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The uniform F-smoothness of § at H then follows from (29), (30),
and the last theorem of the preceding section.

Tt remains only to show that the renormed version of 12 lacks the
A-property. For 0 < < oo, let §; denote the point of I2 such that 6, =
or 0 according as j = ¢ or j # i; let o7 denote the same point considered
as a member of the conjugate space (I2)*. Note that for ¢ =1,2, ..
and for |[A] <1, any hyperplane in ¥V parallel to the hyperplane
Vi = {meV:a; = 0} is carried onto such a parallel hyperplane by the
transformation T,;. Note also that zs = 4. Since #; is concave, and
since Sy is supported at &; in V by a translate of V, it follows that U
is supported at the point Ad,+41:(4)d; by a hyperplane which containg
a translate of V; and also contains the tangent to ; at this point. In
particular (using (23) and (24)), with @; = (1—g) 8+ 26:6;¢8 and {y;)
= o} relative to the new norm || [, we have

Yo = (1—3e)) " (6] — ).

As &e]0,3[ and as Oy, Oy, ... 8 it follows that |ly;—uyll >3 for
i #j. But of course @y, ®,,... = &;, so the proof iy complete.

References

[1] P. M. Anselone, A criterion for a set of linear operators to be lotally bounded,

to appear.
" [2] M. M. Day, Normed linear spaces, Berlin 1958.

[8]1 8. Mazur, Uber schwach Konvergenz in den Riumen (LP), Studin Math.
4 (1933), p. 128-133.

[4] — and L. Sternbach, Uber dic Borelschen Typen von linearen Mengen,
ibidem 4 (1933), p. 48-53.

[5] R. R. Phelps, A representation theorem for bounded convew sets, Proc. Amer.
Math. Soe. 11 (1960), p. 976-983.

[6] V. M. Tikhomirov, Diameters of sets in function spaces and the theory
of best approzimations, Russ. Math. Surveys 15 (1960), no. 8, p. 756-111. (Translated
from Uspehi Mat. Nauk 15 (1960), no. 3 (93), p. 81-120.)

UNIVERSITY OF WASHINGTON, SEATTLE, WASHINGTON, U. & A.

Regu par la Rédaction le 5. 10. 1968

@ ©
lm STUDIA MATHEMATICA, T. XXXIIL. (1969)

A construction of basis in ¢ (I?)
by

Z. CIESIELSKI (Gdadsk)

The sequence {wn, n = 1,2, ...} of elements of a given real Banach
space [X, |[|| ]is called basis in X whenever each z<X has unique, con-
vergent in the norm |||, expansion

0
wzzaﬂwﬂ«

=1

with real coefficients a,, a,,... It is well known that the coefficients
@n = (%) are linear functionals over [X, || |]] and they are called coeffi-
cient functionals for the basis {w,}.

- There were two examples of seperable Banach spaces mentioned
in the Banach monograph [1] (p. 238) for which it was not known how
to construct bases. One of the examples is the space A of holomorphie
functions in the interior and continuous on the boundary of the unit
dise with uniform norm. The second example is the space OW(I%),
I =<0,1}, of all functions with continuous partial derivatives of the
first order on I* with the norm

I = lal] + | D, 2| + | D, 2l
where
o] = max{ja(s, ?)]: s, 11"},

a 0%
Dyxz(s, t) = (¢,%) and .Dzm(s,t)=~6?(s,t).

2
0s

The aim of thif paper is to give an effective construction of a basis
in the Banach space [0N(I®), | V] Tt follows immediately from the
construction that this result can be extended to the case of 0™ (I™) with
arbitrary » > 1.

The construction depends heavily on the properties of the Franklin
orthonormal system {f,,n =0,1,...}. )

To define the orthonormal Franklin system we need to recall the
definition of the Schauder functions: s, = 1, s,() =1 for tel, and for
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. 1
m>0,1< k<", sy (t) =1— 2" 14— (2k—1)| if [1—2" " D(2k—1)|
< 27D gnd gm +1(t) = 0 elsewhere in I. The Schwuder functions are
linearly independent and the Schmidt orthonormalization procedure

applied to {s,,n =0,1,...} leads to the Franklin functions

n
= § MinSiy
=0

The following result is due to Franklin (for a simple proof ef. [2]):

TeHEOREM A. The orthonormal Franklin set {fu,n =0,1,...} is
a basis in C(I) with uniform norm.

Another property of the Franklin system was established in [3],
Theorem 20, ,

THEOREM B. The set of functions {1, [ fu(u) du, n=0,1,..
0

,unn>07'n’ = 071""

.} 18 a basis

in C(I) and for each xeC(I)
_m(O—l—ZU dw(s]ffnudu, tel,
n=0 0

and the convergence is uniform on I.

For further purposes it is convenient to introduce the following
notation. Let N ={1,2,...} and let »: NXN —->N (i=20,1,2) be
functions defined as follows:
+1 and m=Fk, 1< k< p,
<p+1;
PPk for n =% and m =p+1,1< k< p,
P+pthforn=p+land m=1h 1<hk<p+1;
p(p-+1)+k for n =p+2 and m =k, 1<k < p,
pp+2)+kfor n="Tand m=p+1,1<k<p+2.

P4k for.n =p

l =
@ ol ) = e ik for v — & and m— 41,1 <k

@) wnin,m) =

(3) nln,m) =

It is easily seen that the mappings »; are one-to-one and onto.
# The following result ean be found in [4] and [5]:

TeeorEM O. Let {pn,n =1,2,...} and {yp,n =1,2,..
bases in C(I) and let for i =0,1,2

.} be two
(s, 1) = gal(s)pm(t)  whenever & = vy(n, m).

Then, for each 4 ),k =1,2,...} is o basis in [0, ] |]].
_ This is a good place to mention how the coefficient functionals
{L2} of the basis {4} are constructed in terms of the coefficient functionals

iom®
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{&n}, {ym} corresponding to the bases {®a}; {yu}, respectively. For functions
2<C(I' of the form z(s, 1) = a(s)y(%), z,ye0(I), we have

(4) 82(2) = En(@) m(y)

To state our result we need additional notation:

whenever & = y;(n, m).

i
1) = [faa(u)au,

By (t) = n=2,3,...;1l,
and )
H{(s,1) = F(s) Fu(f) whenever k — v, m), s,tel.

TEEOREM. The set of functions HO k=1,2,.
Banach space [CO(I?), | |97,

For the proof we need to consider three bases in (/(I%).

..} s o basis for the

[G(I;kcl?cl)rdmg to Theorems B and C {AY, k = 1,2,...} is a basis in
1
Now let us define
H)s,1) = fa_s(s)Fu(t)  whenever &k — yy(n, m).

Applying Theorems A, B and C we find that {(HY} is again a basis
in [C(I%), § 11].

The third basis {HP,k =1 ..} i3 defined as follows:

’-‘7~

HN s, 1) = Fro(s)fun_y( whenever & = wy(n, m).
Consequently, for each i = 0, 1,2 and for each z<C(I*) we have
(5) * = Za(” o) HY,

and the series converges in the maximum norm. Let

Z’ a(t) =Y.

fe=1

It is easy to see from the definitions that D, HY® ’(1 m; =D, }':I,0 ny = =0 and

(6) S(l)

-Dl Hvo(n m)y = H’(’lin—lsm) for n > 1 m = 1

Dy By =HGmy forn=1,m>1.

These formulas and (6) give

(0
‘D S )( ) 2 xo(n m\(w) "1}"‘ 1,my)
(7) "
D S‘ 2 avo(n ) (’” wz(n m—1) 3
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where E, - {n,m): n>1, v(n, m)< N}y, D= {{n,m)y: m>1,

vo(m, m) < N}. _
Now, let yeO(I?), z<0(I%),i=1,2, and let 2; be constant in the

i-th variable, i.e. #(s,t) = 1-2(t), 2(s,1) =2,(s) 1.
Let .

8
Ty(s,) = [y(u, ydu, Ly(s,) = [y(s, wiu.
0

o

It is clear that
A (Liy+2) = o (Liy)+ai (20).

Now, by Theorems B and C and by (4)

amy () =0 for m>1,mz1;

mﬁgzn,m) (%) =0 formnz=l,m>1.
Thus,
a,g])(Ily%— 2) = aga‘))(lly)’ k= w(n,m),n >1,
&Ly +a) = o (Ly),
Assuming that y(s, ) = #(s)a(t), #, x<0(I) we find by Theorems
A, B,C and by (4) that

agg)(n,m) (Iiy) = 0091)(7._1,m) (¥)

(8)

ko= v(n,m),m>1.

forn>1,m>1,

(9)
oy Ly) = gmyy(y) for n=1,m >1.

Since the I;’s are continuous linear operators in O(I*) and the af’s

are continuous linear functionals on CO(I®) it follows that formulas (9)

can be extended immediately to arbitrary yeC(I®). In particular, if for

given 2eC®(I*) we put y = Dz and 2 (s, 1) = 1(0,1),2(s, ) = »(s, 0),

then formulas (8) and (9) give ‘

8y (#) = a1y (Dy@)  for m>1,m>1,

o Dnm (@) = 0nmny(Dew)  for n=1,m > 1.
Substituting this into (7) we obtain

D8R (@) = ) ala_sm(D18) Hlu_1m) 5

B
D80 (@) = ) anm_1y (Do) Him1y-
By

These identities and definitions (1), (2) and (3) give for weC™{I’)

D8R (2) = 8, (Diw), i=1,2,

icm
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where the N,'s are uniquely determined by N and N; for each i goes to
infinity with N. Since {H{’} is a basis in ¢/(I%) and for & 0" (I%) we have
that D;z<C(I?) it follows therefore that

IDso— DiSW (@) = |Dsz— 8%, (Dia)l| — 0

and this completes the proof.

a§ N — oo,

Added in prc}of. While the paper was in print the author learned
that t]%e same basis was earlier constructed by §. Schonefeld and his
paper is going to appear in the Bulletin of the American Mathematical
Society.
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