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ist, so besitzt die verallgemeinerte quasilineare elliptische Differentialgles-
chung
Fu(n) =0

mindestens eine Lisung ueHp, g, < o

Dabei haben a,, by und p, die in den Voraussetzungen und im Hilfs-
satz 4 angegebene Bedeutung, wihs end KE die Hinbettungskonstanten aus
Hilfssatz 1 sind.

FOoLGERUNG 1. Aus Formel (18) folgt, daf das Problem wmindestens
eine Losung besitet, wenn die Konstanten a, hinreichend klein sind.

FOLGERUNG 2. Die explizite Angabe der Eimbettungskonstanten, Hor-
mel (8) und Foimel (13) zeigen, daff die Autgabe bei gegebenen Konstan-
ten a, und b, mindestens eine Losung besitet, wenn || hinreichend klein ist.

ForLGERUNG 3. Aus der Herleitung des Ewis‘tenzsatzes‘ folgt auch der
bekannte Sachverhalt, daf das Problem mindestens eine Lisung besitet,
wenn die Funktionen B*(z, (@) einer Wachstumsbeschrinkung der Form

1B (@), () <e D 1tOP+b(a),
|p|=o,.f,m—1
b(@) =0, b(zyeLy(2), y <1, gentigen. In diesem Fall kann man bekanntlich
eine Apriori-Abschiteung fiir eventuelle Losungen herleiten.
Die Uberlegungen dieser Arbeit kann man aunf unbegchriinkte Gebiete
tibertragen, die kein endliches MaB besitzen. Ferner ist eine Ausdehnung
der Betrachtungen auf Systeme von Differentialgleichungen méglich, [7].

fiir alle neHpg
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Characterizations of solutions of Af = of
by

KENNETH 0. LELAND (Virginia)

1. In [1] the author gives a characterization of families of analytic
mappings between infinite-dimensional real Banach spaces, making no
requirement of differentiability; employing Lipschitz type conditions,
and such algebraic and geometric properties as closure under addition
and closure under linear translation. Differentiability and power series
expansions are obtained directly by functional analysis argnments. In
this paper we restrict our attention to functions on subsets of a Euclidean
space F into the reals R.

If A is the elementary Laplacian operator and ¢ an arbitrary con-
stant, then the families of functions in guestion are solution spaces of
equations of the form

Af = Gf.

TeEEOREM 1. Let f, be an element of the collection F of continuous
functions on open subsets of the Buclidean space E into R. Then the follow-
ing statements are equivalent:

(1) (basic characterization) f, is an element of a family F of functions
of & such that:

(a) For f, geF, the sum f+g defined on the intersection of the domains
of f and g, lies in f.

(Note. we allow the notion of the ,,null” function whose domain
is the empty set.)

(b) rfeF for reR, feF.

(c) For feF, and 8 an open set in E, the restriction f|S of f to 8 lies
in F.
(d) For feF, e, the translate f, lies in F, where f,(y) = f(y—z)
for all yeE such that y—zmedomf.

(e) For feF, and g o roiation of E into itself, the composition of f
and g, fg, lies in F.

(£) If fi, f2y .- is a sequence of elements of F with common domain 8,
which converges uniformly on 8 to a limit function f, then feF.
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(g) If his aradial function of I, that is a function defined on a spherical
neighborhood of zero such that ||z|| = |lyl| implies h(x) =h(y) for @, y edomf,
then h(0) = 0, implies that h vanishes identically.

(2) f, s a volume mean function, i.e. for all 6 > 0, there ewists N(8)eR
such that for all wedomf,, such that the closure T, (0) of the spherical region
Ux(8) = {yel; ly—al < 8} lies in domf,, we have

N(8)fol@) =067 [ fydm,
Ug(d)
where p is the dimension of B, and m is Lebesgue measure on B normalized
so that m[U,(1)] = 1.
(8) £, is a surface mean function, i.e. for all & > 0, there exists M(d)eR
such that for all zedomf,, U,(8) = domf,, implies
M(8)-fo@) = [ fodp
By(9)
where p is normalized surface measure on the boundary Bz(0) of Ug(d).

(4) fo 18 twice continuously differentiable and there ewists ceR, such
that Afy(@) = ofy(2) for all wedomf,.

Moreover f, satisfies the basic characterization (1), if f, 48 a member
of & TG family F of &, that is a family F of & satisfying conditions (a)-(f)
of (1), such that:

(B) For hel, h satisfies the mawimum modulus theorem, i.e. 6> 0,
wedomh, U, (d) < domh, implies |h(2)| < sup{|h(t)|; teB(8)} for all
2eUg(d); or

(6) For heF, h satisfies the minimum modulus theorem, i.e. § > 0
wedomh, U,(8) < domh, implies [h(2)| > inf{|h(1)|; e By ()} for all e Uy(9).

If in the basic characterization (1) we adjoin the condition (h) that #
containg the constant function f, then we have ¢ = ci(O) = Ai(O) =0,
and thus 4f, =0 and f, is a harmonic function.

In Theorem 2 we restrict our attention to TG families whose ele-
ments satisfy the maximum modulus theorem.

Definition 1. Let § >0, and let f be a continuous function on
U(8) = Uy(8) into R. Then we setb

f=_[ fim
Bat)
for all zeU(8), where B(jz]) = B,(6).
Thus f is the radial function obtained by averaging f over concentric
spheres about zero. If f lies in a TG family ¥, then F F. This follows from
the fact that we can write

F=[foau),
G
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where ¢ is the rotation group (group of unitary linear transformations)
of F onto itself, and u is normalized invariant (Haar) meagure on . The
latiter expression shall be taken as our working definition.

Also in the spirit of the paper for our working definition of the Lap-
lacian () we shall write

4f(w) = [ 0*ffomrdu(n),
B

where for neB = B(1), 82f/0n? is the second directional derivative of f
at @ in the direction given by n.

Proof of Theorem 1. We first show that the basic characteri-
zation (1) implies (2), (3) and (4). Let H be the set of all heF such that
7(0) =1 and domh = U(§) for some § > 0. We consider the non-trivial
case when H is non-empty. For g,heH, () = h(z) for all sedomg ~
~ domh. Hence there exists d, > 0, and a radial function w of F with
domain U(4y), such that for all heH, we have domh = U(4,) and w(x)
= h(2) for all wedomh. For 0 < 6 < &,, seb

N(8) =677 fwdm and  M(8) = [wdp
U() B{g)
and set M(8) = N(8) =1 for & > 6,.
Let 6>0 and geF with domain U(8). Now if 0< < &, §(2)
= g(0)w(a) for all xeU(8), and thus for 0 <7 < 6,

fgdm = f_l]'dm, = fg(O)-wdm = g(0) fwdm = g(0) N (r)r".
u(r) U U U

If 6> &, then g(0) =0, and g = 0, and thus
N#)g0)=1-0=0=7r" fadm =P fﬁdm =7 fgdm,

U Uir) Uy

for 0 <r < 4. Thus the elements of F are volume mean functions. Sim-
ilarly the elements of F are surface mean functions.

We shall now show that the elements of F satisfy a uniform Lip-
schitz condition. This plus the fact that ¥ satisfies conditions (a)-(d)
of the basic characterization is sufficient [1, 2] to insure that the ele-
ments of P are twice differentiable, and indeed analytic.

Now

lim ¥(r) = lm »7? ffwdm =1,
70 70 U

(*) To obtain the elementary Laplacian from the working Laplacian multiply
by a factor of p.
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d thus there exists 7, >0, ¢ > 0, such that for re(0,r), N(r) > &.
?'jét fejﬁl’éo <8< 1y, sugh that ﬁ(é; < domf, and set M = sup{[f(s)|;
telU(s)}. Then setting r = /2, for weU(r),
[f@)—f(0) = (N (r)r)*| [ fam— [ fam|
Uglr) U
< [N (r)r®T - 2[(lel 0" 1M
= [20/N ()] M |jz]lr™,

where ||z{|0r"~%, ¢ > 0, is the volume of a ,,cylinder” with base a sphere
of radius 7 contained in a hyperplane of dimension p —1 passing through 0,
and with altitude |z|. Setting ¥ = max{2, 20/e}, we obtain for z¢U (s),

If(@)—F(0)| < NM |lafjr2.

Let feF such that 0edomf. Let 0 < § < §, such that U(8) < domf,
and set h = f|U(d). Now 4h(0) = A(hg)(0) for all ged, and thus

4f(0) = Ah(0) = [Ahg(0)du(g) = 4| [ hg au(g)](0)
(] Q

= 4k(0) = A[f(0)w](0) = ¢f(0),
where ¢ = Adw(0).

2. We now show that the volume mean characterization implies
the basic characterization. Let ¥ be the family of all heP, such that

for 6 > 0,zedomh, U,(8) < domb, implies

N(Oh(@) =8 [ hdm.
v
Clearly F is a TG family. ‘
Let 6 > 0, and let & be a radial function of F with domain U (4)
such that A(0) = 0. Then for 0 <r < 4,

r
@) 0 =9"N(r)-h(0)= [ hdm =p [ h(sn)s"~*ds.
v(n [
Differentiating both sides of (1) we obtain for 0 < # < 4,
0 =p-f(rn)r™', and thus & = 0. Thus F satisfies the basic characteri-
zation. The argument for the surface mean case iy similar.

3. We now show that condition (4) implies the basic characteri-
zation. Let F be the family of all twice continuously differentiable func-
tions f in & which satisfy the equation

4f = of.
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Let F, be the closure of F, that is the family of all functions % of &
which are uniform limits on & = domh of sequences of elements of F
with common domain 8. Then Z, is a T'G family.

Let 6 >0, and let % be a radial function of Fy with domain T (s)
such that % (0) = 0. Then there exists a sequence ky, hsy, ... of elements
of F with common domain U(é) which converges uniformly on T (6)
to h. Without loss of generality we may take h;(0) = 0 for 4 = 1,2,...
It is easy to show for ¢ — 1,2;... that &; is twice continunously differen-
tiable, and thus since A(hyg) = (4hs)g for ge@,

Ak =4 [hgap(g) = [ (4h)gap(g) = [ ohigdu(g) = cf.
G 23 G

. Thus for 4 =1,2,...,keF and %(0) =0. If we can show that
hi=0fori=1,2,... we will obtain taking the limit as ¢ -» oo, that
vanishes identically. _

Let ¢ =1,2,... and set & = h;. Let ZyeB, and set w(r) = k(ra,)
for 0 <7 < 8. Then w is twice differentiable, and for 0 < r < 4, setting
7 =r(2) = |lal| = [z, 2T,

0%k (x)/on® = w'" (r) [Or[On]2 4w’ (r) 027 [On2
= w" (") {lz, n]frP+w ()~ ~ [z, n]2/rs}
and

ow(r) = ck(ray) = k(rm) = [ 02k(z)/Indu(n)
B

=" (n)jr—w' (n)r3} [ (o, n2dun)+w (r)fr
B

= aw" (r) +(1—a)w’ (r)r,
‘where f [z, n]2du(n) = alw|? and 0 < a < 1. Thus for 0 <r<é,
s = (lfu)/a, and ¢’ = ¢/a,
(1) w' (1) sw' (r)fr+c'w(r) = 0.
It is well known from the eclementary theory of differential equa-

tions that any funetion w sati§fying (1) with s > 0, and vanishing at 0,
is identically zero. Thus % = &; = 0.

4. We now show that (5) and (6) imply the basic characterization.
Let F be a TG family of functions satisfying the maximum modulus
theorem and let % be a radial function of F such that h(0) = 0. Assume
for some #, yedomh, |lz]| < [yll, that h(z) < 0 and h(y) >0, or h{z) >0
and R(y) < 0. Then there exists zedomh, such that kel << flel] < llyl)

9 — Studia Mathematica
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and h(2) = 0. Thus [h(x)| < sup{|h(?)];teB(llk])} = [h(2)] = 0, and h(z)
= 0. Thus A(z) >0 for all wzedomh or h(x) <O for all medomh. Se
H = {gxedom?; h(x) = 0}. '

Assume % does not vanish identically. Then there must exist a radial
function weF, such that »(0) = 1 and u(2) > 0 for wedomu. Let zeH,
and let § > 0 such that U,(6) = domh and § = U(4) = domu. For wed,
st w(x) = h(v—2). Then w(0) =0, and w(x) =0 for all weS. Thus
if w(x) = 0 for some xS, we must have since w is continuous, w(f) = 0
for all teU(|lz]]), and w(z) = 0. ;

Let weS. Set a = — w(x)/u(») and set o(t) = () au(f) for tes.
Then p(®) =0, and since ¢ satisfies the n:.aximum modulus theorem
0 = 0(0) = w(0)+au(0) = 0+a-1 = a, and ®(@) = au(x) = 0-u(z) = 0.
Thus w(z) =0, and w =0, and consequently U,(d) = H. Thus H is
an open and closed subset of dom?” containing 0, and thus H = domb,
and h = 0.

TEEOREM 2. Let fyeX. Then the following statements are equivalent:

(1) There exists a TG family F of § all elements of which satisfy the
maximum modulus theorem, which contains f,.

(2) fo s a subvolume mean function, i.e. for all & > 0, there ewists
N(8) =1, such that medomf, Uy(8) = domf, implies

fo@N(8) =677 [ fydm.
Ug(8)

(3) fo 48 @ subsurface mean function, i.e. for all &> 0, there ewists
M(8) =1, such that wedomf, Uy(s) < domf,, implies

H@M ()= [ fodu.

Byl0)

(4) fo is twice continuously differentiable and there ewists ¢ >0 such
that for all xedomf,,

Afy(@) = ofy ().

We observe that functions satisfying the above conditions are special
cages of subharmonic functions.

Proof. We first show that (2), (3) and (4) imply (1). Let 8 be a spheri-
cal region such that § < domf. Assume fo is a subvolume mean function.

Let F' be the TG family of all fe¥, such that zedomf,d > 0, Uy(8)
€ domf implies

f@N (&)= [ fam.

Ug(d)
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Let feF and set M = sup{|f(x); xS}, and H — {2e8; fz) = M}
Then H is closed in §. Let @zeH, 8 > 0, such that U,(8) = §. Then there
exists N(d) > 1, such that

M= If@)] S NO)fo) <67 [ Iflam <5 [ Mam = .
Uyl) Ug(3)

Thus, since f is continuous, |f(5)] = M for all {e Uz(6), and thus H
ig open in §. Since § is connected, H is empty or H = 8, and thus f sat-
isfies the maximum modulus theorem. The proof in the case that f,
is a subsurface mean function is similar.

Assume that f satisfies (4) and that ¢ > 0, and set N = sup{f(?);
te8} and M = inf{f(t); teS}. Assume ¥ > 0 and there exists zeS such
that f(z) = N. Let 6 > 0 such that U,(8) = 8. For ¢eB and re{— 8, +4),
set f.(r) = f(z+re). Then for ¢eB, f, attains its absolute minimum at
0, he(0) = 0, and F(0) < 0. But then

0 < of(@) = Af(0) = [*f(@)oetdu(e) = [f: (0)du(e) <o0.
B B

Similarly, if M < 0, we have f(#) > M for all zeS. It now readily
follows that f satisfies the maximum modulus theorem.

To handle the case when ¢ = 0, we consider functions of the form
w(®) = f(z)+(¢/2) o for zedomf, where e is arbitrarily small, and
Aw = +e.

We now show that (1) implies (2), (3) and (4). Let H be the family
of all radial functions of F such that h(0) = 1. Then for heH ,wedomh,
we have

(@) = sup{[a(D); 1 U (=)} = 1h(0) =1,

and h(z) >1. From Theorem 1, F satisfies the basic characterization,
and from the proof of Theorem 1, there exists a function N on (0, co)
into R such that f is a volume mean function with regpect to N, and
such that for 6 >0, N () =1, or there exists heH, such that T ()
< domh, and

V(@) =N©)h0) =062 [ham> [ldam=1.
Ue) U

Thus f is a subvolume mean function. The argument that fis a subsurface
mean function is similar.
Let heH. Then h attains its minimum at 0, and

¢ = ch(0) = Ah(0) > 0.

Remark. Let F be a TG family of functions satisfying the maxi-
mum modulus theorem, which contains the constant function 1 defined
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on all of B. For some ¢ > 0, Af = ¢f for all feF. Now 0 = AE(O) = oi(O)
= ¢, and thus the elements of F' are harmonic functions. For ¢ > 0, there
exists ¢ = N (6) such that feF, zedomf, U;(d) < domf implies
of(@) = 067" [ fam

Ug(d)

and hence
0=0cl(0) =067 [ldm =1.
v
Thus the elements of ¥ are volume mean functions in the strong, i.e.

clagsical, sense. Similarly they are surface mean functions in the gtrong

sense.

Further developments along this line, including full radius of con-
vergence of power gseries, the solution of the Dirichlet, Neumann, and
Robin problems for the sphere, ete. may be found in [2, 3].

References

[1] K. O. Leland, 4 oharacterication of amalyticity, Duke Math. J. 33 (1966),

p. 551-566.
[2] — A characterization of analyticity, II, to appear in Proc. Amer. Math. Soc.
[8] — A characterization of harmonic fumstions, unpublished.

UNIVERSITY OF VIRGINIA

Regu par la Rédaction le 25. 10. 1966

icm®

STUDIA MATHEMATICA, T. XXIX, (1968)

Sur les solutions généralisées des &quations quasi-linéaires
par

T. LEZANSKI (Lublin)

Nous considérons dans ce travail les équations différentielles aux
dérivées partielles quasi-linéaires elliptiques; nous y démontrons Pexis-
tence d’une solution faible, et donnons une méthode de solutions nu-
meérique. Soit

ou ouw Ok oh
h) = ey ey e ey s a g ——
Flu, ) gf f(afl’ FTRE TN ’as,,)”m

une fonetionnelle de deux variables « et k, linéaire par rapport & h; sup-
posons quune fonction fixée @(Z,,..., £,) de classe 0, sur Q satisfait
& I"équation ¥(%, h) = 0 pour toutes les fonctions h(&yy ..., &) de classe
O, sur Q, remyplissant la condition iz(él, -<-y &) = 0 gur le bord § de Q.
Une intégration par parties donne

JR@)-ra2 =0

pour tout k de la classe mentionnée, ot R est une opération différentielle
(en général non-linéaire) d’ordre 2. Par suite (en vertu d’un lemme clas-
sique du calcul des variations) on a RN(z@) = 0.

Or, si la fonction % n’est pas de classe C,, mais seulement de classe
Ly,o (C'est-a-dire si les dérivées du/d&; sont de carréds intégrables sur £,
au sens de Lebesgue), et @(&,, ..., &,) satisfait & la relation ¥(u,h) = 0
pour toutes les fonctions h (d’une classe assez large) nous appellerons
la fonction %(&, ..., &) solution généralisée de V’équation R(u) = 0.

1. Soient H un espace réel de Hilbert, dont les &léments sont T, Y,
%, v, h, f ebe., et le produit scalaire (z, y). Soient M un ensemble linéaire
dense dans H, au sens de la norme |jz|| = V(z, z), (@, ¥); un autre produit
scalaire sur M tel que

1) el =V(@,2); =ylel, (2,9, <m@)|y| pour »,yell.

Désignons par H; le complément de M en norme || |, par 4 Popéra-
tion lindaire, définie sur M par lidentité (Asz,y) = (x,y); 4 étant,
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