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On the control of linear periedic time lag systems
by

D. PRZEWORSKA-ROLEWICZ and S. ROLEWICZ (Warszawa)

Let us consider a linear time lag system

v aq d
1) N Y Pz t—h) = 3 G()ult—ly),

k=0 j=0 7

o

where x(t) is an n-dimensional vector-function called state, %(f) is an
m-dimensional vector-function called control, Fi;(t) are = X#n matrix
funetions, G;(t) are n X m matrix functions, all of the real variable ?.

We assume that all functions u(f), Fi;(f) and G;(f) are measurable
and locally integrable on the real line. An #n-dimensional vector-function
is called a solution of (1) if there exists a (p—1)-th derivative of (1) which
is absolutely continuous and if #(f) satisfies (1) almost everywhere.

Let hy = 0 and let h; be commensurable. Then we have an r 5 0
and integers n; such that b; = n;» forj =1, 2, ..., ¢. Let us assume that
the functions Fj;(f) and G4(t) are r-periodic (). Let N be a common
multiple of numbers 4, ..., %, (R0t necessarily the smallest one) and
let @ = Nr. We shall consider system (1) in the class of w-periodie functions.

Suppose we are given the following performance functional:

2) A (u,0) = [ K[t [2()—a°(t), u(t)— w0 ()]} dt,

]

,where [r,u] is an (n {-m)-dimensional vector (@i, ..., Tn, U1y ..., Uy,

and K (t, [z, u]) for each fixed # is a non-negative quadratic form defined.
on an (n-m)-dimensional space and z°(¥), u°(t) are given funetions.
We assume that K(t, [z, «]) is an r-periodic square integrable function
with respect to 1.

The aim of this note is to minimalize the performance functional (2)
under the assumption that z(f), u(f) satisfies equation (1).

The manner in which the proposed question will be solved is based

" on the method of involution (see [3], also [5]).

(1) A periodic function with period s will be called briefly an s-periodic funcifon-
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Let X be a space of m-dimensional measurable w-periodic square
integrable vector-functions () = {.(2), ey @ (1) of w real variable.
Let U.be a space of m-dimensional measurable w-periodic square integrable
vector-functions u(f) = (ul(t),...,um(t)). Let us counsider the space
Y = X x U. The performance functional (2) induees in the space ¥
= XX U an inner product. Namely

7]

(3) (L@, wl, [&, 7] = [ K[t [2(0), wl)], [E(0), n(®)]) dt,
0
where K (t, [z, u], [£, 4]} is the bilinear form induced by the (uudlratic
form K (¢, [z, u]).
Now we shall define an operator § acting in X (respeclively, in U
and in Y)

(Bx)(t) = 2(t—r), (Su)(t) = u{l—r),

S[z@), w(®)] = [#({l—7r), u(t—r)].

Since X and U are spaces of w-periodic functions, the operator 8

is an involution of order N in X and in U and also in ¥, ie. 8% = 1,
where I denotes the identity operator.

Using the same method as in paper [3] we can decompose the spaces X

and U into direct sums '

X =Xy®... 0w, U=Uyd...0Uy,

such that

2,
(Sz)(t) =™ w(t) for x(t)eXy
(4) -y ®)e Lo, 1,2,...,N)

—_7
(Su)(t) =e™ u(t) for u(t)eUygy,.
. Formulae (%) imply that for [ (f), w(t)]« ¥ ;) = Xy x 7 equation (1)
{s transformed into a differential equation without time lag (obtained
in the same manner as in [4]): »

»
s 5 - x
(5) 2 i (t)aly) (1) = (6 ugy (1), wgye Xy, ug e Ug,,
k=0
where
~ .q.1 —:gﬁuni ~ a0 il
) =Dle ¥ "I, Goy=Ye¥ 6,0,
V=0 Va0

I*‘ormllﬂa,e (4) imply also that the spaces ¥y are orthogonal one to
another with respect to the inner produet (3). Indeed, since K (¢, [, «])

icm

Time lag systems .18l

is r-periodic with respect to i, § is a unitary transformation. Therefore,
it ?/(J)Ey(a‘): Yy €Yy, then
2, 21

W Yay) = (S Sya) = e

I

(Yiy> Yoy) -

Hence (y4), Yay) = 0 i j # k.

Then the method of solving the problem is the following. We decompose
the space Y into an orthogonal direct sum Y = Y(I)@...@Y(N). This
decomposition induces also a decomposition of the element ¥y°(t) =

= [a°(t), w*(D)]:

2 (1) = 'F(nl)(i‘)‘é‘ . ~‘¥’-Z‘?N), where :Bt)j)eX(j),

(j=1,2,...
w (1) = ufy (B + g (1), 1

where u,e Uy

We congider the differential equation (5) in ¥; and minimalize the
functional

o

(6) [ E (2, Loy () —ay (0) g (1) — i (9)]) -
; )

It is easy to check that for any [, ugle ¥y

m

() [ E{t, g () —ag (1), g (1) — ey (0)]) do
1]
=N [ Kt [y, ugy (1) —uly (1)) -

The solution of the initial problem is of the form

2(t) = 3g )+ ... Famt), u@)= Uy (1) + - o (1)
where [z, %gle X i a pair minimalizing (6) under condition (8).

The method described above can also be used in cases where we have
some constraints. We give here two examples.

Let us consider system (1) with the additional assumption that N = 2.
Let us minimalize functional (2). Let us assume that w(f) = (ul(t),
ceey n,,L(t)) is constrained on each coordinate, i.e. that |u;(¥)| < M;.

It is not difficult to verify that {u;(t)| < M; if and only if |ugu(D)+
+ Jugyi(t)] =< My, where (1) = 3 [u@—u(t—")]1, ()= Hu@) 4+
+u(t—7)]. Then we can consider w(f) as @ 2m-dimensional vector
Lo (1) s %@n(8), - Uy (t) 5 Uiaym (1)1 Similarly, «(t) can be considered
as a 2n-dimensional veetor [say(f), @epu(), - vy Ty (1), @y (1)1 Thus
system (5) can be considered as one 2n-dimensional system.
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Formula (7) implies that we minimalize the performance funectional

2 [nf E{t, [y () —up (1), ey (1) —ugyy (1)]) it

+ [ E(t, gy (N —afy(8), ue (1) — uly (1)) d(,]

with constraints
[y ()] + 1wy () << My (5 =1,2,...,m).

The second example is the following. We consider a non-negative
quadratic form C(t, [«, «]) defined for each fixed ¢ on an (m 4n)-(imens-
ional space. Let us assume that C (¢, [z, %])is r-periodic and square integrable
with respect to ¢. Let the constraint be the following:

(8) G, u) = [ Ot (o), w(n)])dl
0

Obviously the spaces Y; urc also orthogonal with respect to the

inner product induced by %(x, u). Therefore the method of minimalizing

(2) under condition (1) with constraint (8) is the following. We assume that

(9) "y(f)(t)“’\: M; (j:1725---’N);

and minimalize (6) under condition (5) with constraint (9). This minimum
depends on M . We obtain in this way the minimum of (2) under condi-
tion (1) with constraints (9). This minimum depends on (My,y ..., My).
Then we minimalize this minimum with respect to (M 1y -y My) under
the condition

FUEN

M- - M < MR

We obtain a minimum of functional (2) under condition (1) with
the constraint (8).
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O 3anaue Komm

118 HeIMHENHBIX NApaboJMIeCKHX ONEPATOPHEIX yPAaBEeHHii*

I'. H. ATAEB (Bany)

BBEJEHUE

Teopusl KpacBbIX 3a7ay A8 KBASWIHHENHBIX JIINNTHYECKEX H l1apa-
GOHUECKIX YPABHEHUI I CHCTeM ypaBHeHUIl BRICIIETO IOpPAAKA, Co3Aa-
Hie KOTOPOH HAJYaaoch COBCEM HeJaBHO, YCIEHIHO PasBUBAETCA B HACTO-
Amee BpeMA. [lepsrie pesyanLTaTsl B 9T0ll 06macTm npuHague:xar Buumny
[7, 8]. Ypasuenns, HCCIeJOBAHHbEe BHIIMKOM, XapaKTePH3YHTCA NOJO0-
RHTENbHON ONPEIETEHHOCTRIO IIePBOH BapHauMu ONeparopa, CooTBer-
CTBYWL{Er0 [IABHOII YACTH YpaBHEHUA. JTOT BBLITEIIEHHBIH KJAcC HEIH-
HeHLIX YPABHEHHI, HMEIOUNX JUBEPTeHTHbie POPMDI, UM HABBAH CU.ILHO
aaunMUYeCKUM. DTII UCCIETOBAHNA GbUIM NMponoi:xeH:l Bpaymepom [3, 4]
B LUKJIe ero pabor. OcHOBHBAACH HA UM JKe MOKASAHHBEIX OGUUX TeopeMax
CYIICCTBOBAHMS [UIF HENHHERHLX (YHKUMOHAILHEIX ypaBHeHHi, obia-
maomux Oolee caabbIM CBOICTBOM HENPEpPHIBHOCTH, & TAKMHKe CBOHCTBOM
MOHOTOHHOCTH, OH IIOKa3ajl PaspellNMOCTh KpaeBBIX 3amad JUIA KBa3u-
DHHEHIBIX DIVIMITHYECKHX M DapafolMdecKNx ypaBHeHui, o6mamarouinx
Temu 3e cBolicTBamm. dTr paborel Bpaymepa nmo Mpee ABMIANCH PasBUTHEM
pa6orst Muntu [18] o MOHOTOHHHIM omepaTopaM. OTMeTuM, 4To BIEDBELE
MOHOTOIHBIE (YHKIMOHANBHEE ypaBHeHus GpuIn paccmorpenn: BaituGep-
rom u Hauyposcrmm [6].

B 1965 roxy /[vOumckmit [10-11] mam @IpocTHC IOKA3ATEILCTBA
oCHOBHBIX TeopeM Bummka n Bpaygepa. OaHOBpeMEHHO OH IIOIYYII
DA HOBBIX PE3VILTATOB, OTHOCAIMMMXCA K KPAEBBIM 3afavyaM NIA KBa3H-
JMHEHHBIX 3IAUNTAYECKUX 1 napafoindeckux ypasHeHul HeQUBEPTeHTHOI
GopME, a TaKKe [JA BHPOKIAOMNXCA ypasHenwit. [IpuvereHubrt mM
MEeTOJ OCHOBHIBaeTcs Ha ci1afoif CXORMMOCTH B J1e0rOBCKHX MPOCTPAH-
creax Ly.

* OCHOBHEC Pe3yJbTATH PafoTsl (LI JNOmo:keHH B okTAGpe-moAbpe 1967 roxa
Ha sacenarnAx Maremarmueckoro oGuiecrsa B Mueruryre maremarmku ITAH n B ero
KparoBcKoM oOTjiesieHiiu.
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