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A norm satisfying the Bernstein condition
by

ROY 0. DAVIES (Leicester)

In the research that recently culminated ([1],[31, [4]) in the proof
that all separable infinite-dimensional Fréchet spaces are homeomorphie,
one step (not however used in that proof) was the introduction into ¢,
of a new norm, equivalent to the original norm but in addition satisfying
the ‘‘Bernstein condition”. Bessaga [2] gives a rather complicated con-
struction and proof, communicated to him by Kadets. The purpose of
the present note is to point out that the very simple norm

llalll = lzll+ 3 aclesl  for @ = (ay)<cy,

where }'a; is any fixed convergent series of positive numbers, will serve
the purpose equally well. In view of the inequalities

]

lell < flall] < (14 3 adf
it is obvious that |||-]|| is an admissible norm, equivalent to [|-]j, and it

remains to be shown that it satisfies the Bernstein condition. Thus, we
have to prove the following

THEOREM. If ©; >0, ;>0 (i=1,2, )y > 0,y; — 0, and

ey Sup @it D' aigs = sup yit N aiyi = & (say)
i1 i=7 =7 i=7
for j=1,2,..., then @ =y, for all i = 1,2,...

Proof. Suppose not. If k is the first index for which u; = Y1, and
88y @ > Yi, then the inequality «; > y; cannot hold for all © # k, other-
wise (1) would fail for j = 1. Hence there exist indices m and = such
that

1 <M < Ny T > Yy Bn < Yy, and @ =1y for m < i < m.
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By considering the two cases a; <iS>1}£1w¢ and the contrary, it is
eagy to see that

@) &= 8 = max{may, mm+(— supe)}t  (G=1,2,...),

izf+1
and of course similarly for (y). Since, by (2), @nYm < tnIn < Sm— dmy,
it follows with the help of (2) for (y;) that

amfl/m-}'(ym_i;;l]i)l?/i) = Op— Omy1 2 Gnmt (mm“i:E&“"i%

and consequently

. . - SUp ¥i > Sup .
(3) . iﬁl_:lwt 2 (1) (@m ym)+i;=m£1y‘b i>m£ I/i

Hence for m+1 <4

<
By S Yi < SUP i < Sup &y,
i=m4l L izml

1

and therefore
(4) Sup @; = SUp &; > Sup y; > Sup Y.
i>n41 izm+l izm4l izn4l
On the other hand, in the same way that from &, > y» we derived
(3), from ©, <y, we can derive
sup &; < SUp Yy,
i=n41 izn4l
which contradicts (4). The proof is complete. .
I am grateful to P.S. Chow and D.J. White for some stimmulating
discussion, and to the referee for his suggestions.
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On the probability measures in Hilbert spaces
by

R. JAJTE (Léds)

Introduction. In a topological semigroup we may consider integrals
of the following kind. Let g = g(#), & <t < b be a mapping of the interval
[a, b] into G and ¥ (4), 4 < [a, b] — a function of interval whose values
are transformations of @ into itself. If the limit of the sums

8(P) = D F(4)g(t)

(where P = (4,, 4,, ..., 4,) is a partition of [a,b] and #ed;) exists
a8 P runs over a normal sequence of partitions, then this limit will be
called an integral of g with respect to F on the interval [a, b].

The aim of this paper is to study some properties of integrals of
this kind, where @ is a semigroup of probability measures in a Hilbert
space (with the convolution as a semigroup operation and with the topology
generated by the weak convergency of measures), while F is assumed to
take the values from the space of linear bounded operators in a Hilbert
space (and induces a transformation of the semi-group of distributions
into itself). §1 contains the basic definitions and facts of the theory of
probability measures in a Hilbert space. In § 2 we define the convolution
integral and prove its fundamental properties; § 3 contains some theorems
illustrating the applications of the convolution integral (the continual
analogous of classical theorems on the limit distributions of sums of
independent random variables); finally in § 4, employing the notion of
a convolution integral, we construct the Gaussian stochastic process
with special properties.

§1

1.1. Let H be a real separable Hilbert space with the scalar product
{*, *) and with the norm||- . Denote by OR the set of all probability measures
in H (i.e. the set of normed regular measures defined on a o-field B of
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