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The limiting distributions of cumulative sums of independent
two-valued random variables

by
L. KUBIK (Warszawa)

K. Urbanik [3] has raised the following problem:

Let X;, X,,... be a sequence of independent random variables
such that each of them takes at most 2 values. Find the class T of all
possible limiting distributions of the sequence

n
1
(1) Y,.:TBWZX,,——A,. n=1,2,..)

" =1

where A4, B, are constants, B, — co and the random variables X; /By, ...,
X,/B, are uniformly asymptotically negligible, i.e. for every >0

) | X
lim max P ( ]
| B,

n—oo 1k<n

>s)=0.

In this paper we shall partially solve this problem. Let us denote
by K the subelass of all limiting distributions of ¥, defined by (1) if it
is additionally assumed that the variances of ¥, converge to that of
the limiting distribution. Our aim is to characterise the subclass R.

Let 9 denote the class of all infinitely divisible distributions for
which the function K(u) in Kolmogorov’s formula (see [2], §18) is of
the form

—

0 for w< A,

u——:—%uz for A<u<O,
(2) KEw) =y |
F—uz—{—(l—w) for 0<u <B,

1 for w > B,

where », u >0, »+u <1, A<0, B>=0.
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THEEOREM. The class R is equal to the class K.

The proof of this theorem gives also a method of getting each distri-
bution of the class K as the limit of sequence (1).

Proof. We shall use here theorem 1, § 31 of [2]. Let
PXy =) =pp, PAp=b)=q =11

where ay > b, and let us write 2, = az—b;. Let us put

n — 1 n
(®) By — ]/2 DXy, An = D BIXy)
n To=1

k=1
and let us introduce the random variable

Xy — H(Xz)

C Y ira

n
= Z Enke
k=1

‘We have of course

and

2
P(fnk _ ka

—z
= Pr» g = ./, - Q-
]/ 2 % Dr ]/szpqu

Let us assume that the random variables e (B=1,2,...,0) are
uniformly asymptotically neg]1g1b1e and that there exists a hmltmg
distribution for the sequence Y, = ank- ‘We shall prove that this distri-

k=1
bution belongs to the clasgs K.
In order to obtain the non-singular distributions we must agsume

that
Z APk = oo

k=1

Since the random variables &,, (k = 1,2,...,n) are uniformly asympto-
tically negligible, then for every sequenee k(n ) = oo (k(n) < n)

i min lpk(")’ Gy X [ Py i)

k) Prin)
’ = 0.
e ]/2 % Dr i I/Z' A1ty

icm®
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Indeed, let us suppose that there exist such a sequence %(n) - co
(k(n) < m), suech & positive integer N and such g > 0 that for n > N

Z;
Dy = €01 Tum) > €05 ma,x{ k‘") im) T(n) Pk(n) ] > g.

Z 2D ]/Z EA

Therefore

P(|€nup! > &) > & (n> N)

and this contradicts the assumption that &, (k=1,2,...,%) are uni-

formly asymptotically negligible.
Tet us now denote by N(n) the set of the first n positive integers:
(1,2,...,n} = N(n).

Let us denote by P(n) and O(n) such subsets of I(n) that

Zum) Tie(m) m) Pr(n)
0D | Prinyr Th(nys TOAX = ) =
V Zzlchlch ]/ ZziPka
k=1, k=1

Drmy  TOr k(n)eP(n),
- Qo Tor E(n)eQ(n).

If for & % we have pj = gi, then let k<P (n) so that P (n)~Q(n) =
Let us further write

M(n) = N\ (P (1) v Q(n)).

For k(n)eM(n) we have of course

lim max [ () Qi)

Rr(n) Pre(n) —0.
e ]/ szm% ]/szpkélk

m(n) Let kM, k{, ..., k{? denote a per-
.., n for which t;he fo]lowmg inequali-

Let us assume that P(n) =
mutation of the numbers 1,2,

ties hold:
0 < z,,y»)gk{n) < ... zkgy)qu).

Let us write M= 2}px(;. The distribution function For(w) of the
random variable &, is of course given by the formula
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0 for o< - _J@@_, We shall now prove that one can obtain in the limit only the fun-
q. 3 My, ction. K () of the form
——— - 0 for %<0
My Mg s
7 _la for  — — <o £ kA . 1
we (%) 0 Zn i, = o 27::‘ x, ’ (4) K(u) = EﬁK’”(u) = —B?u" for 0<u<B, (B=const),
k==1 =1
L . —_M*kg:" 1 for u > B.
& ’ Tet us consider first the case when
D EZI My,
whence - M il
—_— — - B,
] 00
0 for u<— ‘/Mﬂ;[:ﬂ,, Dr™ kZIMk"—'
Qka;I M i.e. when
© M, wPr / M. Y .Mk(") 1
2 _ n,l for — P < U< ﬂq"_ D) = T gm  where lLm g = —.
fm ank(:ﬂ) = n = n ’ n n fsoo T B?
R kzvl M [/i% 2 My Dy 2 M, ZMkyz)
= =1 i =1
Mypr+ Mg, for Mg We thus have
mﬁ‘ o or U > —_— Mki")
= k ])kké; JV[k pkgn) = -akgn) (I = 1,2,..., n).
and 5 My
n u F=1
Kofu) = [ 4T () Let us take
k=1 ~o0 M) grin),
S iy = ]/ Hi P
Pk A " o
= DMy (m) g (m) (n) M
= for O0<u< ‘I/_k—lnik{*" Zr)kl(")!é'lJ *
M,
,02,, L Prm kZﬂ My, and let lim ) = co. We have
N0 .
........................................ n In) 1 M, kﬂ:!) qk%
" 1 M + Mmgm— — —————
_ 162;':1 J]Ikpk_’_ig; Mk}ﬂ) Qky") Mksn) qun) _JM n) ) 1 R kéll &Px J=1 k} k:s B2 pk§('2)
e —t 1 <cuxg I/ Bl 0¥ %’“§+1.7 Banluafp) +0) — 5o afgh = Z"‘ u
M, i k
2 M ] Dif ;?51 M, i, kgl M, =
........................................ According to the theorem of Stolz ([1], p. 81) Wwo have
n
1 for > ._]/EM "Z Mypr M,
n . Lim o 1 = lim —— = 0.
Dl kZ.l My, n M,

Nn—00 Z\ Mk n—>co
k=1
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Since
L1 ey
hm~B—2- {(”) =1,
N0 akmz)
we have

.
B o)

In view of this we have

I(n) 1 M, (™). Gr(n)
2 -M—ky" g";“) - M
i=1 B el

n
> M,

k=1

19
L By _ 1+Bm  where lLim fm = 0.
n—00 )

I
o) I(n)

- n

2 My > M,

Te=1

‘We have further

Un) n
> ﬂ-'[k(-”)pk§") > Mypy,
=1 7 jom

n <= - 0,
2 M, Z ﬂlk 00
%=1 E=1
Un) 7
B {”) 2 Mk(") Brfm) D My,
) 7=
< o -+ 0.
M_ N> 00
It follows hence that
(5) » hm[K (uky‘)-}—O) B}“ ;n):l =0

for all kfg) such that hmk{(,.,)—~ oo, For the bounded #fj)’s equality ()

results immediately. We thus have (4).

Now let
M ylo) gy om)
n n

n
* o 3 M,
™ j=1

- 2 My oag — Pufy X7 g

-
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We shall prove that in this case there exists no limiting distribu-
tion belonging to the class “®. Let us assume for the sake of simplicity

that 0<< 2, < ... < 2,4, Then

2 Myp+ Z Mg T —_—
M,

(u) — I———T—w for ___.f’b_q’c._ <u < _]'{Iﬁ_—t]#_k_i}_ .

Z My PklZ: M; pk+llZ£ My

We have assumed that

lim -————M’;q" — oo.

e pnz ‘ﬂIk
k=1
However, thig relation can hold only when either

M,
1° lim —2— =a > 0 or

n
> My
k=1
M, A
2° hm——o and p, = o 2
Z My, "Z’IM,,

k=1
In case 1° one can get only a singular limiting distribution. For if

the limiting distribution is non-gingular the relation
B,
lim = 1
m—

1->00 n

holds. Hence taking into account our definition of B, we shall have

n+l

2 My M,
lim#2 = 14lim - =1

k=1 k=1

The last relation implies

which contradiets 1°.
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Let us consider case 2°. There exists such a sequence %(n) that

M,
lim _‘_’:fiw —az> 0.
N—r00
P:c(n)kzl My

(If such a sequence does not exist, then there is no limiting distribution, )

Let us take
U= Uy == __]‘.{.’“%’E@,
Premy 2 i,
=1

We have
k(n) k)
. ZZ Mg > M,
Lim , (tny+ 0) = lim —=2—— < lim*=L

Nn—0

D n
N300 kg] _Mk ’IT:—)DQkZ‘ Mk
= =1

73‘)

Prmy M

= lim =1 . Mk(") = 0-a® =
)

1= o
We should tl 1en get onl Yy a lix nitin, distributbic on with t 16 Iunction

Klu) = 0 for u<a,
1 for wu>aq.

Now this is impossible since for the distributi
N . stributions of th -
tion K(u) is continuous for w %0, ? class £ the fune

I we assume that Q(n) = N(n), then in a similar way we prove

that in the limit istributi ; s
of the form one can get only a distribution with the function X (u)

0 for w< 4,
K(%)=1—P for A<u<0,

1 for  w>o0.
In the case of M(n) = N(n) we get

i((u): 0 for % <0,
1 for w>0.

e ©
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In the general case, when the number of elements in each of the
sets P(n), Q(n) and M(n) diverges to infinity as n — co, the indices
%(n) which belong to M (n) give at the point u= 0a jump A=1—r—p <1
and the other indices give for u < 0 and for u > 0 the arc of a parabola.
Consequently we get a limiting distribution with the function K (u)
given by formula (2). The ides of the proof in the general case is the
same as in the particular ease under consideration. We thus have pro-
ved that

(6) RC K.

Now we shall prove that 9 C ®. Let us take an arbitrary fune-
tion K (u) of the form (2). We shall show that one ean so choose the two-
~valued random variables X, X,,... that Kolmogorov’s function of
the limiting distribution of sequence (1) (with 4,, B of the form (3)) is
equal to our function K (u).

Tet us suppose first that » 520, u 7% 0. Let us write the set R(n)
(see p.297) in the form N(n) = P(n) v Q(n) v M(n).

Tet us denote the elements of the set P (n) by ki, _kz, vons Fgpmy and
the elements of the set Q(n) by Iy, oy ..ry Ly Leb us put

p{n) 2 [mv].

Let us further define k; as being equal to the smallest positive inte-
ger & for which [kv] = i. Let us denote the elements of the seb
NN\ P(n) by my < mp < oo < Ma—gpmy - Let us put

p(n) & [nu].

T p(I—1) = i—1, p(l) =14, we put

li g_e__: ml_wm .
Let us observe that
. p(n)
@ ﬁ w !
)
(8) N300 k2 )

Let us now suppose that for an integer s
[(n—s—1)»] = p(n—s)—1,
[(n—8)»] = [(n—s+1)»] = ... = [m] = p(n—35),
[(n+1)y] = p(n—s)+1.
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We thus have Fyu_g =n—S8, kyusy =n+1,
(i=0,1,...,8—1). It follows that sy < 1,i.e. s <1/
Let us find the limit lim k(il,(m /n. For fixed n one can find such an
N300

kqp(n—i) =MNn—-8

integer s that Fyyu_g =n—S$ (we do not asqume now that koa(n) = n).
‘We have
1
42—7 <N—8 = kp—g) < Fpmy SN,
whence
k,
(9) lim—2 1.

nao0 M
Let us now suppose that for an infeger s
[(n—s—1)u] = p(n—8)—1,
[(n—s+1)p] = ... = [nu] = p(n—1),
[(n+1)u] = p(n—s)+1.

(10) [(n—s)u] =

We thus have lyu_g = Mu_s_pm—s) bpmt1) = Mnr1- w(n+1)7 lw(,,ﬂ) =
= Mp_g_gm—y (¢ = 0,1,...,8~1). It follows that su <1,

(11) f< =,
72
Let us now suppose that for an integer r
[(n—1)p] = [w] <[(n+1)] <... < [(n+r)r] = [(n+7r+1)v].

We thus have gn—1)=¢n) <on+l)<..<emn+r—1)

< g{n+r) =gpntr+1), [(nd+r+1)v]=[(n+r)»] = [m]+7r, whence
r>r—1,1.e.

1
(12) < 1"

Let us find the limit lim lw(n)/oi. For fixed »n one can find such
N—>00

an integer s that I, g = My_s_pm—g) 04 such an integer r that
My gpopin—s—r) = B—8—7. In view of (11) and (12) we have

n———

1= <=8 =T =My pr—s-1) < Min—s_pin—s)

h = lw(n—s) < lv(n) K M) <,

‘whence

(18) Yim Zw(")
00

o g,
n

icm®
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‘We shall now prove that ul,—k (k < y(n)) is (with # — co) boun-
ded. One can go choose %', s and r that & = y(k') and

Iy = l'w(k’) < lw(k'+c) = Mgty g gk’ 1-8) < Mps 8 pr—o(k'+a+1)
1 1
=Koty <Fd .
Similarly # Y
T S S
‘ I 1—=»
Consequently we have
ph —1— = <yl k< g1+ E k.
1—» 1—w
Since k = p(k') = [k'u], we have
“ @
14 —1—— K —[uk']—1— ——
(14) 1, S —Luk]— i
< ple—F < pk'— [/ﬂo’]+l+——-— 1+1—.

Now we shall define the two-valued random variables X,,X,,...
(i. e. we shall define p, and z,,) There exist of course sueh integers i,
and ¢, that B2;—1 > 0 for 4 >4, and 42},—1>0 for &« >¢;. Let us

put
L 1< B tor 1 <i<i
B, TSI YRy ST
(18)  py, = 2y = .
1 P> _Bh s i
sz‘ for ¢ = Y Vlﬁﬁci——l = gy
for 1<i<i A% e 1 <i<d
or % PR S
Azll-l x? 1y I/Z{l.,-lj = 13
(16) @, = 2y, = e
. - £
I, for 4 > iy, mﬁ for @ =14y,
@n  pe=% #m=2 for EMn) =RNm)N\(Pn)vQ(n).
The random variables
Xy — E(Xy)

Eur = (k=1,2,...,m)

2\ D*(Xy)
k=1

Studia Mathematica XVIIL 20
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are of course uniformly asymptotlca]ly negligible.- Let us write as before
My, = #iprpgs. The function

n o
ZZ fwzdpnk

k=1 —

can be written in the form

where

E) () =

EP(w) =

K, (u) = EP (u)+ K (u)+ KD (w),
$
2 7y D i
= for O0<u< 1 diy ,
Z=‘1 ‘Zl/jf Dry Z l'[j'
@(n) 1

g —
2 My
=1 o
for l/ M’zq_"l_< u < My ) Byt
n ’
Piy 2 My Piyyy O M
< f=1
LT
2 Mk,pkj+2 My, g, T
for  w> Fip(n) Lgn)
n ?
:IZ='1M:; Doy 2 My
0 for w< — ]/ M’w(%)p ’w(n)
0 ,Zjl a;
LTI

2 Mlipli r -
A for _l/ ————Mzﬁplk <u < — My Py
. n ’

2 My qlkiz‘ M Uy Z; M,

icm
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min ( — 2, py)
o for o < BB
S
EP(y) = N
() k%ﬂ)(Mka“f—Mkpk) Max 2,
% for u> Wil_,
M,
2, M V 3,

307

In the sequel we shall use formulas (15)-(17) (let us observe that

now Mp=1for k=1,2,

...). We shall prove that

0 for <0,
(18) E®(u) =ImEP@) =] 2w for 0<u<B,
N300 .B2
v for > B.
Sinee
()
o) o) 1 . 1
M ot (G —1) -
1‘§1 ks Py _ 1.2_; iy _ 72,10 By By A
< " n = B
2 My
f=1
where ¢ = const, lim a, = 0, we have
n—00
o(n)
1211 My im L o
(19) lim ——- = 2 Py =0,
N0 M 00 % =1
whence K™ (u) =0 for u < 0.
In view of (9) we have
mM"@(”)i"”‘“)= ) (1# 1 )___ B
n BFtyn)

n—r00 Y 00
pkw(ﬂ) gl‘]l[.’/

and in view of (7)

$ oty S
1y Py s Qs n
limf=l . f=1 — lim @(n)

ZMj o

J=1
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Thus we have K®(u )= for u > B.
Let us now take

Ugyy, = My Gy _ By — 1
kl(n) P —— _‘”'
DPliygyy 7'211 My .

and let im ky,, = 0. We have
N0

o) i) 1
2 Dyt 2 (L) — vhoygmy | 1— -
2T 2 1

R v
Kgs) ('u‘kl(,,) +0)— f{uil(n) = I

According to (19) and to the definition of %; we have
1
i (B) Pt b lm =
?hm {Kn (U + 0} — ﬁukz(n)} = lim - {Un) — vy} = 0.

Formula (18) is thus proved.
In & similar way we obtain in view of (8), (13), (14)

0 for w< 4,
(20)  E®(u) = HmED(u) ={ p— %uz for A<u<0,
N—>00 L
u for w>=0.
Eventually, since
> M
lim ke‘.l;:(n) — lim n—p(n)—p{n) =1—v—p,
A—p0d 2 .ZlIk N->00 n
k=1
we obtain
0 for <0
(21) E®(4) = im KD (u) = vsh
n—+o0 1—y—pu for w>0.

In view of (18), (20), (21) im XK, (w) is equal to our function K (u).

N—00
We have assumed that » # 0, u 5% 0. In order to obtain » = 0 (respec-
tively x = 0) one can put P(n) = 0 (respectively £ (n)= 0). In the limit

we can then obtain every function of the form (2), i. e.

(22) xACR.

From (8) and (22) it follows that R = 9. Our theorem is thus pro-

ved.

B z7“"1(70
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