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X = (C[—a, a]. The operator K is anticommutative with §. Indeed,

(SED)(1) = [ E(—1, s)a(s)ds,

(ES2)(1) = [ K(t,5)n(—s)ds = — [ E(t, —u)w(u)du

= fK(t, —w)a(u)du= — fK(—ty’“)”(’M)d“ = —(8Kz)(t),

—a
because K(—t,s) = —K(t, —s).
Let us consider the equation (aj—bi 7 0 # a}— b?)

(£2)  a@(t)+bow(—t)+a [E(t, s)a(s)ds+b, [K(—18)0(s)ds=y(1),

yel[—a, a].

According to Theorem 2.9, for solving (4.2) it is sufficient to know
a solution of the equation (K2—iI)s =y and all the solutions of the
equation (K—VAI)z, = 0. But

(E22)(t) = [ Ky(t,s)a(s)ds, where K,(t,s) = fK(t,u)K(u,s)du.

This means that for solving (4.2) it is enough to solve the following
equations:

—A()+ [ Ky, 5)@(s)ds = (1),

—Vint)+ [ E(@,s)z(s)ds = 0.
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A uniform algebra with non-global peak points
by

W. E. MEYERS (Vancouver)

1. Introduction. By a uniform algebra 4 on a topological space X
we mean an algebra of continuous complex-valued funetions on X which
contains the constants and is closed under uniform convergence on compact
subsets of X. A point peX is said to be a local peak point of A in X if
there exists a neighborhood U of p in X and a function aed such that
a(p) =1 and |a(z) <1 if 2eUN{p}. If X is compact and the space
M (A) of non-zero continuous homomorphisms of 4, with the w*-topology,
is (homeomorphic to) X, it is known that every local peak point of A
in X is a global peak point, i.e., U can be taken to be X [3]. It is the pur-
pose of this paper to show that this result is not true for general uniform
algebras. We exhibit a uniform algebra 4 on a ¢-compact space M (which
is set-wise just the complex numbers €) which has local peak points in
M = M(A) but has no global peak points. In fact, A contains no non-
constant bounded functions.

2. The construction. We describe a sequence of subsets M,,, of the
plane which satisfy

(i) M, < Mm.;.1;
o0
(ii) U M, = 05
Me=1
(ili) each M,, is compact and non-separating;
(iv) for every 2, on the positive y-axis, there is a sequence {Zmm_1,
ZmeMy— My, such that 2, —2;
(v) for every positive integer m and every z, on the positive y-axis
with |2, < m there is a sequence {2,}n—1 = M, such that 2, — 2,;
(vi) for every 2 not lying on the positive y-axis, 2 lies in the interior
int M,, of M, for some m.
Let B, be the union of the lines {(1/n, ¥): m[2n <y < m} and the
line segments joining the following pairs of points:

(0, —m) and (m, —m); (m, —m) and (m,m);
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1 1 11
(m, m) and (E—, M); (Tnj’m) and (W’E);
1 1
(W’E) and (0,0); (0,0) and (0, m).

Take M,, to be the closed and bounded subset of ¢ bounded by B,
and its reflection about the y-axis.

For each m, let 4,, = (P|.My) be the uniform closure on M,, of the
algebra P of polynomials in 2. By & well-known theorem of Mergelyan,
A,, is the commutative Banach algebra of all continuous functions on
M,, which are analytic on int M,. Let m;': A, — A;; m > j, be the
algebra isomorphism given by =} (fm) = fnlM;, fmedm. The collection
{Am, 7"} determines a dense inverse limit system [1]; Let 4 be the in-
verse limit of this system and write m,, for the canonical projection of A
into A,. Then 4 is a commutative F-algebra whose non-zero continuous
homomorphism space M is o-compact and can be identified set-wise
with C. Further, A can be regarded as a uniform algebra on M with
M(A) = M by defining f(2) = an(f)(2), fed,zeMy,.

~ Birtel and Lindberg show in [2] that an algebra A defined in this
way contains no bounded functions except constants, so of course no
point of M ean be a (global) peak point of A in M. However, if ¢ = 7y,
y >1, then ¢ is a local peak point of 4 in M, as the following lemmas
show. . . ‘
Levma 1. Let g = iyy, Yo > 1, and take an integer v with y, <<r—1
and |y,—1| >1/r. Let
dm—+7 im—+1

Ky = {(w,y) im < | <“4m:;i*)a 1 <y<r}

and let K be the closure in C of | K. Then there i8 a neighborhood U of ¢
M=1
in M with U < K. )
Proof. Set

. 4Am-1 dm+3 }
Yp = < 7 £ Sy <mg-
m {(miy) 4m(m+1)\|m\4m(m—|-1)’ 1gy<sm
Then Y, is compact, Yu ~ My = @, and Yp = Mp,,. We find
for each m a polynomial p, as follows: Let

2, zeX,,

fl(Z)z 0, =zeM,.
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By Mergelyan, there is a polynomial Py with |lpi—fillanor, < %-
Assume now that p,_, has been chosen. Since

fm(z) — pm—l(z)a Ze]i[m,
2, 2e Yy,

15 eontinuous.on My, w Y and analytic on the interior of this set, there
is a polynomial p, such that 1Pm—fullat,o r,, < 1/2™F1. Tf & > 0 and m

s 1
is taken large enough so that k2m< ¢, then for n >m,
=m

n—1

n—1
o —pmlbr, < 2 Weri=pall,, < 3 (101 —Fesllary,+ Wferr—pallar,)
="M k=m

n—1 1
< 2F§< &,

Ie=m

SO {Pn}n-1 converges uniformly on each set M,, and thus determines an
element fed. But

- 1 21
IF(@)] < Ipalg) + ,; 1Pra(0)—Pu(0)] < +,§W< 1

while if z¢¥,, for some m, then
- = 1 > 1
PR = Bnle)— D 1Pea @)= 2] > (2= goms) — 3 e >1.
k=1 k=m

Thus if ¥ = {J Yo, then {zeM : [f(2)| <1} ~ ¥ = @, 50 the w*-open
=1

neighborhood U = {z:|f(2)| <1, [2—gq|<1[r} of ¢ in M is contained
in K since K v Y o {z: |z—g| < 1/r}.
LemMA 2. There is an element ac A which peaks at ¢ in K.
Proof. Set X, = M, K and let U, = {z: p—q| < 1/m}. Note
that X, is a compact non-separating subset of . We find by induc-
tion polynomials b, which satisfy

1
(1) 1bm 1 — bmllx,, <At
1
(2) [bm 41— bmllx (v, < ST
1
(3) bn(q) =3(1— Eﬁ)!
1
(4) ol <3 (1= g
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By Mergelyan, there is a function &,e(P|X,,) which peaks in X, at g.
Let gy, be a conformal map of int M,, onto {z : |¢| < 4} and ¢, a conformal
map of the right half-plane H onto {z: |2] < 1} with continuous boundary
values taken so that gg(g) =1.
Write
on(2), zeint Mo,

?0(2), 2Ky~ Hy n>m,
b (2) =

1
®o (z—|—»—), ze K,NH, n>m,
n

and extend A, to a function continuous on X,, with |k, (2) <1 for
zeM\{g}.)

Let a;¢P be such that [la,—fillx, <§ and set b, = §{ai/a,(g)).
Then [|byllx <3(1+PH/(1—F) <3(1—}) and bi(g) = 3(1—%). Suppose
by, ..., b have been picked satisfying (1)-(4). Since by(g) = 3(1—1/2’“'),
there is some j >k such that

1 1
fbk(2)|<3(1—-27)+'277i_'2- fpl‘ zeU;.

Choosing =; large enough so that Hh;”iixi\u,-< Ilﬁ and a;eP with
llay— 17|z, < %, set g = a—3.

Then llgjllx; <1, lgslx, v < 1, and |gi{g)} > . Let

3 g
by = byt —— —20 .
BT
It is easily checked that by, satisfies (1), (2), and (3). To see (4),
note that if zeK ~ Uj,

1 18 4 1
Ibk+1(2)[<3(1—?,;)+277+5+§m'§=3(1—'51-1?)‘

while if ze K\ T,
1 3 4.1 1)
B (#)] <3 (1_—~—2k+1) Ty <3 (1-_~2,ﬂ_ﬁ).

Thus we have by induction the desired polynomials b,,. By (1),
{bm}m-1 converges uniformly on the sets M, to beA. By (3), b(q) = 3.
I zeK\{g}, then there exists m such that 2eUp, 50 by (2) and (4)

1 1

B < Ba@l + 3, erste)—belal < 8(1- ) +

k=m
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Thus ¢ = b/3 peaks at ¢ in K and the lemms is proved.
That ¢ is a local peak point of 4 in M (where ¢ = iy, y > 1) now
follows immediately since the w*-neighborhood U of ¢ is contained in K.
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