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Extension of algebra norms and applications
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Abstract. The main result of the paper is Lemma 1: Let (B, || ') be a commutative
normed algebra with identity and 4 be a subalgebra of B containing the identity.
TIf|-}|is an algebra norm on A equivalent to |- [I’ restricted to 4, then || -|| can be extend-
ed to an algebra norm on B equivalent to ||-II". Two applications are given. We show
first that the cortex of a commutative normed algebra depends only on the metric topo-
logy induced by the given algebra norm and not the particular norm. Secondly, we
use Lemma 1 in proving conditions sufficient for the solvability of the equation
exp @ = & in complete normed extensions of the given algebra.

The main result of this paper, Lemma 1, grew out of the attempt to
solve certain equations in normed extensions of commutative Banach
algebras. Usually, we are able to construct a Banach algebra which con-
taing an isomorphic copy of the original algebra and in which the given
equation is solvable. The isomorphism is usually norm decreasing and
in some situations, we can establish that it is bi-continucus but not norm
preserving. As a consequence of Lemma 1, if 'we can establish a bi-con-
tinnous isomorphism, then the extension can be renormed so that the
igomorphism is now norm preserving. Applications of this technique are
given.

All algebras in the following will be commutative and complex, and
have an identity element. If B, A are normed algebras, then we say B
is a normed extension of A if there exists a norm preserving isomorphism
of A into B that takes the identity of A onto the identity of B. When
convenient, we view A as a subalgebra of B. If B is complete, we call
it & complete normed extension of A. ’

§ 1. Extending norms from subalgebras. Let (4, |- {}) be a commuta-
tive normed algebra with identity e. Let X = {#,: aeA} be a family of
commuting indeterminates over 4 and T = {t,: aeW} a family of posi-
tive real numbers. By A[X] we mean the algebra of polynomials in the
2.8, with coefficients in 4. A typical element p (%, ---; By) of A[X] is

# Portions of the research presented in this paper were carried out while the
author was a Postdoctoral Research Fellow at Yale University, 1968-69.
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a finite sum of the form val ...,,km;i a?;’]g, where 2 ed and 2, , ...
coes By X. The norm |-y on ATX] is taken to b6 [[p(a,,, ..., @, )]s
=3 ”_?vl,.mk”tﬂll ...tk Then (A[X], || lr) is a normed algebra and a nOI‘lIIcled
faxtenmon of A. For convenience, we sometimes write p(z)= Y p,a
mstea,d‘ofp(mﬂl, ey Wy,) = Epuln_,kxﬁ}l ... ok . For a polynomial p (z)ed [X]
p(0) will denote the “constant” term. . !
LEm@ 1. L-et (3, I-I) be @ normed algebra and A a subalgebra of
B eonfammg the identity of B. Suppose ||| is a norm on A satisfying allal
< lall” < Bllall for oll acA, and B2 o >0. Then ||-| can be extended to
a norm on B (we simply denote the extension by ||- ||) satisfying (a/p) ||b
sfyin, < Bl
o norm on 5 s sing fying (alf) 0] < bl
Proof. First note that a £ 1 < . Let A = B\ 4 and set #, = |p|’
be. Let T = {t,: beWU}. There iy a natural homomorphi of 2 ,
] his:
onto B satistying plm v of ALX)

'l/)(.p(mbl)n'ymbk)) =P(b1,-":bk)7 bl,...,bkeﬂl, I’(mbly-'-;xb,ﬂ)GA[X]-

We first show that when A[X] is given the norm |||z, y becomes
2 norm decreasing mapping. Let p(z) = valm,,km{,}... mgﬁeA [X]. Then

) ”Zp”1-~~"k B, bk

S D P B (o e
= DD B B = [l (@)
Thus, y is norm decreasing. Now, setJ = p~*(0), and lolly = inf |lp (x)+
Ve

+j @)z, where b = 1/)(1)(9:)). Then bl = |3l for all beB For i

) ; . ] . For if EA,

then [lall" < llallg < Jlall, and if b2, then b < bl < |E|mbu'T z t: =a|[b]['.
Now, set || Y 0,2z = laall+ (8]l 3, a,"llp. Then ||-|l7 is an algebra

norm on A[X] since (8/a) > 1. For beB, let |bllo = int |p(2)+4()lr,
where ¥(p(@)) = b. Then |p]| = b, < Blllg for all bes.";);nce

’HZ%WW "T = llaq]l -+ H%aﬁ” [’1 =< ﬁ”(ta”"*-ﬂﬂgga,mn

< # 1ol i ARy

This inequality shows that J ig closed with respect to ||-||». On the other

"

"
T

hand, for be¥, bl = int o+ @l < oy = &1, = £ b, The-
i(x)ed a a ’

a
refore, —ﬁ— llBllg < lIbllg for beA. The proof that [Illg and |- [ are equiva-

® o
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lent on B and satisfy ~ﬂ— [Bllg < [ibllg £ B [bllp for all beB will be complete

when, we show that [lall, = ||a|| for all acA.
To that end, let aeA and j(x)eJ. Then

a7 @)z = lla+3(0)I+ % 15 (@) —3 (OMz

. 1 - . ——
2 [lal =13 ©)I+ — l7te) =3 (0)lz = HMI—*][J(O)H—F—?I—IIJ o

2 llall— 1§ O+ 17 (0)] = llall.

The second inequality holds since [|j(#)—j(0)z= Ili(0)]" holds for all
jx)ed (see (*) above). Therefore |ja]] < llallo- But llallg < llafl so that [l
= {ajjp for all aeA. This completes the proof of the lemma.

COROLLARY 1. If f =1, then ||-|| can be ewtended without change n
its bounds relative to |||’ :

If we only assume of-]| < |-|' on 4, then it need not be true
that ||-|| can be extended to all of B. Let 4 denote the unit disk in the
field of complex numbers. For B, take C(4) and for A, take Hol(4)
= [fe0(4):f analytic on int(4)}. Set |ifll. = suplf(w)] for feC(4) and |Ifl]

. wed
= sup [f(w) for feHol(4). Then {fll.= IIff for feHol(4) but |-l

i<argosn
cannot be extended to ((4) since any extension would antomatically

majorize |||, on C(4) by a result of Kaplansky’s [2], evidently a contra-
diction. - '

§ 2. The invariance of the cortex of a normed algebra. If (4, {i-{))
is & normed algebra, then I'(4, |-|)) will denote the set of |- ||-continuous
non-trivial complex homomorphisms that extend continuously as com-
plex homomorphisms to every normed extension of 4. R. Arens, in [1],
calls I'(4, ||-])) the cortex of A.

THEOREM 1. If ||-|| and ||| are equivalent algebra norms on A, then
T4, |- = I'(4, 11"

Proof. If B is a normed extension of 4 with respect to |||, and if

T gel'(4, 1), then gel'(4,]-|) since by Lemma 1, B can be renormed
with an equivalent norm extending |-]|'. Hence I'(4, -1 < I'(4, |I-1D-
Since the argument is symmetric, I'(4, |-[[') = T4, -1

CoROLLARY 2: If (4, ') is @ semi-simple Banach algebra, then the
cortex I'(4, ||*]) depends only on the complete norm topology induced by
(R :

The corollary follows immediately from the theorem since all complete
algebra norms on semi-simple algebras are equivalent [4].
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§ 3. Simple logarithmic extensions. In a 1944 paper [3], T. Lorch
raised the question of solving for logarithms in complete normed exten-
sions of Banach algebras. Specifically, if 4 is-a Banach algebra and acd,
when is expax = a solvable in some complete normed extension? For
a uniform algebra 4, it is easily shown that expa = ¢ is solvable in guch
extension if and only if ¢ is not a topological divisor of zero in 4. For
‘arbitrary Banach algebras, necessary and sufficient conditions are given
in [1]. However, these conditions are difficult to use in specitic cases
because the norms are not well enough understood. In the remainder
of this section, we give conditions on A and ¢eA which enable us to solve
the equation expe = a.

Since 4 will be assumed to be semi-simple in the next theorem, we
will view the elements of 4 as continuous functions on the carrier ﬂﬁwce D,.

THEOREM 2. Let A be o semi-simple Banach algebra and aed be a unit.
If A contains all dts local belonging functions and if expos = a has local
solutions af each point of @4, then expa = a has a solution in some complete
normed semi-simple extension of A.

Pngf' By A(z;1), t >0, we denote the algebra of formal power

" 3 . . . . 2
series 3 a,o” in the commuting indeterminate # over 4 for which ¥ la, |1t
2, 2

p=0

v=0
| . +oo +eo0
<+ oo, where || is the norm on 4. We set || 2", = ) ||a,)i?' for
oo =0 »= »
;;; @’ e A (;¢). Then (A (a;%), |||} is a Banach algebra. The carrier

space of A(z;1) is identifiable with &,x 4,, 4, = {AeC: |3 <1}, and

+00 +00 | o0
() 2) Z;cw" =2 a,p)2 =¢( Y a,2)
ve= »=0 w=0

NOV:’ let Uy, ..., U, be open subsets of @ 4y and let fy, ..., f,ed such
that | U, = @, and exp(£,|U,) = alU,, v =1, ...,n.Lett = max(|f,], ...

v=1
e [ifal)e I ped,, then @eU, for some »; hence =\

| . , fo) ; » @)= RISt and
glewfore (¢ . (9)) eH(J), where J = K(H(expz—a) < A(x;1). Since
D a1 =_H (J_) and each ge®P, has an extension in H (), the semi-
simplicity implies that o - a4 J , aed, i3 an isomorphisni. We shall show

that {e+J: aed} is closed in the quotient topology on A (w;t)/J. To
o :

I . 5 + —
this end, suppose that tytJ = f(@)4+J, f&) = ¥ a,2"; that is, suppose

there exists a sequence {g, (2)} = J such that . \
O+ g (2) — (@)

in the norm on A4 (»;1). Since Dyn=D4X 4y, H(J) = {(e,

expl = p(a)}. Hence, if (g, By Lm0

)
), (@ X)eH(J), then ¢(f(2)) = @(f(2")) since
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{p(a,)} converges to ¢(f(3) as well as to ¢(f(A)). Then g defined by
g(p) :AZ @(a,) 2 for any (¢, A)eH(J) is a continuous function on &,.
=0

+o0 o
Now, set g, = ¥ a,ff,» =1,...,n. Clearly ¥ a,f* converges in A since
k=0 =0

400
[£ <t for all » andkz a2 e A (@;t). If geU,, then g,(¢) = g(¢). Thus,
=0
g belongs locally to A and consequently geA. Now, g— f(x)eJ since for
each (p, 1)eH(J), g(p) = p(f(4)). Thus,"the image of A4 in A(x;?)/J s
|-llg-closed and there exists s >0 such that sjjall £ lla+Jllp < llall, ae 4.
By Lemma 1, A(z;t)/J can be renormed with an equivalent norm so
that a —a--J, acd, is an isometry. Since A(z;1t)/J is complete under
[Illg, it will be complete under the new norm. Finally, note that A (z;t)/J
is semi-simple since J = K(H(J)).

COROLLARY 3. Let A-be a regular semi-simple Banach algebra. Then
expx — a is solvable in some complete normed semi-simple extension of A if
and only if a is & unit in A.

Proof. The “if” part follows immediately from the theorem, since
for & unit @ in & semi-simple regular Banach algebra, expx = a can be
solved locally in A and such an algebra contains all its local belonging
fanctions. To prove the “only if” part, note first that if expr = a is solv-
able in a complete normed extension B of A, then 4 is a unit in B and
hence a unit in A since each pe®, extends to a complex homomorphism
on B (see page 175, [4]).

Our final application of Lemma 1 is

TEEOREM 3: Let A and B be Banach algebras, with B an ewiension
of A. If the given isomorphism 8 bi-continuous and if ae A has the property
that expx = a is solvable in a complete normed extension of B, then expz = a
is solvable in a complete normed extension of A.
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