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On a theorem of Saks for abstract polynomials
by
J. ALBRYCHT (Poznai)

The purpose of this Note!) is to generalize a theorem due to A. Ale-
xiewicz ([1], Theorem 1) dealing with the structure of linear operations
depending on a parameter. Because of the close connection of this Note
with paper [1] I use throughout the definitions adopted there.

In particular (T',€,u) denotes a measure space, on which pis o-ad-
ditive and p({T)<<co. U(z,t) will stand for an operation from X XT to an
F-space ¥, with the following properties:

1. U(z,t) is Bochner measurable for fixed z;

2. U{w,t) is a polynomial of degree m in x for fixed

3. z—>m, implies U(w,) 3 U (26,1)

(unlike [1]).

For a set RCY we shall denote by @(x) the set of those elements
t for which U(z,t)eR.

It is easily seen that Lemmas 1 and 2 of [1] still hold in the case
congidered now.

The following Lemma will be proved in place of Lemma 3:

LemMA. Let the set RCY be linear and measurable (B). If the set

W=E{(H—0(w)<e|

" 48 of the second eategory, then the set

V=FE{u(H— O(z)<(m-+1)e}

8 residual.
Proof, It is known ([2], p. 50-51) that we can represent the poly-
nomial operation U(z,t) in the canonical form

(1) U(myt)zUo(m;t)+U1(m7t) + ... +Um(w71')7

1) 1 am indebted to Professor A. slexiewicz for his help in ‘the prepara-
vion of this Note.
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where Uy(®,t) (k=0,1,...,m) is a homogeneous polynomial (power) of
degree %k, moreover

. (2) Up(@, 8y =ap U (0 2,8) + 0, U (1 - 2, 8) 4 ... + O U (- 2,8),

with a; independent of U,z and 4.
Setting for every set RCY

O ()= {Uk(nt)eR} O(ka)=B|U (kz,t)eR),
i .

we obtain from (1) and (2)

m

kﬂo@c(m)C@(m), DOQ(iw)C@k(W),
and therefore

- @(m)CkL”J (H — 6 (kn).

Then for te(\O(kz) we have

k=0
(3) uH—B(z )< Z/L(H O (kz)).
Since the set W is measurable (B) and is of the second category, there

exists a sphere K (0,r) with centre 02) and radius r in which this set is
residual. Therefore

K0, —MCW,
where M -denotes a set of the first category. Sebting
m 7

. N=J kM 3), K=K(0,—)-—N
.. k=0 m . .
we see that if xe K then

kwe K (0,r)—M for k=0,1,...,m.
Since we have KCK((),a) MCW, therefore 1f zell, then ,LL(H @(kw))<s
for k=0,1,...,m. By formula (3) this gives: if weK,t¢ ﬂ@(kw then
k=0
#{H—O(@))< (m-+1)e. Therefore
K CB{uH 0 () <(m+1)e}.

%) In the contrary case it is sufficient to consider the polynomial operation
Ut )= Udw . 2o, 1)- ) v !
) kM denotes the set of elements ke where ze M.
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Since
m
Uz, t)= S Uy (2,1),
k=0
we have, for 170,

m [
Aa et

Therefore, for A sufficiently large,

mn

WH— @a:))<2y(H o3 ))<(m+l)£,

This Lemma being proved we see that Lemma 4 of [1] is also true
in this case.

Now we can prove, in the same way as in the paper of A. Alexie-
wiez, the following

THEOREM. Let the set R be linear and measwrable (B). Then there
exists a decomposition T=A-+B into two measurable sets and @ residual
set ZCX such that

1. U(®,t)eR for any zeX a.e.?) in A,

2. U(x,t) noneR for any reZ a.e. in B.
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4 a.e. = almost everywhere.
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