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Compact endomorphisms of H%(D)
by

JOLRL F. FEINSTEIN {Nottingham)
and HERBERT KAMOWITZ (Bostorn, Mass.)

Abstract. Compact composition operators on H* (@), where @ s a region in the
complex plane, and the spectra of these aperators were described by D. Swanton {Com-
paet composition operators on B(D), Proc. Amer. Math. Soc. 56 (1976), 152-1586). In
this short note we characterize all compact endomorphisms, not necessarily those induced
by composition operators, on H®(D), where D is the unit disc, and determine their
spectra.

Let D be the open unit disc and, as usual, let H%°(D) be the algebra of
bounded analytic functions on D with ||f{| = sup,¢p |F(2)]. With pointwise
addition and multiplication, H°° (D) is a well known uniform algebra. In this
note we characterize the compact endomorphisms of H*(D) and determine
their spectra.

We show that although not every endomorphism T of (D) has the
form T'(f){z) = f(#(z)) for some analytic ¢ mapping D into itself, if T' is
compact, there is an analytic function ¢ : D — D assoctated with 7. In the
case where T is compact, the derivative of 9 at its fixed point determines
the spectrum of 7. :

The structure of the maximal ideal space My is well known. Evaluation
at 2 point z € DD gives rise to an element in Mpges in the natural way.
The remainder of My consists of singleton Gleason parts and Gleason
parts which are analylic discs. An analytic dise, P{m), containing a point
m € Mpyee 15 a subset of My~ for which therg exists a continuous hijection
Ly 2 D — P(m) such that Ly, (0) = m and f(Lm(z)) is analytic on D for
each f € > (D). Moreover, the map Ly, has the form

Ly (2) = w*.
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for some net z, — m in the w* topology, whence

Flln(@) = tim £ (£ )

for all f € H®(D). A fiber M), over some A € D\ D is the zero set in Mjre
of the function z — A. Each part distinct from D is contained in exactly one
fiber M. With no loss of generality we let A = 1. We also recall that two
elements ny and ny are in the same part if, and only if, ||ny —na || < 2, where
|+ | is the norm in the dual space H>(D)*.

Now let T’ be an endomorphism of H*°(D), i.e. T is a (necessarily)
bounded linear map of H®({D) to itself with T'(fg) = T(f)T(g) for all
f,g € H®(D). For a given T', either T" has the form T'f(2) = f(w(z)) for
some analyticmapw : D — D, or Tf = f(n)l for some n € My, or there
exists an m € My, a net z, — m in the w* topology and an analytic
function 7 : D — D with 7{0) = 0, for which T'f(2) = f{Lw(7(2))) (see [3]).
Further, on general principles, if T is an endomorphism of H° (D) there
exists a w* continuous map ¢ : Mg — My with rf’;‘(n) = f((f)(n)) for
all n € Mye. In the last case, ¢(2) = L,(r(2))} for z € D.

For a given endomorphism T, if the induced map ¢ maps D to itself,
then T' is commonly called a composition operator. Compact composition
operators on H* were completely characterized in [4]. However, in general,
Lin(7(2)) need not be in D, and so not every endomorphism of H* (D) is
a composition operator. It is these endomorphisms that we discuss here.
Trivially, for any n € Mg \ D, the map T defined by Tf(z) = A(n}l
is a compact endomorphism of H* (D) which is not a composition opera-
tor.

Now let Ii(m) be an analytic part and let T be an endomorphism defined
by Tf{z) = f (Lm(rﬁf))) as discussed above. Also suppose that ¢ : My —
Mpe is such that T'f = fo¢. Assume that 7" is compact. We claim that
7(D) is a compact subset of D in the Euclidean topology. Indeed, if we regard
the endomorphism T as an operator from H “(D) into C(Mpgoeo), then T is
compact if, and only if, ¢ is w¥* to norm continuous on Mre (see [2]). Since
M is itself compact and connected (in the w* topology), ¢(Miroe) must
be compact and connected in the norm topology on Mpyes, and 50 ¢ maps
Mg into a norm compact connected subset of P(m). Therefore the range,
¢(D) = Ly (7(D)), is contained in a norm compact subset of P(m), and
further, since L! is an isometry in the Gleason norms on F(m) and D (see
1)), 7(D) = L1 (¢(D)) is contained in a compact subset of D in the norm
topology on D. Since the norm, Euclidean and w* topologies on D coincide,

Z(D) is a compact subset of D in these three topologies. As a consequence,

icm

Compact endomorphisms of H® (D) 89

Next consider two maps of H*{D) into itself. The first, Cr,., is defined

by CL,.(f)(z) = f(Ian(2)), and the second, C-, by Cr(f)(z) = f(v(2)).
Then (Cr,,oCr)(f)(2) = Cr,, (for)(z) = fo 7(Lm(2)) and (CreCy, )()(2)
= {Lm(r(2))) = Tf(z). But if B is a Banach space and §; and S are any
two bounded linear maps from B to B, the spectra satisfy ¢{515,) \ {0} =
7{5250) \ {0}. Thus we see that o(I)\ {0} = ¢{Cy,, o Cy) \ {0}

Since f is analytic on a neighborhooed of the range of 7 ﬂh\i(;h is a sub-
set of D, a standard functional caleulns argument gives for{Ly,(2z)) =
FF(Ly(2)). I we lot p(z) = T(Ly(2)) we see that Cp,, o Cr is a compact
composition operator in the nsual sense, and so if 2y € D is the unique fixed
point of 4, and N is the set of positive integers, then o(T) = {(¢'(20))" :
n € N} U {0,1}.

To summarize, we have shown the following.

TuroreM. If T' is a compact endomorphism of H™ (D), then either
T has one-dimensional range, i.e. Tf = J?(’I’L)l Jor somen € Mye, or T
is a composition operator in the usuol sense, or T has the form Tf(z) =
Fllm(7(2))) where 7 43 described above. In the last case, there is a compact
composition operator Cy such that (1) = o(Cy) = {{(#'(20))™ : n € N} U
{0,1} where zy € D ds the unique fived point of .

We conclude with two examples showing differences between composition
operators and general endomorphisms.

(a) With the same terminology and symbols, suppose 7 is constant on
P(m), i.e. T(P(m)) = {T(m)}. Since T is compact, 7(m) € D. Then using
Cr and Cf,, as before, we show that T°f = f(n)1 for some n € P{m).
Indeed, (C'r,,, o Cr)f = f{to)1 where tg = T(m) € D. Then we see that

T2f = [(Cr o Cy,) 0 (CroCp))f = [Cro{CL, 0Cr)oCL, S

= [Cr 0 (O, © Ur‘)}(.f” Lm) = Gﬂ'(f(-‘-rlm(t()))l) = f(Lm (tﬂ))l'

Letting n == [, (ty) gives the rosult,

One way to have ¥ constant on P(m) is for » to be continuous at 1 in
the usual sense.

A more interesting example, perhaps, is to define 7 by

L pn @13/ (-1
T(N):éza( 1/ (a1)

i

and m € My~ as the w* limit of a real net @, approaching 1. Then
- . 24 To \ _
(L (2)) = ]1(11;.17(1 T Eaz) =0,

and so T2f = f{m)1 for all f € H°(D). In both cases, o(T} = {0,1}.
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(b) Finally, let {z, } be an interpolating Blaschke sequence approaching 1
21 = 0}, with m in the w* closure of {2z, } and B the corresponding Blaschk(;
product. If 7(z) = }B(z), then it is well known [3] that (T o L,,)'(0) =
1(BoL,)'(0) # 0. This, then, is an exampie of a compact endomorphism of
H*®(D) which is not a composition operator but whose spectrum properly
contains {0, 1}.
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The triple-norm extension problem:
the nondegenerate complete case

by
A. MORENO GQGALINDO (Granada)

Abstract. We prove that, if A is an associative algebra with two commuting involu-
tions 7 and m, if 4 is a T-m-tight envelope of the Jordan Triple System T := H (4,7)N
S(4,), and if T is nondegenerate, then every complete norm on T making the triple
product continuous is equivalent to the restriction to T of an algebra norm on A.

0. Introduction and preliminaries. The classification of prime Jor-
dan Triple Systems (JTS) is essentially due to E. I. Zel'manov ([Zel2], [Zel3]
and [Zeld]). Later Zel'manov’s ideas have been clarified and completed in
[D’A], [ACCM] and [D'AM]. In the Zel'manov classification of prime non-
degenerate JTS’s, triples of the following form became crucial. Take an as-
sociative algebra A with two commuting involutions 7, w, put

H(A,7)={acA:a" =d} and S(Am):={acd:a”= —a},
and consider the JTS T := H(A,7) N S(A, =) under the triple product
{zyz} = 3(zyz + zyx).

Let A and T be as above. If || - || is an algebra norm on A, then, clearly,
the restriction of || - || to 7' is a triple-norm on T, i.e., a norm on the vector
space T making the triple product of T continuous. The converse question is
called the triple-norm extension problem [Mor2] (S3NEP for short), namely:
given a triple-norm ||-|| on T, is there an algebra norm on A whose restriction
to T'is equivalent to || - |7 To have some possibility of an affirmative answer
to the above question, it seems reasonable to assume that A is a T-m-tight
envelope of T', which means:

(i) A is generated by T', and
(ii) every nonzero T-r-invariant ideal of A has nonzero intersection
with 7.
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