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Continuous mappings
induced by isometries of spaces of continuous function

by

W. HOLSZTYNSKI (Warszawa)

Suppose that X and Y are two compact Hausdorff spaces and
7: 0(X) - C(Y) is a linear isometry. C (X) and O(Y) denote the spaces
of all continuous complex-valued functions on X and ¥, respectively (*).
¢ T is onto, then it induces a homeomorphism from ¥ onto X, by the
well-known Banach-Stone theorem ([4], p. 442). There are two typical
cases when such isometries are not onto, namely isometries onto subrings
indueed by continuous mappings from ¥ onto X and those induced by
Borsuk’s simultaneous extensions (cf. [2]).

Geba and Semadeni [5] have proved that if 7' is an isotonic linear
isometry (T is dsofonic if and only if f>g is equivalent to If > Ty,
f, geC(X)), then there exists a cloged subset Y, of Y such that Tf(y)
= flp(y)) for any feO(X) and ye¥,. In other words, any such isotonie
linear isometrical embedding is obtained by superposition of a simulta-
neous extension and an embedding induced by 2 continuous mapping.

A very close theorem hag independently been established by Bauer
[1] in a quite different form, as a criterion of solvability of an abstract
Dirichlet problem and this, in turn, can be expressed as a characteriza-
tion of infinite dimensional simplices with closed boundaries (see Choquet
and Meyer [3]). If the image of T, i. e., the set B = {Tf: feC(X)}, sepa-
rates Y and contains the unit of ¢(¥), then ¥, is the %ilov boundary of E.

The purpose of this paper is to prove an analogous theorem about
any isometry (without assumption that it is isotonic).

First we shall introduce some notions. Let

8, = {f<0(X): Ifl =1 and |[f(@)] =1}, @eX;
R, = {ge0(X): gl =1 and lg@)| =1}, yeT;
Q. ={ye¥: T(8,) = Ry}, weX;
Y, = UQ::;
zeX
T = {ze®: || =1}, where € is the complex plane.

(1) The proof of the theorem below is also valid if 0(X) and O( ¥) are the spaces
of real-valued continuous functions.
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It is obvious that
Qs = {er=hé(\X) WA = 1) A (If (@) = 1) = |Tf(y)| = 1]} = Qz(Tﬁ_!(T).

THEOREM. Lot X and Y be two compact Housdorff spaces. Let T:
C(X) - C(X) be a linear isometry. Then the set ¥, is closed and the relation
¢ =« YXX defined by

(Y, m)eq if and only if yeQ,

s a ?ontinuous Sunction p: ¥y — X from ¥, onto X, and there emists a
function aeCQ(Y) such that

lef =1, Ja(y)l =1 for yeX,

and
Tf(y) = flp(W))aly) for all ye¥, and feO(X).
Proof. We shall prove the theorem in a number of steps.
gdlf({(w) =0, then Tf(y) = 0 for y in @, and f in C(X).
eed, we may assume that =1 8 th: =
P il uppose that f(z) = 0 and
g5 = z[min(1+Re(zf), Vl—(Im(Ef))z)—i—i-Im('Zf)]

where zel. Then g,(¢) =2z and |g,()] = g, = 1, g (2) — =1

= g~ (a8 llgs—fil = Il29,—7%]| and if we put ¢ = 7g,, f’) =f§2)lthen

it is obvious that |lg’—f|| < 1). Hence g,8, and g,—feS,, and
ITg.(w)| = |Tgu(9)—TF(y)] =1 2l

Furthermore

for

2 = lgs(@)—g_s(@) <llgo—g_sll <lgall+1g_all = 2,'
and hence

$(9e—9_,)eS. and ITg,(y)—Tg_s(y)l = 2.

. I_'his means that &: I'— I' defined by k() = Tg,(y) is a continuous
unction such th@t k(—2) = —k(2). Since the set %(I') is self-antipodal
and connected, it must coincide with I', and hence % maps I onto I.

C[“hus Tg.(y) = Tf (y)[|Tf (y) for some zel” and this contradicts the
equation

ITg.(y)| = |Tgs(y)—Tf(y)] =1.

() @z~ Qp =@ for  £a'.
. Indeed, there exists feC(X) such that 0 < f < 1, f(z) =1, f(&') = 0.
(l/eQ,,,,. then |If(y)| = 1 and if ye Q,, then, from (i), |Tf(y)| = 0. Thus
there exists no point ¥ in @, ~ Qg .
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(ifi) @, # @ for wveX.
Let 2 be fixed (xeX). Consider any finite set of functions fi,fs,...
<ory fneSy and define

k3
b= D fi(®)f
i=1
Then heC(X) and |h(z)] = n whence ||} = [Th]] =n and there
exists yeY such that

\Th(y)| = | iﬁ,‘ﬁ-(_w)wfi(yﬂ =n
=1

whenee |Tf;(y)| =1fori=1,2,...,n and ye(Tf) (), 4 =1,2,..., 7
Thus, the family of all sets (Tf)~*(I"), feSz, has the finite intersection
property and @, is non-empty by compactness of Y.

Thus, (i) and (iii) imply that ¢ is a function from ¥, onto X and

Q: = ¢ (@)

(iv) If feO(X), weX and z = p(y), then |Tf(y)| = If(x)l.

Indeed, we may assume that [fll =1 and f(z) + 0. It |f(z) =1,
then |Tf(y)] =1 (because ye @), so let. us consider the remaining case
0 < [f(z)] < 1. We put

no_ f=)
1) = ez (iF@), @)

Then geC(X), lg(#)] =1 and [jg] =1, whence geS., |Tg(y)l =1,
and |g(z)—f(e)] = llg—fil = 1—I|f(z)|. Hence, since

9—f
= e8,,
llg—Ai
we obtain |Tg(y)—TIf(y)| = |Tg—Tfll = 1—|f(#)|. Consequently,
ITf @) = | Te(y)l—1Tg @) —If () = If (@)

(v) ¢: ¥,— X is a continuous mapping and ¥, is closed in Y.
We shall show that if 4 = 4 < X, then the sef

P A) = U@
zed

for 2'eX.

is closed in Y. Indeed, if y,e¥\ @~ (4), then for any point meA there
exists a function f,eS, such that {Tf,(y,)| < 1—e, for a cerfain &, > 0.
We put U, = {&'eX: |fo(@')] > 1—ss},

Ve = {ye¥: [Tl >1—e}, Go = {ye¥: | Ifa(y)l <l—e&}.
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All gets defined above are open and (J U, > 4 = A. Hence there
Zed

exists a finite cover U, Uy ..., Us, of the set 4, where @, a,, ...,
z ed. I ye ¢~H(U%), then for o' = ¢(y)eU, we have |fz(2')] >1—¢,
and, from (iv), Tf(y) > 1— &g, hence yeV,. Thus V, = ¢~ (U,) for wed,
whence

U Ve = i!l‘pvl(vxi) = ‘7’_1(101 Us) = 971 (4).

i=1

n n
Now, ﬂ Gy U1 V%. =@ (because G, ~ V, =) and
= tm=

n
QG%. ~ (p_l(A) =0.

n

Since Dl G, is a neighbourhood of the point ¥,, ¢~ 1(4) is a closed set in ¥.
In particular ¥, = ¢~ '(X) is closed in Y.

(vi) f(@)-Tf(y) = f(a) - If (y) for f, [ <C(X), weX, yeQ,.

Indeed, we consider the function g = f'(x)-f—f(2)-f' (» is fixed).
Then g(x) = 0 and Tg(y) = 0 (by (i)) and this yields (vi).

_Now, let a(y) = T1(y), where ye¥ and the function 1¢C(X) is

defined by 1(2') =1 for o' eX.

Then, since 1e8;, |a(y)] =1 for yeQ,, veX, and from (vi), T
= fle(¥)) - a(y) for ye¥,, g.e.d. “ ’ ) Tf(y)
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Sur une représentation de la prédiction
d’un processus stationnaire régulier

par

7. IVKO VIC (Beograd)

En partant de la définition de la prédiction dans [4] on en donne
dans ce travail les représentations (#) eb (4x), analogues & la représenta-
tion de la prédiction lindaire basée sur la décomposition de Wold. On
profite, dans le cas discret, des propriétés de Vespace de Hilbert exposées
dans [1], et dans le cag continu la construction est semblable & celle
contenue dans [2].

Soit #(f), —oo <t < oo, UN ProCcESSUS strictement stationnaire sur
V’espace (R = {w}, F,P) et F'_, un corps borelien engendré par les
événements {o: x(t)eKy, ..., #(tx)eKy} pour tout ; <1, <t et
K., ..., Ky (8léments du corps borelien du plan complexe). Soit ensuite H
un espace de Hilbert dont les éléments sont les variables aléatoires y sur
(2, F,P) & dispersion finie: [ ly{w)?dP < co; produit scalaire: (2, y)

g

= B{zy} = b{ #(w)y(w)dP. Nous supposerons dorénavant que le processus

x(t) est & dispersion finie B{lo(®)*} = E{jx(0)]*} < oco. Désignons par "
le sous-espace H, dont les éléments sont les variables aléatoires & disper-
sion finie et mesurables sur F' .. L'opérateur U,z(t) = z(t-+t) peut

_ &tre isométriquement élargi sur tout Pespace H, de fagon que U;, —oo <

t < oo, soit le groupe des opérateurs unitaires. L’espace H sera tou-

. jours séparable dans le cas d’un processus x(t) & paramétre diseret. Dans

le cas dun paramétre continu, pour que lespace H soit séparable,
il suffit que le processus #(f) soit continu en moyenne quadrati-
que [B].

On définit 1a prédiction Z(t, v) du processus z(f) dans Pinstant ¢+ 7,
relativement au passé jusqu'a Dlinstant i, comme l’espérance mathé-
matique conditionnelle: &(t; 7) = E{w(t+ 7)|F* ..} [4]. Considérant
@’aprés [4] le processus z(t) comme une courbe dans P’espace H on réduit
Ia prédiction & la projection &(f,7) =P, [#(t+7)]-

—00

Te processus x(f) sera dit régulier si le corps borelien M ¥, est
i
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