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1. Introduction. Our goal is to establish for the Hankel-Stieltjes
transform the analogue of Bochner’s celebrated theorem on the integral
representation of continuous positive definite funetions. Surprisingly,
the result does not appear in the literature although our method is entirely
parallel to that used in standard proofs of the classical theorem. In a remark
at the end of the paper, we show that our result strongly improves a the-
orem of S. Bochner.

2. Definitions and preliminary results. Let » be a fixed positive
number. We define
-t i,
S(@) =20+ DT (@),
2

where J,(#) is the ordinary Bessel function of order y.
We set

1
du(w) = [2 T+ D] e™ do,

and we define L![0, co) as the linear space of Lebesgue measurable
functions on [0, co) for which

11 = [ 1f@)|du(@)] < co.

By I~°[0, co) we denote the ordinary space of essenfially bounded
Lebesgue measurable functions. Further, we let

293"
. 2" Ip+H] 12 -2

Dz, y,#) 2#_]—16«)—7:72———(‘”112) [4(z,y,2)] ’
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where A(z,y, 2) is the area of a friangle whose sides are x, ¥, z if there
is such a triangle, and otherwise, D(z, y,%) = 0. We have the following
basic formula :

[ #E)D (@, y,2)du(z) =7 (at) £ (yt),
-0

valid for 0 < @,y < 00, 0 <1< oo; see [2]. Setting ¢ = 0, we note that

[ D@y, 2)an(x) = 1.

Tf f and g are elements of LI[0, co), and if we set
(f 4 9) (=) =f 0}of(y)g(z)D(av, Y, 2)du(y) du(e),
then fi geL;[0, o) and (f#¢)" =g, where
)= Off(wt)f(w)d/z(w), | 0< t‘< oo,

%s the Hankgl transform of feI;[0, oo). Moreover, if » > 0, then L [0, co)
is a .self—ad.]oi.nt, commutative, semi-simple Banach algebra (with in-
volution defined by complex conjugation), and the space of closed maximal

ideals is isomorphic to the set [0, co) endowed with the usual topology;
see [3]. The set of functions

1 . 6"“’2 Jat ,
(2)*2

Gz;t) =

>0,

is an’ approximate identity in I[0, co); see [2].

Definition .2.1. The associated function or Delsarte convolution
kernel corresponding to a function feI® [0, o) is given by

@, y) =ff(z)l7(93,y,z)d/4(z), 0<z,y< oo.

Definition 2.2. P, is the set of functions fin [0, co) such that

n n

Z Z 0 f (., @) > 0

k=1 1=1

for any ,, @y, ..., Z,> 0 and arbitrary complex numbers Qg Ogy veey G,
! very O

e _© |
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‘We notie that the discrete condition of the definition implies its
integrated counterpart

[ [ a@aw)fe,y)du@ du(y) = 0
for arbitrary aeLl[0, co).

3. Main result. ITn what follows, a.e. denotes almost everywhére
with respect to Lebesgue measure.

THEEOREM. A mnecessary and sufficient condition that a Lebesgue
measurable function f on [0, co) be representable as a Hankel-Stieltjes
transform

fl@) = [ Fatyay(r), a.e.,

of & bounded, positive Radon measure y on [0, o) is that feP,. Furthermore,
the measure y 15 wunigque.

Proof. The necessity of the condition is verified at once by direct
comyputation. If

fl@) = [Faayly), ae,
then
[f)< f dy(t), ae.,

and feL*[0, co). Further, by Fubini’s theorem we have

f@,9) = [ @D, y,2)du) = [ &) [ £ () D@, 9,9 ()

= }cf(mt) S (yt)dy (1),
Hence b
n j i f (o, ) = fli’aiﬂmﬁ)‘fdy(t) >0,
and feP,. o "

Conversely, suppose that feP,. We proceed in a way completely
analogous to that used first by D. Raikov to prove Bochner’s theorem
on the integral representation of continuous, positive definite functions.

Consider the linear functional ¢ on the Banach algebra L0, o)
defined by

p(a) = [ [(@)a(@)du(@)-
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Then, ¢ is continuous since
Ip(@)] < Iflo [ 10(@)|dpt (@) = [f [ ]l -

Further, ¢ is positive definite; ie., p(atka®™)>0 for all aeLl[0, co).
Indeed,

platka") = [ flo)(adta") (o) du(@)

=[f@du@) [ [ a@)a() D, y,2) du(y)du ()

I
ey ©
s

o(y)a(2)dp(y)duz) [ f@)D(@,y, 2)du (@)

a()a()f Y, 2) duly) du(?)

I
s g
s

since feP,. Now, L1[0, co) has an approximate identity and hence ¢ is
extendable ([5], p. 188). Therefore, by the Herglotz-Bochner-Weil-Raikov
theorem ([4], p. 97), there exists a unique, bounded, positive Radon
measure y on the maximal ideal space [0, oo) of I;[0, co) such that

oo

pla) = [ () dy(t)

for all aeL}[0, co0). That is,

3]

ofa(a:)f(m)dp(m) fdy(t f.}f(mt Va(x)du(z fa ) dp (@) ff(m)dy(t)
]

for all aeLl[0, co). It follows that

f@)dp(z) = }cf () dy (1) du (),

8

which is equivalent to

flz) = ff(wt)dy(t), p— a.e.
and hence a.e. Finally, if » is another bounded, positive measure such that

f(=) =ff(wt) do(t), ae.,
(]
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then

gla) = f 2) dp () f F(atydo(t) = f de (1) f a(z) S (zt) du(z)
= Ja
and s0 o = y.

CoROLLARY. A bounded continuous function f on [0, oo) is the Hankel—
Stieltjes transform of a bounded positive Radon measure y on [0, oo) if
and only if

ael}[0,00), 40 implies [ f(z)a(@)du(z) >0
0

Proof. The “only if” part is trivial, for

oo

[ f@)a@apio) = [ [ a@)S@)dyWip@ = [ s@dy@ >0
0 ¢ 90

[

To prove the “if” part, we note that if the hypothesis is satisfied,
then aeLl[0, co) implies that

platta’) = [ f(2)(a#a*) (@) dp(z) > 0

Since (atta™)” (z) = |@(2)|* > 0. Thus, feP, and the result follows from
the preceding theorem.

Remark. The corollary (and a fortiori the main theorem) vastly
improves a theorem of S. Bochner ([1], p. 40, Theorem 3.6.1) which states
that a bounded continuous function f on [0, oo) is the Hankel-Stieltjes
transform of a bounded positive measure y on [0, co0) if and only if

aeli[0, c0), @3>0 implies f St f(E)a(tydu(t) = 0
0
for all 0 <o < oco.
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