On Cauchy’s condensation theorem
by
A. ALEXIEWICZ (Poznan)

Let us write a, = n if n = 2* (k =1,2,...) and a, = 0 elsewhere.
Cauchy’s well-known condensation theorem (test) states that if {,} isl
a non-increaging sequence with non-negative terms, then the series
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converge or diverge simu taneously. In this paper we determine all the
sequences {a-n} with non-negative terms for which the above proposition
is valid. To be precise, we shall call the sequence {a,} with non-negative
terms effective for monotone series if, for every sequence [ﬁ‘n] with non-in-
creasing non-negative terms, the convergence of either of the series (1)
implies the convergence of the other one. We prove that the sequence {a,)
is such if and only if
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This shows that in the generalized Cauchy’s test with
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the hypothesis
]in_:_l (aﬂ+1—a71r) (an_aﬂﬁl)”l >0
N—>00
is indispensable.
We also give the necessary and sufficient conditions for one-side
implications of the convergence of the series (1).

1. In the sequel a = {a,} will denole a sequence of non-negative
numters such that a, £ 0. By %(a) we shall denote the set of all sequen-
cest = {r.n} tending to 0 for which there exists a non-increasing sequence
{ea} such that |2, <&, and
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Under the usnal definition of addition and multiplication by scalars,
% (a) becomes a linear space. Let us write, for re%X(a),

un(®) = s {|2a]; Tngal, -},
then the sequence r is in ¥(a) if and only if

@ S tasialp) < oo.

n=1

Hence %(a) may be considered as the space of all sequences f = {a’,,}
for which the series (2) converges. The sum of the series (2) defines in
% (a) a functional ||g]| which obviously has all the properties of the norm,
moreover, as may easily be verified, the space (X(a), | |[> is complete,
whence it is @ Banach space. We shall need some properties of this space.

Levwma 1. If @, >0, &, 0, and

o0
2 Uy &, << ©0,

) n=1
then
N0
This is a trivial generalization of the well-known theorem of Oli-
vier.
Given any element [ == {r,} of %(a), the element
= {2y, .00 2, 0,0,...}
is also in %(a). Since
=l = (@t Fa @)+ D) am(@),

{i=n+1

we deduce from the fact that
lim /"n(g\) =0
NnN—00

for every re%(a) and from the Lemma that
lim fr—g™f = 0
n—-00
for every teX(a); this implies that the space (X(a),|| > is separable.
Now, we wish to determine the general form of linear functionals

in <¥((a), || II>. Let & be such a functional, and let g, denote the n-th
unit vector. Then

£(r) = Zbﬂn where b, = £(8,)-

na=1
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To characterize the sequence {b,} we shall first compute the norm of the

functional
k
= 2 by, .
=l

Since

gl = sup | Zb %),

Nl | o1
and sinee &, = +1,re¥(a) implies £, = {fun (1)} €% (a) and [z] = |5,
we see that

el = sup yib @, = sup 2 (bl (2
llzll<1 n=1 sl <1 1 )
whence [|&| is equal to the supremum of
k
D [bul pn(2)
=1
under the condition ||| = 1.
‘We shall prove that
AU b -1b
& __max(! i B4l k[)_
6 Gtay -ty

This immediately follows from
Levwma 2. Let by, = 0; then the supremum of the sums

k
2 bny

n=1

under the conditions ©, > 2, > ... = x,
is equal to

20, a@+oao+... oz, =1

ax (bl by +by

b1+...+bk)
aﬁ—a,

" Ot o )

Proof. Let Q be the subset of E¥, the space of k-dimensional eucli-
dean vectors, composed of those elements t = {a,...,a,) for which

By 28y = a2 0, a8, +a,2,+. .. +a,w, = 1. This get is evidently
closed and convex. Leti us now write

...,1,0,...,0}, cn=mn, b = Cnln-
—
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Then, for every re 2,

Iy—Ty
0,
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L =— it —— G1lpat...+
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+w+...+w = ﬁ+¢z(L_'l,‘)+~--+Tk(i" 1 )

Cx Cp—1 51 51 (47 Cp—1

2y

= G+ 0Tyt .. Fapty =1,
and 3,...,36 Q2. Thus every reQ is of the form 2;3,+228:+...4+7kdx
with 4; > 0, ;;+...+4; = 1. Since the elements 3, are linearly indepen-
dent (for ¢, # 0), {31, ceey 3k} is the set of all extreme points of the set
2. Since the linear functional ¢(r) = by@;+bs@s+... by assumes
its extrema over @ in the extreme points of 2, we get

sug)!qo(z)l =max [p(%), #(a); -+, P(&)]:
Te

from which the statement of the lemma follows immediately.
These considerations lead, by a familiar procedure, to

THEOREM 1. The general form of linear functionals in (X(a), || |I> s

o
o
= Z bn 2y s

=1
where

) [by] 4. . 1Bl

n=lg,.. O... 10y
the last number being equal to the norm of &.
‘We infer

THEOREM 2. In order that the series

Z by, @y,

be convergent for every ¢ = {m,,} eX(a) it 13 necessary and sufficient that the
inequality (3) be satisfied.

Let us denote by %°(a) the space of all bounded sequences t = {a,}
for which

el
2. tniin(®) < 00
n=1

Then %*(a) is a Banach space under the norm defined by (1). It is obvious
that if .

" lim a, > 0,

A=r-00
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then

lim p, (1) = 0 for every re%*(q),

n—0
whenece %" (a) = %(a).

2. Let ¢ = {1,1,...}. Then ¥(a,) is the space of all the sequences
which ean be majorized by non-decreasing sequences with convergent
sums. Since ¢ is in ¥(a,) if and only if {u,(z)} is in %(a;), we get, by
Theorem 2,

TeEEOREM 3. The series

)

O, &p,
n=1
)

converges for every convergent series )&, with non-increasing terms if and
only if =l

sap ot Fa, < oo

n=12,.. 1

The assumption a, 750 with regard to the space referred to in the
proof is inessential.
Now we ask what the sequence {an} with non-negative terms must
be like in order that
00
2 A, &y, << OO
n=1

oo
imply nz_l% < oo forevery sequence {e,} with non-increasing terms. The

assumption a, 7 0 does not restrict generality.
TesoREM 4. Let a, = 0. The sequence {a,} is such that

o0

2
Z Uy 8y, << 0O
n=1

implies
0

2£n<oo

=1
for every  sequence {an} with non-negative, nom-increasing terms if and
only if
lim
N—>00

Proof. Necessity. For every p — {#n} €%"(a) the convergence of

0
2 iy, B,
n=1

al—{—...—!ﬂ\ 0

n
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Lo
implies the convergence of Y a,. A fortiori this is satisfied for every
n=1

re%(a). By Theorem 2 we must have

lHma(ay+...+a,) " < oo.

N->03

To prove the condition sufficient, note that
lima "t (ay4... ) > 0
00
implies
Ean >0,
N—00
whence %7(a) = %(a). Then we apply again Theorem 2.
Theorems 3 and 4 yield
TaeoREM 5. The sequence {an} is effective for monotone series if and
only if
Gty <Tim Gt
n f-sc0 n

0 < lim

n—c0

The following proposition is an obvious generalization of Theorem 5.
Let a, > 0,0, >0,

ﬁan > 0.
N—00

The sequence {b,} is such that the convergence of either of the series
o0 o0
y O Eny Z b en
n=1 n=1

with non-negative non increasing &8 implies the same for the other
series if and only if

S S — W F... T
0 < Hm ATl < lim _11'___7'__"_< co.

iSe b1+...+l}n ey b1+---+bn
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