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Intermediate spaces and interpolation*
by
A.P. CALDERON (Chicago)

B. Gagliardo and J. L. Lions and 8. Krein have given methods to
congtruct “intermediate” spaces between two Banach spaces. In the
present note alternative approaches to the construction of intermediate
gpaces are given.

Let B be a complex Banach space in which two additional norms
|lzll, and {jz], are defined. A norm is a subadditive homogeneous funetion
on B which vanishes only at zero. We assume that |jzf; < ||, ¢ = 1, 2,
and |jo],+ lzlls = Cllzll, ¢ >0, where ||| is the norm of # as an element
of B. Then there exists a norm |z{|, which also only vanishes at zero and
guch that |, < 2l, ¢ =1, 2.

1. Consider now functions F(z) with values in B which are con-
tinuous and bounded in the strip 0 < R(2) <1, # = s+ it and analytic
in 0 < R(2) < 1. Define in this class & of functions the norm [F| =
1na,x(s1tlp||17’(it)]\1), (slilpHF(l—l—itng) and given s, 0 <8<1, and =B,

define
il e = inf (E}Ilmjll’ﬂl!)

where the infimum on. the right is taken over all Cauchy sequences Fy,(z),
i.e. such that lim ||F,—F,| = 0, with the property that im|/F,(s)—ll,

%, M—r00
= 0. The quantity ||2l..s is & norm. Further if B is a Banach algebra
and the norms |z, are submultiplicative, the same is true of ||@lliys-
The norms ||o],.., 0 <8 <1, are compatible with |, that is if
a gequence of elements ®, B is Oauchy with respect to both norms || s
and || ||, and tends to zero with respect to || [lo, it also tends to zero with
vespeet to || [14s. AS & consequence of this the completions B,,, of B

* The contents of this note were submitted by the author to the Conference
on Functional Analysis in Warsaw, August 1960. This topic, which has undergone
substantial development gince that time, will be the subject matter of papers to be
published shortly.
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with respect to || |1 can be simultaneously isometrically imbedded in
the completion B, of B with regpect to ff [lo-

‘ TamoreM 1. Let F(2) be a function with values in B, which is con-

tinuous and bounded with respect to || |l in 0 < R(2) <1 and analyiiq in

0 < R(2) < 1. Suppose that F (it)eB, and is continuous and bounded with

respeot to the norm | |l ond F(14-it)e B, and is continuous and bounded

with respect to the norm || ||lo. Then for 0 <s <1, F(s-- it)eB 5 and

(8 =i}l 40 < [B?P I (it T [81}13 17 (1+it)llaT -

TaroReM 2. Let B be a second space with two additional norms ;.
Let |@llyray Boy Biys be defined as in the case of the spac B. Let A, be
o function defined on 0 < R(2) <1, 2 = s--it whose values are bounded
operators from By to By and which is continuous and bounded in the operator
norm in 0 < R(z) <1 and analytic in 0 < R(2) < 1. Then if Ay maps B,
into By, Aipi maps By into B, and

sl < Malwl,  IAiall < Mozl

then Ay maps By, tnto By, and
lAgrisllipe < Mi"’M‘élelm.

This theorem. can be interpreted as an abstract version of the exten-
gion of the theorem of M. Riesz given by H. Stein.

Examples. By suitable choice of B and the norms |jo; one can
obtain various classes of “intermediate” spaces.

a) Let L, be the Orlicz space associated with a convex strietly increas-
ing funetion @ (u). We assume that & (u)/u tends to zero and infinity as
u tends to zero and infinity respectively. Let L}, be the closure in Ly of the
class of gimple functions. Then if By = Ly and B, = L}, the inter-
mediate space B, coincides with Ly where & iy defined by

O (U %) = D, (u) = Py(v).

b) Let L? be the class of Bessel potentials of order « of functions in
IP(B,) (for a = %, & positive integer, L coincides with the space W’
of Sobolev). Then if B, = Lf! and By = Lf2, 1 <p; < 00, —o0 < 1; < 00,
then B,,, coincides with L where 1/p =1/p,(1—s)--1/pss and
a = (1—8)ay-+sa,.

¢6) Let lipa, 0 < a << 1, be the class of bounded functions in &,
which satisfy a Lipschitz condition of order «. Then if By == lipa, and
B, =lipa, then B, ., = lip[(1—s)a;+ sa,].
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2. By introducing other norms in the space & of analytic functions
with values in B, it is possible to obtain a greater variety of interme-
diate spaces. We mention only one example. Consider the functions #(z)
which have a representation of the form

400

Py = [ pluedu,

—00

0<R@ <1,

where @(u) is a continuous bounded funection with values in B such that

}-00
[ lp(w)||e™du is tinite for 0 < s < 1. Given f, By, 0 <, <1, 0 < By <1,
we define

400 +oo
N(F) = N(Bay s, F) = max | [ lp(wli® au]; | [ lp(w)ePeau)

and
N(pry Bay 5, ) = inf[im N (F,,)]

where the infimum is taken over all sequences F, such that ¥ (¥, — F,,) —
-0 and ||F,(8)—ax|,— 0.

The intermediate norms just defined have the property of decreasing
(ap to equivalence) when B, or f§, decreage. This has as 2 consequence
the following

THEOREM 3. Let B be a Banach space with two additional norms ||z|;,
i=1,2, and A o bounded operator from B into B such that

ldal, < Milaly, ©=1,2.

Then, if B; < fiy
N (Byy Boy 8, Aw) < OMI°MEN (By, Basy 8, @)

where ¢ depends on Py, Ba; B1, By and s. ,

This theorem can be interpreted as an abstract formulation and an
improvement of the theorem on interpolation of Marcinkiewicz. For with
guitable choice of the norms |»|; one obtaing a sharpened version of that
theorem and. an extengion of it to upper half of the square in the diagram
of exponents. Let 4,, be the Lorentz space of functions f whose non-in-
creaging rearrangement f*(uw) in 0 < # < co has the property that

o0

[f [ (u) T %@i]ll" < oo.

(]
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Let [fll, be the norm in A, , and [f]l. the norm in Ap,» Where 1<
r < oo. Then, if p,# p, we have, up to equivalence,

WLy, < (Bs Bas 85 ) < fla,,

where 1/p = (1—8)/D;+8/pa, 7, = pmax (1/p:f); ra = pmin (1/p;p;). This
combined with Theorem 3 gives the following result:

THEOREM 4. Let A be a linear operator on functions which is continuous
from Ap, to Ay, t=1,2, G % s, Py # Pa- Then A maps Ay,
continuously into Agp where 1[p = (L—s8)[p1+8[py, 0 <8 <1, 1/q =
(1—28)/q,+8/q, and P >17.
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The fundamental principle and some of its applications
by
L. EHRENPREIS (New York}

Let R(C) denote real (complex) Euclidean space of dimension #
with coordinates & = (@, ..., %,), # = (84, ..., %,). Let W be a reflexive
space of funetions or distributions on B such that differentation and trans-
lation are continuous on W; denote by W' the dual of W. We assume
that W’ is a convolution algebra and that the Fourier transform W’
of W’ is a space of entire functions on C and that the topology of W'
can be described as follows:

There exists a family 4 of continuous funetions a(z) > 0 such that
the sets

N, ={FeW: |F(2) < a(2)}

form a fundamental system of neighborhoods of zero. In what follows
we assume certain other ‘“natural” conditions on 4.

Let Dy, ..., D, denote partial differential operators on R; we want
to find a deseription for W(Dy, ..., D,) which is the intersection of the
kernels of Dy, ..., D, acting on W, that is, W(D,, ..., D,) is the set of
feW for which D;f= 0 for j =1,2,...,7. Denote by (Dy,..., D)W’
the ideal generated by the D; in W’. We can show that (Dy,..., D,)W’
is closed in W'. Thus, the dual of W(D,..., D,) is W [(D,, ..., D) W'

Denote by P, the Fourier transform of D; go P; is a polynomial on 0;
denote by V the complex affine variety of common zeros of the P;.
The Fourier transform of W'[(Dy,..., D)W iz W'[(Py, ..., P,) W'
The fundamental principle gives an analytic deseription of this guotient
space; by means of this we shall obtain a complete description of
W(Dy, ..., D,).

FUNDAMENTAL PrINOIPLE. There ewists a finite sequence of complex
affine subvarietics V; (not necessarily distinet) of V. For each k we can find
a oonstant coefficient differential operator 8), with the following properties:

The mapping '

F — set of restriotions of 0,F to Vy
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