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Abstract. Let ¥ and ¥ be Banach spaces and 1< p < . We consider the
space TR, (Y, X) of all bounded linear operators 4 from ¥ to X, for which the func-
tional N — trace(4XN) is continuous for the p-nuclear norm on the space of all finite-
dimensional operators from X to ¥. Each sueh A defines in a unique way a cont.
linear functional Try on Np(X, ¥) — the space of all p-nuclear operators from X
to Y. It is shown, that every p’-integral operator (1/p + 1/p’ = 1) from ¥ to X belongs
to Trp(Y, X), and that every element of this space is p’-absolutely summing. This
result is used to prove that if n > 3 is such that p < p’(n—1) and 4,, 4,, ..., 4, are
p-integral operators on X, then Try (dy, 4g, ..o 4n) = TrAiI(A,;z, -wey Ay ) for each
cyclic permutation 4y, s, ..., % of 1, 2, ...,n. This trace formula was conjectured by
R. Sikorski. It should be mentioned that X is not assumed to have the approximation
property.

Introduction and background. Let X be a Banach space. If N: X - X

v is a finite dimensional operator, i.e. there are finite sets {;, #,, ..., 13} = X,
{#, @), ..., %4}  X* such that

k
Nz =Zw:(w)wn for all xe X,
n=1

then it is well known that N has a unignely determined trace Tr(N),
defined by

k
Tr(N) = D' (@,),
n=1 -
ie. Tr(¥) does not depend on the actual finite dimensional represen-
tation of N.
If ¥ is a nuclear operator on X with nuclear representation N =

=) % ®,, we shall say that N has a uniquely determined trace Tr(N),
n=1 0
if the sum Y a(x,) depends only on N and not on the actual representa-
n=1
tion, and in that case we put
Tr(N) = > o ().

= . n=1
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Tt i a well-known theorem of Grothendieck [1] that every nuclear
operator on X has a uniquely determined trace if and only if X has the
approximation property. .

Tf X and Y are Banach spaces and 1< p < oo it iy natural to agk

the following question:
Which operators 4: ¥ — X have the property that for any p-nuclear

operator N: X — Y the sum Z an Aw, is eonvergent and independent
=]

of the actual p-nuclear representa,tlon N = 2,1 o Qua, of N
=

Tor operators A: ¥ — X with this property we can then define
a trace with respect to 4 of any p-nuclear operator.

Tt is easy to see that this question is equivalent to asking for which
operators A: ¥ — X the linear functional ¥ — Tr(4AN) on the space of
finite dimensional operators is continuous in the p-nuclear norm.

In the present paper we discuss the above question and prove some
theorems on operators with the above property; it is for example proved
that if 1/p-+1/p’ = 1, then every p’-integral operator from ¥ to X has
the property. Finally this result is used to prove the main theorem of
the paper, namely the so-called Sikorski trace formula for p-integral opera-
tors, a formula suggested by Sikorski [5].

1. Preliminaries and notation. Throughout this paper let X and ¥

denote Banach spaces and let us by B(X, Y) denote the gpace of all
hounded linear operators from X to ¥. B(X, X) will shortly be denoted
by B(X).
¥1<p<
p+ifp =1
In the sequel we shall make use of the following operator ideals for
BN/ A o

oo we shall by p’ denote the dual number to p, i.e.

N,(X,Y) — the space of all p-nuclear operators from X to ¥ with
the p-nuclear norm w,.

I,(X,¥) — thespace of all p-integral operators from X to ¥ with
the norm 4,.

IZ(X,Y) — thespace of all absolutely p-suraming operators from X
to Y with the norm iy,

By(X,Y) — the space of all finite dimensional operators from X

to Y.

The reader may find the definitions and basic properties of these
ideals in Persson and Pietsch [4]. We just note here that by definition
I2(X,Y) = B(X,Y) and i2 is the operator norm. In the sequel we
shall use either of the two notations for B(X, ¥) depending on what is
the most convenient.

icm®
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2. The trace of p-nuclear operators with respect to a certain class

of operators. If A< B(Y, X) we shall define the linear funetional Tr 4, 0D
By(X,Y) by

Tr (N) = Tr(AN)
We consider for 1< p < o

for all NeB,(X, Y).

TR,(Y, X) = {4< B(¥, X)|Tr, is cont. in the », -norm on B, (X, ¥)}.

If 4¢TR,(Y,X) we can extend Tr, by conmmuty to N (X, X);
the extended funet1onal we shall still denote by Tr,.

It is easy to see that the correspondence 4 — tr, is 1—1 and from
the proof of Satz 52 in [4] it follows that if 4¢TR, (Y X), then Ade
IZ(Y, X) and 49 (4) = #3(Tr,), »} denoting the dual norm of vy

The problem if TR, (¥, X) = I§ (Y, X) is of course connected with
the approximation property, in fa,ct that TR,(X, X) = B(X) if and
only if X has the approximation property is just the theorem of Gro-
thendieck, quoted in the introduction, and it is easy to see that if TR, (X, X)
= B(X), then TR,(¥, X) = I%(¥, X) for all Banach spaces ¥ and

Try(N) = Tr;(AN) = Tr(AN) for all NeN,(X,Y)

(the composition of a p-nuclear and a p’-absolutely summing operator
is 1-nuclear).

The next proposition is an easy consequence of [4], Satz 52:

ProrosrrioN 1. If Y has the meiric approximation property, then
TR, (Y, X) =I2(Y, X) for all p, L< p < oo

About the proof of Proposition 1 let us just remark, that the main
point in the proof is that when ¥ has the metric approximation property,
then the p-nuclear norm of any operator Ne By(X, ¥) can be computed
only taking finite dimensional representations of N into consideration
(Lemma 7 and Lemma 11 in [47).

‘We are now able to prove

TurOREM 1. If X and Y are arbitrory Banach spaces, then

I.(Y,X)cs TR,(Y,X) forall p,1<p<oo

Proof. Assume first that 1< p < oo, let AeL,(¥,X) and &> 0.
‘We can then find a compact Hausdorff space K and a positive Radon
measure u on K, so that we have a factorization

— X
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of 4, where [P|<1, IQ]<1, #(K)llf"Q iw(A)+e and I, denoting the
formal identity map of C(K) into L* (K, p).
It NeB(X, Y) is a finite dimensional operator, then

Tr, (N) = Tr(4N) = Tr(QI,PN) = Try; (PN).

Since O(K) has the metric approximation property and I, is p’-integral
with 4, (Z,) = u(E)"*" we get from Proposition 1:
[Trg(N)] = [Tror, (PN)| < 43 (QL)9,(PN) < i (1) 9, ()
K e (L) 9 (V) < e (A) + ] (V).
Since & >0 was arbitrary this gives that 4e TR, (Y, X).
If p =1 we proceed as follows:

Let AeI (Y,X) and let & > 0 be arbitrary.
We can then find a compact Hausdorif space K and a factorization

4

Y. - X

7

AN /o
X

0(K)

of A with [|[P||<1 and [|Q( < 4, (4)-+e.
'If NeB,(X,Y) we get ag before using Proposition 1

[Try (N)| = |Tro(PN)| < IQIIP(191(N) < [Go(A) + ]9, (V)

and hence

[Ty (N)] < o (4) -1 (N).

CorOLLARY 1. If X and Y are Banach spaces, then there is am isomeiric

+ isomorphism ¢ of I,(Y, X*) onto N,(X, ¥)* so that

P(4) (W) = Try (™) for all NeNy(X, ).

Proof. Let Ael,(Y,X™). It NeNy(X,Y), then wo can consider
N** as element of N,(X™, ¥); Theorem 1 together with the fact that
2o (™) K 9y (N) for Ne N, (X, Y) then gives that the mapping

N—>TI‘A(.N**)‘, NeNy(X, Y)

is a continuous linear functional on N, (X, ¥). Let us denote this functionul

by p(4); clearly ¢: I,(Y, X™)— N, (X, ¥*) is linear and

1 v (p(4)) < ia(4).
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Let now < No(X, Y)*. It is easy to see that there is a bounded linear
operator 4: ¥ — X* guch that

F(#*®y) = (4y) (#*) for o*< X* and ye ¥

and hence

(@) F(N) = >'(49,) (#%) for all Ne Ny(X, ),

where ¥ = 3 #;®y, is an arbitrary representation for N.
n=1

Using now the same argument as Persson and Pietsch [4], Satz 52,
we get that 4 If(¥, X™) = I,(¥, X**) and that

(3) i, (4) =@ (4) <5 (F).
(2) now gives that ¢(4) = F and (1) and (3) gives
% (p(4)) = iy(4).

The 'following theorem was originally suggested by Sikorgki [5] in
case p =1 and # =3, and proved by Grothendieck [2]. Here we have
generalized it to arbitrary p > 1.

TeEEOREM 2 (Sikorski’s trace formula). Let X be a Banach space,
D a real number with 1 <p < o and n> 3 a natural number such that -
p<p'(n-1). If {4,, 4,, ..., 4,} = I,(X), then for any oyclic permutaiion
Ty Bay eyt Of 1,2, ..., n we have

TrAil(Aiza EER) Ain) = TrAl(Azy sy Ag).

Remark. It follows easily from the final remarks of Persson [3]
together with the multiplication theorems of [4] that any composition
of n—1 of the operators 4,, 4,, ..., 4, is p’-nuclear, and hence in view
of Theorem 1 all the traces in Theorem 2 are well defined.

The theorem will be a direct consequence of the following two lemmas.

LemwvA 1. Let X be a Banach space and let B* denote the umit ball of X*
equipped with the w*-topology. If p,n and Ay, A,, ..., A, are as in Theo-
rem 2, then there exist p-integral operators 4,, 4,, ..., A, on C(B*) such that

Tl'iil(ﬁizo oﬁin) = TrAil(AizoAiso <e0dy)

Jor all permutations 4y, 4y, ...,4, of 1,2,..., %
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icm
Proof. Let P: X — ((B*) denote the canonical isometry. For each i,

1 < i < n there is & Radon measure y; on B* and a bounded linear operator

Q,: L?(B*, p;) - X such that the diagram

44

X > X

P » [Qi
¥

* I/‘i *
0(B") - I (B", )

is commutative, I, denoting the formal identity map of O(B*) into
I?(B*, w)-
Let ug define

A, =PQ¢1M for 1<<ig<n.

Clearly A; is a p-integral operator on C(B*). Let now iy, s, crey iy be
a permutation of 1,2,...,%n The operator N: 0(B")—~ X defined by

N =4,0..04;, 0@, 0L,

is p'-puclear, hence it hag a p’-nuclear representation

N = 2"}70@%.757 {vk} S O(B*)*’ {wk} S X

: =1 :

Since )
NP = 4, 04,0...04

and :

: PN =4, 04,0...04,

we get the p’-nuclear representations

I

Ayo...0d; =‘ka®th,

k
.A,izO een OAin = ZP*'V),;@;W],
. 2 :
and hence
TrAil(Aizo 0 dy) = 2(1’* Vi) Ay, ), = 2"’/0PA£1"”I¢
. k F

== kaiilPa&k == Trﬁil(./j.‘,izo e O'A'in)'
k

Levuma 2. If X is Bamach space having the approwimation property
and 1< p< oo, AeIZ(X), Ne Ny (X), then

Tr(AN) = Tr(NA).
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Proof. Let 4 ¢I$(X). Since X has the approximation property both
Tr(AN) and Tr(NA) are defined for all Ne N, o (X); futhermore the linear
functionals N —Tr(4AN) and N — Tr(NA) are continuous on Ny (X),
and since they clearly agree on By(X) they are equal on the whole of
N, (X). QED.

Proof of Theorem 2. Let p, n and 4,, 4,, ..., A, be as in Theo-
rem 2, and let 4,, 4,, ..., 4, denote the operators from Lemma 2. Since
C(B*) has the approximation property we get from Lemma 3:

Try, (4,0 ...04,) = Tr(4,04,0...04,)

= Tr(d,04,0...04,04,) = Tr g, (4,0 ...
=Try,(4;0...04,04,).

Continuing now, using Lemma 1 and Lemma 2 in that way, it is clear
that we for any cyclic permutation iy, €,,...,4, of 1,2,...,n get that

TrAil(Aizo <04, ) =Tr,(40...04,).

This concludes the proof of the theorem.
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