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On complementably universal Banach spaces
by

M. I KADEC (Kharkov)

Abstract. A Banach space X is said to have BAP if the identity operator on X
is the pointwise limit of a sequence of finite dimensional bounded linear operators.
It is shown that there exists a separable Banach space B with the property that any
Banach space X with BAP is isomorphic to a complemented subspace of E.

The classical example of a universal Banach space — the space
C([0;1]) — has the following negative property which considerably dep-
reciates the universality of C([0;1]): any infinite-dimensional subspace
of the space C([0;1]) which does not contain a subspace isomorphic
to the space ¢, of scalar valued sequences converging to zero is not comp-
lemented in C([0;1]), ef. [1].

DerINITION 1. A Banach space Z is complementably universal for
the class Pt of Banach spaces if for every Xe MM there exists a comple-
mented subspace of Z isomorphic to X.

It was recently proved by Pelezynski [2] that among all Banach
spaces with a basis (unconditional basis) there exists a complementably
universal space B (resp. U) unique up to isomorphisms. This suggests
the question whether there exists a complementably universal Banach
space in the class of all separable Banach spaces. The negative answer
on this question combined with the result of [2] would imply the negative
solution of the basis problem.

DEFINITION 2. A Banach space X has the Banach Approzimation
Property (shortly BAP) if there exists a sequence of finite dimensional
‘bounded linear operators which converges pointwise to the identity op-
erator on X.

Obviously any Banach space with BAP is separable. We do not
know whether there exists a seperable Banach space without BAP.

The main result of the present paper is the following

TEEOREM. There emists a separable Banach space E which is-comple-
mentably universal for all Banach spaces with BAP.
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Lexva 1. If X has BAP, then X contains an increasing sequence of
subspaces

XicX, e X;C .o

and there exists a sequence of finite dimensional operators (c,) such that

o, (XY X, and x| =0 reX.

dimX, = n,

lim ||e,, () — for any
n

Proof. Let (w,)5, be any sequence of finite-dimensional bounded
linear operators such that limw, (#) = » for < X. Let us set Z,, = =, (X);

Y, =span{Z;} i = 1,2, ..., k; Aim ¥, = n;. The desired sequence (X,);2,
is any sequence of subspaces with the property that X; « X, dim X, =4

and X, = Y. The operators o, are defined by

o, =m, for m<n<ng, (E=0,2..;n =1=x =0).

Let X be an m-dimensional Banach space. Let us consider the set
M, (X) (for n > m) of all pairs (¥, «) where Y is an n-dimensional Banach
space and % is a linear isometric embedding of X into ¥. We introduce
in M, (X) a metric

o{(¥y, 1), (¥, up)) = Ininflj)- ||z},

where the infimum is extended over all isomorphisms v: ¥, -
such that u, = vu,.

It can be easily seen that M, (X) equipped with the metric o is
compact.

LEMMA 2. Let X and X, be m-dimensional Banach spaces and let ©
be an isomorphisms from X onto X,. Let (¥, u)e M, (X). Then there exists
(¥, uy) e W, (X) such that the isomorphism v can be extended to an isomor-
phism T from Y onto Y, such that the diagram

1 a.ncl

X 2.y
1

| IT
i '

X — %,

commutes and ||z [t = |T) 177
Proof. We can assume without loss of gemerality that |t} =

Let ¥, be the unit ball of the space X,. Let us consider the closed convex
hull of the unit ball U of the space ¥ and the set uz™'(V,). Denote this
set by U,. Then d7'U, = U< U, where d = |7] |z™*|. We define the
desired space Y, to be the space Y equipped with the new norm whose
unit ball is U,. The desired isomorphism 7 is the formal identity nmp
from Y onto XY;. .
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Proof of the Theorem. The desired space F ix constructed to be a
space of functions f(¢) defined on some compact space J with values in &
“variable” Banach space X ().

Construction of the compact J. Let s> 0. Let us consider the one
dimensional Banach space X; and choose in the compact space
(M, (X,), o) & finite ¢/2 — net whose first components are X}, X3, ..., X2,
Next we choose & finite s/4 — net in each compact space (D (X3), o)
for I<vy << N,. We can also assume without loss of generality that each
of these nets has the same number of elements. In this way we obtain
the nets of the second stage with the first components

Xeh, XA XN 1<y < ).
In that manner we define inductively for n = 1, 2, ... a finite 27" ¢-net
for each of the spaces M, ., (X¢r-»"n-V) such that each of those nets
has the same number of elements, say N, . Having done this, we consider
all sequences

(1) X, e XV e X e . (1< <Ny,

where the inclusions can be regarded as isometrical embedding (the second
components). Clearly any sequence of form (1) is uniquely determined
by a sequence of the indices ‘

@) (#1) Vay oe)s <N, for £ =1,2,...
There is a natural one to one correspondence between the set J of all se-
quences (2) and the set of all sequences of Banach spaces (1). We intro-
duce the metric d on J by

d((”k)s (.”'k)) = 77'—17
where n is the first index such that », # u,. One can easily seen that

the space (J, d) is homeomorphic to the Cantor discontinuum. We call
—1

where 1<

a component of rank # any maximal subset of J whose diametr is <n~
(Clearly J is the union of mutualy disjoint M components of rank » where

n—1
M =]] N,

k=1 -
by a sequence (vy,...,»,_;) where », =1,2,...
will be denoted by J@ire'n-1,

Construction of the universal space F. A picewise constant function
of degree ¢ is a function f on J such that f(J t1-oma—1) iy a4 one-point subset
of Xv--"a-1) for each admissible sequence of the indices (v, vy, ...) ¥p1)-
Denote by E, the Banach space of all picewise constant functions of
degree n with pointwise operations of addition and multiplication by
scalars and with the norm

The component of rank 7 which is uniquely determined

SN (B =1,2,...,n—1)

1]l = max {If ()]
teJ
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Clearly B, < F, « B, c ... and the inclusion aré isomefric embeddings.

o0
Therefore the union {J B, = F, is a separable normed linear space. Let
n=1

E be the completion of E,. We shall verify that E is the desired comple-
mentable universal Banach space.

Embedding of X (t,) into E. Fix a point ¢, = (»,);_,€J and consider

a Banach space X (t,) defined to be the completion of the normed linear
o0

space () X{v-'a-1, Suppose that in X (%) there exists a sequence (o,,)
n=2

of finite dimensional bounded linear operators such that limoe, () = =

for all @eX(t) and o,(X(t) c XVr-»-1, By the Banach-Steinbaus
Theorem, sup|lo,|l = p < +co. Now to any z<X(¢) we assign the func-
n

tion ¢(+) = 4 (x) defined by

®(t) = 25 ¢(t) = 0,(®)

for such teJ that d(4,%) ="' (n =1,2,...). We shall show that ¢
belongs to F or equivalently that ¢ can be uniformly approximated by
picewise constant functions. To this end we choose for a given ¢ >0 an
index n = n(e) so that |z— o,,(#)]| < & for all m > n. Let us set

¢ (1) whenever

T ()

At b)) >0t

(1) =
v dt, ) < n7t.

whenever

Evidently ¢™ is a picewise constant function and |p— ™| < &. Thus ¢
can be uniformly approximable by picewise constant functions. Clearly
the operator A: X(t,) - F is linear. Moreover

llofl < sup lip (1)l = 4 (@) < sup oyl Il = p i} (2eX (%))

Hence 4 is an isomorphism from X (Z,) onto a subspace B(t,) of K.

Let f be any function in E. Obviously the value of f at the point
ty is an element of X(t,), say f(t,) = ». We put P(f) = 4(z). One can
easily seen that P is abounded linear projection from H onto B(Z,). There-
fore E(t,) is a complemented subspace of Z.

) Universality of the space E. Let Y be any space with BAP. Accor-
ding to Lemma 1 we can choose a sequence of subspaces of ¥’ say (X,,),
and a sequence of bounded linear operators (,,) so that

YieYoe Yy 0,(Y) e Yy(n =1,2,...); im|ly—o,(y)] =0
n
for any ye¥.
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According to Lemma 2 and the construction of the spaces X{mmn-1) there
exists a sequence of finite dimensional spaces of form (1) and a sequence
(7,) of isomorphisms such that the following diagram is commutative

v v v
Y, -7, ¥, — ...
A -
x, X;v]) Xgl"‘l)
w g u3

where (u,) and (v,) are natural isometric embeddings (inclusions) and .

lim|fz, | 7o} < exp (27 e+27 26+ ...) < &

Clearly the sequence (t,) of isomorphisms can be extended to an iso-
morphism T': ¥ — X(f,) where #, = (7, )22,- Since Y has BAP, X(i,)
has the same property. Therefore as it has been proved above X(f,) (and
therefore Y) is isomorphic to a complemented subspace of E. Hence E
is complementably universal for all Banach spaces with BAP.
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