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On generalized derivatives
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C. KASSIMATIS (Windsor)

In the theory of trigonometric series the Riemann derivative plays
an important réle. Repeated formal integration of a Cesaro summable
trigonometric series provides an expression which treated by the Riemann
derivative yields the sum of the series. This fact leads naturally to a defini-
tion of generalized integrals by means of which expressions, analogous
to the clagsical Fourier formulae, are obtained for the coefficients of the
trigonometric series. Basic work is due to Denjoy [2]. For pertinent
developments see [1], [4], [5], [6], [7] and [8].

In this paper we consider a derivative which is a further general-
ization of the generalized derivative considered by Denjoy [3]. The
existence of Denjoy’s n-th generalized derivative implies that of our
(n—1)-st derivative under the conditions of our theorem.

Let f be a real-valued function over D, a subset of the reals. For
any integer n > 0 and any set P<D consisting of n+1 distinet points
D1y +vey Prya), the n-th divided difference of f corresponding to P, A, (f: P),
is given by ‘

41

An(f P) = An(f: Py - '7.'pﬂ.+l) = Zf(p7)/{(z—pl) e (~h_pﬂ+l)};=pj:
j=1
the prime denoting ordinary differentiation.
Let now D be the interval (a, b) and f be continuous over D. Denote
by E the set consisting of n--1 points @, ..., ,,,. If

Hmn!d,(f: a+abh, ..., @42, k)
70

exists and is finite, it is called, following Denjoy [3], the n-th E-generalized
derivative of f at ®, and denoted by f, z(z). If faz(2) is independent of the
choice of B < § for a subset 8 of the reals, we will call it the n-th S-ge-
neralized derivative and denote it by f, ¢(#). When B consists of the points
—Myeeey 2j—ny...,m, for § =0,...,n, then f,z(x) becomes the n-th
Riemann derivative D"f ().
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370 ¢. Kassimatis

Let f and B be as above. Denote by A any n-tuple of points of E.

THEEOREM. Suppose that [z (@) ewists. If fa_1 4 (k) ewisis, then fo_; (@)
exists and they are equal.

Proof. Suppose that A and B are any two distinet subsets of %
congisting of » points. Since they must have n—1 points in common,
a suitable permutation of the elements of # will reduce this to the case
in which A consists of the last » points of T and B consists of the first n
points of E. Then, the theorem follows from the relation

(B—=1) py (fr 2+ 2Ry oy 24Dy B)—
— (=1 Ay 1 (fr 2+ @ hy .oy 2 an F)

= W @y — @) (1 (2 @b Ry oy @ @0y b))

The following three corollaries are direct consequences of the above-
mentioned theorem.

COROLLARY 1. If D*f(x) and D'f(x) ewist, then [ () ewists also and
f'(w) = D'f ().

This corollary iy essentially Lemma 4.1 in [6].

COROLLARY 2. Suppose that f,s(w) ewists and A is any n-tuple of
points of 8. If foyu(x) exists, then fn_g(x) exvisis and they are equal.

Remark. Let B be any n-tuple of points of §, beB—A and aecd —B.
Since fn_,.4(¢) and f, 4.p (@) exist by hypothesis, the theorem given
above implies that f,_1 4 @y-(#) exists and is equal to f,_ (). Hence,
in order to show Corollary 2, it suffices to apply the above-mentioned
argument n—m times (0 < m < n), where m is the number of points
of A ~B.

COROLLARY 3. Suppose that f, () ewists. Let S,_1., be any (n—5-1)-
tuple of points of 8 (1 <4 <n—1). If, for @ fimed, fnwz,ﬂ,,,,(-'l’)! fn-«z,ﬁn*l(w)r
ooy Fni sy g, (8) exist, then fu_ys(®), faoag(®)y.e., famig(®) exist also,
and they are equal respectively to f"~1.Sn(w)&fn-2,Snm1(”)7 "'5fn-~¢.Snmt+1(w)'
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