measure
space (I, p), define f*, the non-increasing rearrangement of fy to be the

*This rosoarch wag suﬁpbrted in pa.l‘{i by Niational Seienco Foundqtion Qrm‘nt
GP-34628.
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non-negative real valued function defined on (0, co) by f*(t) = inf{y >0;
pl{ze M5 |f(x)] >y}) <t}. f* is readily seen to be non-increasing and
equimeasurable with f. f* i3, up to minor modification, the inverse
function of the distribution function of |f|. (For a discussion of the prop-
erties of f* see [1] or [3]; I, 13). We need the following fact about f*([3];
I,13.9). If ¢ is an inereasing function and § is a measurable subset of
M then

1)

w(S)

[olfhdu< [ g(r-@)at.
s 0

—

We will also be interested in the integral means of f*. We define f**(s)
1 8
= f f*(t)dt. Since f* iy non-increasing,

0
(2) TH@) < ()
for all £.

The class of transforms to be considered is defined as follows. For
apoint X = (=, ..., #,) in Buclidean n-space, B, let | X| = (a2 ... 4-al)t.
Let 8,.; = {X in B"; |X| =1}. Let dm denote Lebesgue measure on
E" and do denote area measure on §,_,. Condsider a function Q on B*
such that:

1) @ is odd, i.e. (X) = —Q(— X) for all X in B,

2) £ is homogenous of degree zero, i.e.

QX[|X)) =Q(X) forall X 50, und

3) 19l = [ 12(X)|do(X) < oo.
S’n,—l
Asgociated with sueh an 2 there is a linear map 7, defined. on IP (B,
p>1, by

(TF)(X) = lim —”?%)— (X— Y)dm(XY).
s e 11

If fis in IP, p > 1, then 77 is defined a.c. In fact 7' is a boundod lineay
map of L (B") into itself for 1< p < oo ([2], Chapter VI), such o T iy callod
a singular integral operator with odd kernel. Q is called the Ternel of T.

A set of examples of such operators of particalar interest ave the
Riesz transforms, R, ;. For a positive integer n,and an iteger j,1 < j < n,
the jth Riesz tramsform R, is the singular integral operator om L?( "y
defined by the kernel 0,,(X) = Oy (@1, -y 8,) = Cuiy/|X| whero 0,
=I'((n+1)/2)x=C" In particular Ry, is the Hilbert transtorm. Curiously,
an elementary ecomputation shows ||| = 2 [m for all n, 4.

Pick and fix T, a singular integral operator with odd kernel, defined
for functions in L?(E™). Let.  be the kernel of 7. Our main, result iy the
following :

* ©
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THEOREM. Let f be a function in L (E"™) such that the support of f has
finite measure. Let 8 be a subset of B" of finile measure, then

; . X 1
bfexpa|Tf<Y)|dwz(Y> <o i 0<a< g

Proof. It suffices to comsider the case |fllo, = 1. Pick and fix

a, 0 < a < . By (1) and (2)

1142
m{s)

[ expalZf(X)dm(Y)< [ expa(Tf)*@)a
N 0

m(s)
<[ expa(TfH* (.
0

Hence it suffices to show that for any positive s,

@) (TP (1) < 12001+ e)(log% +0(1>) a8 0.

However, O'Neil and Weiss have shown ([1], Theorem 3) that
o o [ S
(L) () < QU< [ 77 (2) simb* =) .
A}

But f*() = 0 for t>K = m{support of f} and |f*(#)|< Il for all .
Thus .
1 s
(2 ) <1 o () 2
] 1 . 1
<@l [ =5 sinh(x) do
. a?
4K
1
< QU (L4 &) [log s+ 0(1) ag 8->0
the lagh inequality, which follows from sinh™'(y) = log(y +V1+ ,’l/;). and
elementary estimates, holding for any positive s Thus (3) is established
and the proof is complete. o
‘Wo now show that this result implies the corresponding result for
the periodic Riesz transforms and in that case (and also for the ordinary
Riesz transform) the constant obtained is the best pq&sible. )
Let T be the n-torus {(0y; ..., 0,); —v< b <mi=1,...,n} It is
convenient to regard 1™ as a subset of E*. Given f in L?(H"), p >1,
denote algo by f the periodic extension of f to B It is known that R, (f)
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is defined a.e. and is periodic. Hence R,;(f) can be regarded ag a function

on T™ Call this restriction of R,;(f) the periodic Riesz transform, &,(f).
E,; is a bounded linear operator of L*(T™) into itself 1 < p < oo.

COROLLARY. Given f in L*(T™), then for each j, 1 <j<n,

S
Ik

[expa|Byf| < oo for 0<a<—
o 2

Proof. As before we may assume ||f], = 1. Pick and fix ¢ < »g— .

It suffices to show

(4) fequanjf{ < oo,
T

Tf f had support on a set of finite measure this would follow directly

2
from the previous theorem and the observation that Q| = — for the .
™

Riesz transform. Although this is not the case it is almost true in that
the size of RB,;f on T" is determined by the behavior of f near T™ Let
W be an open neighborhood of T™ with characteristic function xy. R,f
= Ry Gt ) + By {(1 xW)f). Since T™ is a compact subset of the in-
terior of a set on which (1— yw)f vanishes, there is a constant K such
that [Re((1—xp)f)| < E on I". Hence it suffices to verify (4) for yyf
instead of f. This follows from the previous theorem.

OBSERVATION. The constant g of the previous corollary is the best
possible. _

To show this it suffices to exhibit for each #,j a function f; on 1™
such that [fil, =1 and [ expg. | Byfil = oo. Lot f; be the function

T’IL

defined on I™ by f;{X) = sgn(a;). That f; is the required function can
be seen by making elementary estimates on the appropriate integrals
or by noting that since f;(X) depends only on z;, B, (f)(X) will depend
only on #; and as a function of @; will be the periodie Hilbert transform

= . 2 1
of sgn(z). However By (sgn (@) (1) =;log—t— +-0(1) for t small. ¥enco
the integral diverges. '
PrOBLEM. The above example shows that the constant W:;—”- in the theorem

is the best: possible constant if Q = Ly It would be interesting to lmow
what the best possible constamt is in this result for gemeral .
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