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Since w decreases as [2] increases, this is at most

Sy at 112 d
D [ ustagg) B <0 X p(Bay 5 B
k=0 g5 ¢ 0

<ed™ ¥ 27 = 0(8%.
%)

References

[1]1 E.B. Fabes and N.M. Riviére, Singular integrals with mized homogeneity,
Studia Math. 27 (1966), pp. 19—38.

[2] P. Krée, Distributions quasihomogénes, C. R. Acad. Sci. Paris, 261 (1965),

 pp. 2560—2563. :

[3] E.H. Ostrow and E. M. Stein, A generalization of lemmas of Marcinkiewica
and Fine wiilh applications to singular integrals, Ann. Seuola Norm. Sup. Pisa, 11
(1957), pp. 117—135.

[4] C. Sadosky, On some propertics of a class of singular integrals, Studia Math.

7 (1966), 73 —86.

[5] — and M. Cotlar, On quasi-homogeneous Bessel potential operators, Proc. Sympos.
Pure Math. 10 (1967), pp. 275—287.

[6]1 R.8. Strichartz, Multipliers on fractional Sobolev spaces, J. Math, Mech. 16
(1967), pp. 1031 —1060.

[71 R.L. Wheeden, On hypersingular integrals and Lebesgue spaces of differentiable
functions II, Trans. Amer. Math. Soc. 139 (1269), pp. 37—53.

[8] -, Lebesque and Lipschitz spaces and integrals of the Marcinkiewicz type, Studia
Math 32 (1969), pp. 78 —93. .

Received December 28, 1970 (288)

icm®

STUDIA MATHEMATICA, T. XLIV, (1972)

A characterization of commutators with Hilbert transforms
by
D. PRZEWORSKA-ROLEWICZ (Warszawa)

Dedicated to Professor Antoni Zygmund

Abstract. There are given necessary and sufficient conditions for the commutator
of the Hilbert transform with an operator bounded in L* to be compact. Similar results
dre obtained for the cotangent Hilbert transform and for the Cauchy singular integral
operator on a closed are. These conditions follow from a property of commutators of
linear operators with an involution.

The purpose of the present note is to give necessary and sufficient
conditions for the commutator 'of the Hilbert transform with an operator
bounded in I* to be compact. Similar results will be obtained for
the cotangent Hilbert transform and for the Cauchy singular integral
operator on a closed arc, and so on. The proofs are based on a simple
property of commutators with an involution, which are presented at

the begining.

1. Let X be an algebra (a linear ring) with unit ¢ over the field of
complex scalars. An element ae X is said to be an inwvolution if a + ¢ and
a® =e¢. An element aeX is said to be an almost involution, with respect
to a proper two-sided ideal J = X, if the coset [a] is an involution in the
quotient algebra X/J, i.e. if there is a beJ .such that a* = e4-b (see [3]
and [4]). Let us denote the commutator and the anticommutator of two
elements a, beX as follows:

[a, b] = ab—ba, (a,b) = ab+ba.

PROPOSITION 1.1. Let a be an involution in an algebra X with unit.
An element be X commutes with a if and only if there is a bye X such that
b = (@, by).

Proof. Let us suppose that b = (@, by) for an element bye X. Then

[@, b] = ab—ba = a(aby+bya) —(ab,+bya)a

= a?by+abya —abya—bya® = eb,—bye = 0.
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Conversely, let [a, b] = 0. We put b, = jab. Then
(@, by) = aby+boa = sa*b+faba
= 3(eb+aba—Dba®+ba?) = §[b+(ab—ba)a+be] =D
what had to be proved.

We also have a dual statement:

PROPOSITION 1.2. Let o be an involution in an algebra X with unit.
An element be X anticommutes with a if and only if there is a bye X such
that b = [a, by]. .

The proof is just the same as the preceding one, if we change the roles
of signes “+” and “—".

CoROLLARY 1.1. Let a be an involution in an algebra X with unit. Let J
be a proper two-sided ideal in X. Then [a,bleJ for beX if and only -if
b = de+ad+g, where deX and ged. :

The proof is immediate if we apply Proposition 1.1 to the quotient
algebra X/J.

CoroLLARY 1.2. Let J be a proper two-sided ideal in an algebra ¥ with
unit. Let aeX be an almost involution with respect to J. Then [a,bled
for beX if and only if b = da-+ad+g, where de X and ged.

The proof follows immediately from Proposition 1.1 applied to the
quotient algebra X/J.

It is obvious-that we can obfain resulfs dual (in the sense of Propo-
sition 1.2) to Corollaries 1.1 and 1.2.

?. Le}a X = B(I*(R)) be the algebra of all bounded operators trans-
forming I?(E) into itself (). In this algebra there is only one closed proper

two-sided ideal, namely the ideal T(LQ(R)) of compact operators (see

Gohberg, Markus, Feldman [1]). Let us consider the Hilbert transform:

(o) () == [ 2D gy

e eerm)

(he.re the integral is understood in the sense of the Cauchy princilmfwmlne).
Itqls well-known t?nat H ¢ B(I*(R)) and that H iy an involution on L*(R):
H = I, where I is the identity operator (Zygmund [5]). From Propo-
sition 1.1 we obtain immediately
. ProPOSITION 21. If AeB(L*(R)), then HA~AH =0 if and only
if A = HAy+ A, where Aye B{I*(R)).

From. Corollary 1.1 we obtain

ProPOSITION 2.2. If Ae B(L*(R)), then HA — AH is compact if and
fmly if A = HA,+AH+T, where Age B(I*(R)), Te T{L*(R)).

(*) Here and in the sequel all considered functions are complex-valued.
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3. Let ¥ = B(L%(0,2n)) be the algebra of all bounded operators
transforming L*(0, 2x) into iself. Also in this algebra the unique closed
proper two-sided ideal is the ideal T (Z*(0, 2m)) of compact operators
(see [1]). Let us consider the cotangent Hilbert transform:

9

(H,2) (8) = 517 f &(s) cot -”%t—ds (2 I}(0, 27))

(the integral is understood in the sense of the Cauchy principal vatue).
Tt is known that Hye B(L2(0, 2w)) and that

2
1
w C H=I-K, vhere (Ko)(t) =— f o(s)ds.
. 4Tt
0

Since K is one-dimensional, it is compact. Hence H, is an almost
involution with respect to the ideal T(I*(0, 2x)). Corollary 1.2 implies
the following :

ProPOSITION 3.1. If AeB(L*(0,2n)), then HoyA—AH, is compact
if and omly if A = HyA,+AHy,+T, where Age B(I*(0,27)) and
TeT(I*0,2m))

By a simple calculation we obtain ]

COROLLARY 3.1. If A« B{L*(0, 2x)), then HoA —AH, =0 if and only
if A = HyAg+AgH,+T, where Age B(L*0,2m)), TeT(L*(0,2m)) and

H,T-TH, = A,K—KA4,
(K being defined by formula (1)).

4. Let H*(L) be the space of all functions satysf.ying' the Holder
condition with exponent u,0 < u <1, on a closed regular arc L with
the norm

|l (8) — (@)

Let B (H” (L)) be the algebra of all bounded operators transforming H* (L)
into itself. Let us denote by T(H*(L)) the ideal of compact = operators
over the space H*(L).(2) )
Tet us consider the singular integral operator with the Canchy kernel:
z(s)

(2) (8z) (1) = gl —g:?dt (we H* (L))

() Theeorem 2.5 of [3] (see also [4], Theorem 3.1 on p. 197) shows the following
property: if T is a continuous map from C(L) into H# (L) then the operator T = T| Y
is compact in the H*(L)-topology.
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(the integral is understood in the semse of the Cauchy principal value).
The Plemelj-Privalov theorem (see [2]) asserts that 8¢ B(H*(L)). Moreover
it is an involution on H*(L) ([2]). Therefore from Proposition 1.1 and
from Corollary 1.1 we conclude

ProrosrrIoN 4.1. If AeB(H"(L)), then SA—A8 =0 if and only if »

A = 84,+4,8, where A,e B(H(L)).

PrOPOSITION 4.2. If Ae B(H*(L)) then SA—AS is compact if and
only if A = SA,+A,8+1T, where dye B(H*(L)), Te T (H*(L)).

The list of similar results can be easily prolongated.
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Hardy’s inequality with weights .
by '

BENJAMIN MUCKENHOUPT* (New Brunswick, N.J.; Albany, N.Y.)

Abstract. This paper is concerned with conditions on measures z and » that

. are both necessary and- sufficient for the existence of a finite ¢ such that

(i Jwal al'? < o J If@)ra],

where p is a fixed number satisfying 1 < p < co. For absolutely continuous meagures
a new proof is given for a known condition, and a new condition is given that arises

from an interpolation with change of measures. The case when f f@)dt is replaced
by f f{t)dt is sketched. For Borel measures a condition like the hrst one for abso-

lutely continuous measures is proved. Estimates for ¢ in terms of the constants of
the condifions are also given. .

1. Introduction. Hardy’s inequality, [5], p. 20, states that if p and b
satisfy 1< 9 < o and bp < —1, then )

(1.1) [., ’ dw]llp < ﬁ L{ 1@® 1 f ()| A ]llp y

and the indicated constant is the best possible. Several authors, Toma-
selli [4], Talenti [3], and Artola [1], have recently investigated the problem
of for what functions, U(z) and V (#), there is a finite constant, C, such
that -

(1.2) [ f | U(z) f Ft) dt] )" <

2P f f@ya

f [V (@)f (@) do]";

this is, of course, just the inequality (1.1) with @® and 2**! repiaeed by the
weight functions U(z) and V(). Their principal result is the following
theorem.

* Suﬁported in part by N.S.F. grants GP 11403 and GP 20147.
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