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Nonclassical interpolation in spaces of smooth functions
by

VLADIMIR I. OVCHINNIKOV (Voronezh)

Abstract. We prove that the fractional BMO space on a one-dimensional manifold
is an interpolation space between C' and C'. We also prove that BMO! is an interpo-
lation space between C' and C?. The proof is based on some nonclassical interpolation
constructions. The results obtained cannot be transferred to spaces of functions defined
on manifolds of higher dimension. The interpolation description of fractional BMO spaces
is used at the end of the paper for the proof of the boundedness of commutators of the
Hilbert transform.

The aim of this paper is to prove the interpolation property of the frac-
tional BMO space between C' and C', which was announced in [7]. Tt is
well known that these fractional BMO spaces, being particular examples of
Lizorkin—Triebel spaces, cannot be reduced even to the generalized Besov
spaces. So we enlarge the family of interpolation spaces between C' and C.

The same can be applied to the pair C and C? and we conclude that
BMO® is an interpolation space between C' and C2. So we find a natural
substitute for the space C'!', which itself turns out not to be an interpolation
space between C' and C? (see [4]).

The dimension of the manifolds where our functions are defined is im-
portant. It turns out that the fractional BMO spaces on a 2-dimensional
manifold are not interpolation spaces between the corresponding spaces of
smooth functions generated by the L,-metric.

The work consists of six sections. In the first section we describe the
spaces whose interpolation properties are discussed in the sequel. In Sec-
tion 2 we introduce the Hilbert interpolation functor. This interpolation
construction is used in Section 3 in the proof of interpolation of the frac-
tional BMO space between the spaces of bounded and Lipschitz functions. In
Section 4 we consider other nonclassical interpolation constructions, which
yield the same interpolation spaces. These results allow us to prove in Sec-
tion 5 that the fractional BMO space is an interpolation space between the
spaces of continuous and continuously differentiable functions. Finally, in
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204 V. I. Ovchinnikov

Section 6 we consider one application of the functorial description of frac-
tional BMO spaces to commutators of the Hilbert transform.

1. Spaces of smooth functions. Let M be a one-dimensional Rie-
mannian manifold with boundary, i.e. M is either an interval, a semi-axis,
the real axis, or a circle.

As usual we write Lo, (M) for the space of all bounded measurable func-
tions on M with the standard norm

£l Loc (ary = ess sup | £(2)]-
teM

If k is a natural number, let L% (M) denote the space of functions whose
generalized derivatives of order k belong to L. (M). Denoting by D the
operator of differentiation, we see that f € Lk (M) if D¥f € L. (M), and
we introduce a norm on L*_(M) by

k-1
1 fllx ary = Z 1™ (to)| + ID* fll 1o (ar)
n=0

where ty € M.
The space L (M) coincides with the space of functions such that D*~1! f
is a Lipschitz function, i.e.
[DETf () — DR (s))

su < 0Q.
i [t — |

Obviously, for an interval or a circle this space consists of bounded func-
tions, so L* (M) coincides with the Sobolev space constructed with respect
to the uniform metric. In the case of a noncompact manifold the space
Lk (M) contains unbounded functions, and Lo, (M)NLE (M) = WE (M) is
not closed in L¥_(M).

If we use the standard duality defined by the integral

(f.9) = | F(t)g(t) dt,
M
we see that Lo, (M) = Li(M)*. Furthermore, Ciesielski and Figiel (see [3])

o

showed that L¥_(M) = (WT®(M))*, where W1 *(M) is the closure of the set
of smooth functions on M which vanish in a neighborhood of the boundary
and infinity, with respect to the norm

lgll = sup | £(£)g(t) dt,
F oM

where the supremum is taken over all f € L% (M) and || fllox () < 1.
Hence {Loo(M), Lk (M)} is dual to the pair {L; (M), W*(M)}.
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Recall that the space BMO(R) consists of locally integrable functions f
on R such that

SUP S\f() foldt < oo where fg =

1
!Q\ )

and () runs over all finite intervals in R.
Let bmo(R) denote the nonhomogeneous BMO space (see [14]), which
consists of functions such that

g1 L) - Jelat <o and - sup g |

Denote by bmo®(R) the space of Bessel potentials of order « generated
by functions from bmo(R). That is, if we put, for a € R,

Jof = F A +[E2) 2 F(€))

where fis the Fourier transform and F~! is the inverse Fourier transform,
then bmo®(R) coincides with the image J,(bmo).

It is shown in [12] that f € bmo™(R) for 0 < a < 1 if and only if
f € bmo(R) and

VI1£(t)]dt < oo

sup

[f(t+s) — F@)P

‘S‘1+2a

(1) A = Sup dsdt < oo,

\Q!S S

Q |s|<1Q
and for 0 < a < 2 if and only if f € bmo(R) and

1S S |f(t+2s) —2f(t +5) + f(t)|?
@l Q [sI<IQ st =

where Q runs over all finite intervals in R.

As the conditions (1) and (2) have metric character, they can be formu-
lated on a Riemannian manifold M. This allows us to consider the space
bmo® (M) of functions f € bmo(M) satisfying (1) or (2) on the correspond-
ing manifold, equipped with the norm

(2) A= Sup dsdt < oo

[ fllbmos (ary = I lbmo(ary + A1
for0<a<1,or

| £ lbmo=(ary = [ f lbmo(ar) + A2
for 0 < a0 < 2.

It is well known (see [14]) that bmo®(R) C L (R) for o > 0. Thus, con-
ditions (1) or (2) plus boundedness mean that the corresponding functions
belong to bmo”(R). A similar statement is true for bmo”(M). Note also
that bmo®’ (M) turns out to be an intermediate space between Lo (M) and
Lk (M), and between Lo, (M) and LE (M) N Lo (M) if 0 < § < 1, that is,

LE (M) N Lo (M) € bmo*® (M) € Loo(M).
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2. The Hilbert functor. In the sequel we use standard notions and no-
tation from interpolation theory (see, for instance, [1]). Solet X = {X¢, X1}
denote any Banach pair.

Let H = {Hy, H,} be any pair of Hilbert spaces. We denote by Hy
an intermediate space of this pair constructed by the Calderén complex
method of interpolation, that is, Hy = [Hy, H1l]p. It is known that the space
Hy turns out to be a Hilbert space, and the family Hy, where 0 < 0 < 1, is
a unique scale of Hilbert spaces connecting Hy and H;. The same scale can
also be obtained by the Lions—Peetre construction, i.e. Hyg = (Ho, H1)g 2
with equivalent norms.

DEFINITION. By the upper Hilbert interpolation functor we mean the
maximal extension of the functor Hy = Fyp(Hp, H1) from the category of
all Hilbert pairs to the category of all Banach pairs. We denote it by
<X0, X1 >9’2 .

In other words, = belongs to (X, X1)%? if x € Xy + X; and

sup [T]| , < o0

where the supremum is taken over all linear operators mapping X into any
Hilbert pair H and ||T||x,—m, <1 (i =0,1).

The maximality and the equalities Hy = [Hy, H1]® = (Ho, H1)p2 im-
ply at once the imbeddings of (Xo, X1)g2 and [Xo, X;]? into (Xo, X1)%2.
The upper Hilbert functor yields a power transformation of weights for one-
dimensional pairs. This means that the characteristic function of this func-
tor is equal to s17%%. Hence (X, X1)%2 C (X0, X1)g.00- It is easy to see
that no imbedding mentioned above can be improved on the category of all
Banach pairs.

The description of the spaces (X, X;)%2 by means of all pairs of Hilbert
spaces may happen to be inconvenient. Obviously, the following reductions
to finite-dimensional weight pairs are possible.

Denote by 12 (27%) where 0 < # <1 and N € N the space of sequences
{&,}N__  with the norm

N /

(3 del2?) "

n=—N

PROPOSITION 1. The space (Xo, X1)%2 consists of those x € Xo + X1
for which
Sup U (&) g (2o < o

where the supremum is taken over all N € N and linear operators U : X —
{1315 (27™)} such that Ul x,—1y (@-niy < 1 fori=0,1.
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PROPOSITION 2. Assume that a pair {Xo, X1} is dual, i.e. X; = Y
(i = 0,1) where {Yy,Y1} is a regular Banach pair. Then x € (Xg, X1)%2 if
N

sup 3 (27 ful(@)])? < o0
N7fn N

where f, € YoNY7 is such that
N

swp 0 7)) <1

llzllx; <1, "N

n=-—

fori=0,1.

In other words, it is possible to take the supremum in Proposition 1 over
dual operators only.

Finally, we consider one more restriction on the set of operators which
are used in the construction of the Hilbert functor.

PROPOSITION 3. If a pair { Xo, X1} is dual, i.e. X; =Y;* (i =0, 1) where

{Yo, Y1} is a regular Banach pair, and K C XoN X1 is a finite-dimensional
subspace, then x € (Xq, X1)%2 if

N
sup Y (27| fu(2)])? < oo,
N?fn n=—N
where f, € YoNYy, fn(K) =0, and
N

2—ni " 2 < 1
o ZN( |fn(2)])

1= N=—

fori=0,1.

3. Interpolation theorem. We now apply the upper Hilbert interpo-
lation functor to interpolation of fractional bmo spaces.

THEOREM 1. For any one-dimensional Riemannian manifold M and any
0<6<1, k=12 we have

(Loo (M), L*_(M))?? N Loo (M) = bmo*? (M).

Proof. We give the proof only for the case k = 1; the case k = 2 is left
to the reader. Let (Q be any interval in M. Let us introduce a Hilbert pair
{Hy, H, }, corresponding to @, where Hy = L2(Q)/R is the quotient space
with respect to the subspace of constants, and the norm in Hy is generated
by the integral

3) (& flot0r dt)m.



208 V. I. Ovchinnikov

The space H; is W3 (Q)/R with the norm generated by the integral

L o 1/2
(4) <|Q|§2|:17(t)| dt> :

It is obvious that the pair {L. (M), L. (M)} is mapped into {Hy, H;}.
If we write x for the element of a quotient space corresponding to x, then
120 o < N7l Lo@) < I llo )
1%z, < Sgplfv'(t)l < llzllza (an)-

Hence, by definition of the Hilbert functor,

sup 12N (r10,711)0.» < @l (Loean) Lk, (aryyo.2-

For a unit interval @, the norm in the space (Hg, H1)g,2 can be expressed
in terms of differences, i.e.

~12 g le) —x(s))?
(5) H':UH(H07H1)9,2 - SS |t _ S|1+29 ds dt.
QQ

In view of the homogeneity of the expressions (3)—(5) with respect to
dilation we find that for any interval Q,

~ 1 |z(t) — x(s)|?
2 -

”xH(H07H1)9,2 =l SS It — s|1+20 ds dt,
QQ 5

where the constants of equivalence are independent of the intervals (). Thus,
Loop () —a2(s))? 2
SUP ] ) = LU L [PREININOYLES
Hence, by (1),
(Loo (M), Ly (M))"? 0 Lo (M) C bmo (M)
for 0 < 6 < 1. Similarly using (2) we find
(Loo(M), L2,(M))"? N Loo (M) € bmo®* (M).
It remains to prove the converse imbedding
bmo*? (M) € (Loo(M), LE (M))2.
Again we consider only the case k = 1, and we show that if
1 _ 2
p L (] 20~ 2(5)

Q Q| |t — s['+20

and x € Lo (M), then

QQ

dsdt < oo
QQ

sup 1T () ||, < 00
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where the supremum is taken over all bounded linear operators
T : {Loo(M), L5 (M)} — {Ho, H1}

with unit norms. In view of Proposition 3 we can consider only operators
which are dual and equal to zero at constants. Let T be such an operator.

Dual bounded operators mapping L., (M) into a Hilbert space have
a remarkable factorization property (see, for example, [9]): for any T :
Lo (M) — Hj there exists gg € L1(M) such that

ITal%, < | le(t) g0 (1) dt,
M
where [|gollz,(a) < ¢|T|L. (m)—H, (cis a universal constant). Obviously,
a similar statement is also true for operators mapping from L (M) into a

Hilbert space. For any dual bounded linear operator T : Ll (M) — H; with
KerT D Ker D there exists g1 € L1(M) such that

T3, < \|Dx(t)Pgi(t) dt,
M

where [|g1|, ) < el Ty (ar)—m, -
If we put g = max{|go|, 91|}, then

1Tz, < collzllr,g and [[Tz||mg, < crl|Dzllp,qg)-

Let Ly(g) denote the quotient space La(g)/R where R is the subspace
of constant functions. If W} (g) denotes the space of functions = such that
Dz € La(g), let W4(g) denote the quotient space W3 (g)/R, equipped with
the norm ||§||17{/21(g) = ||Dz| 1, (g)- (Here again z denotes the element of the
quotient space corresponding to x.) Thus,

1Tl = T2 m, < coll@lz, gy, N1T2la = 172w < allZlg, -

Interpolating by the Lions—Peetre method, we see that
1-0 0\~ -
”TxH(H07H1)9,2 < Co cleH(Lg(g),Wzl(g))g,Q'
Thus

Sup Tl e < € o W a0, 72 (0130.2°
It is well known that any integrable nonnegative function may be ma-
jorized by a function of class CT, i.e. by a function which is the limit of
an increasing sequence of simple functions. Each function from C'* in turn
can be majorized by a function which is the limit of an increasing strictly
positive sequence of quasi-simple functions of the form

h(t) = Z CmXQum (1)
m=1
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where @, are disjoint intervals and the length of any @,, except a finite
number is 1. Denote by C™* this new class of functions.

Thus we see that

< x s g .
(6) Sup, 1Tl (#10,11,)0 » < € sup 120 .72 e o
Iz, <1

We claim that

sup [Tl (o, 1), < ¢ sup 7]

~ ’
ITlI<1 Il <1 (L2(h), W3 (R))e.2

where h are quasi-simple functions. Indeed, let h, denote a sequence of
quasi-simple functions which monotonically converges to h € CTT and
|hllL, < 1. It is obvious that ||x|z,,) — llZ|/z.(n), and consequently
H%HZQ(M) — ||z as well as ||2'(| 1, (n,) = 12| o (n)- We now show the

equality

La(h)’

170y, 72y o = o 1 ), 72 0,

All the spaces in this formula are continuously imbedded into Eg(hl) +
Wg(hl). Denote by S° the unit ball in Ly(k), and by SO the unit ball in
Lo(hy). Correspondingly, let S denote the unit ball in Wg(h), and S} the
unit ball in Wzl(hn) All these unit balls are weakly closed in the unit ball
of Ly(hy) + Wzl(hl), therefore all of them are metric compacta.

By assumption,

fjl SO = 8% and fjl %S}L = %Sl

for all ¢ > 0. Therefore
1 pag 1
0,2al) _ 0, +cl
(7) co <S U tS > n|:|1 co <Sn U t5”>

where co(A) is the convex hull of A.
Since co(S2 Ut~1S}) and co(S°Ut~1St) are the unit balls of the K-
functionals

K(t, 7 {La(hy), W3 (hy)}) and K (t, 7 {La(h), W3 (h)}),
(7) implies
K(t, 7 {La(hy), W) (hn)}) — K(t,7, {La(h), W3 (h)})

for 7 € Ly(h) + W2 (h), and the convergence is monotone. Therefore
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), @(hn)}))@
t
LT (EEAL(h), WS ()] ) dt
| )

t0 t

t9

:So< (t; % {La(h

0

Thus
||x”<fz<hn>,va;(hn))e,z - ”‘””('Ez(h»ﬁ/;(h»e,z'
Hence in view of (6),

sup Tzl (s, )0, < ¢ sup NZ 70
IT]<1 (Ho,Hi)o,2 B, <1 (L2(h), W3 (h), 5

where h are quasi-simple functions.

Since
=Y e =Y m|@m|x|g"(|)
m=1

m=1

where @),, are disjoint intervals and zoof em|Qm| < 1, we find

© ol = § lOPbE &= 3 cnlQul |Q B S ()] dt

M m=1 m

1 2
<sup = | [x(t)? di

Q1 4 5
where the supremum is taken over all intervals Q9 of a fixed length ¢ <
min,, | Q|-

Similarly,
1

9) 1217,y < Sélqp 5H$,H%2(Qq)

where the supremum is taken over the same intervals.
Denote by |||z[[[we (@) a norm on the Sobolev space W3*(Q) which is
homogeneous with respect to dilation. For instance,

- 1o () —x(s)
2 _ 2a—1 2
mxH’W;‘(Q) - ‘Q’ g’x(t)’ dt+ ’Q‘ SS Wdtds

for 0 < o < 1, and similarly for other o ¢ N; and

il ) = 1QFP** (@) dt + @ () ()] dt
Q

for a € N.
Let SW$(M, q) denote the space of functions for which the norm

||$HSW,§(M,q) = Sg})|||x|”W2“(Qq)
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is finite. So (8) implies
1017, 0 < Iellswsara
and (9) implies

~ 1
171553 ) = 12 W20y < csup g(qQ\léﬂII%Q(Qq) +12'1Z,qu))

= cllellGw; (v,

Interpolating these estimates, we conclude that
(10) Hi”]—'(fig(h),wg(h)) < C||$||]:(SW20(M,q),SW%(M,q))

for any exact interpolation functor F.

We shall use the interpolation relations between spaces SWg'(M,q),
which can be described with the help of the second complex interpolation
method of Calderén. Namely, we have

LEMMA 1. For any 0 < 0 < 1,
[SW3 (M, q), SW5 (M, q))" = SW5"(M,q),
where the equivalence of the corresponding norms is uniform with respect to
q and M.
The proof is rather standard, so we omit it. However it is worth pointing

out that homogeneity of the norms considered is essential.
Thus for F(Xo, X1) = [Xo, X1]% in (10) we have

H‘%H[zg(h),ﬁg(h)}e < C||x||SW§(M,q)‘

Since for any Hilbert pair, the spaces (Ho, Hi)g,2 and [Ho, H1]? coincide,
and the constants of equivalence of norms depend only on #, we see that

2

Sl}llp H‘T”(/EQ(}L”),W; (hn))er

1 t) — 2
<c sup |QP*! S lz(t)|? dt + — S S % dsdt

20) =2,

1 1
< — t)|? dt —
= csgp Q S\x( )l +su SS It — s[i+20

al) @ 1ar))

If 2 € bmo” (M), then both terms on the right hand side are obviously finite.
Hence

bmo’ (M) C (Loo(M), L, (M))*?,
and
(Loo(M), LL (M))?2 N Lo (M) = bmo? (M).
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Similarly
(Loo(M), L3, (M))*? N Loo(M) = bmo® (M).

The theorem is proved.

4. Other interpolation constructions. The upper Hilbert interpo-
lation functor was used in the proof of the interpolation property of the
fractional BMO space because it looks natural in the given situation. How-
ever, this functor is not well studied, so it would be natural to consider
alternative functors which yield the same interpolation spaces.

The Lions-Peetre construction, applied to the pair {Lo, (M), Lk (M)},
yields the Besov spaces. The fractional BMO spaces are not among them.
The structure of the complex method spaces [Lo (M), L¥_(M)]y remains an
open problem. So we analyze the interpolation functors connected with the
method of orbits.

We consider the interpolation constructions ¢,,(Xo, X1), ©u(Xo, X1),
and G¥ (X, X1), corresponding to function parameters ¢ (see, for example,
[5] or [6]).

Recall the definition of the spaces ¢, (Xo, X1) in the case of (s, t) =
s'79¢% where 0 < 6 < 1.

It is well known that I, (w§~w?) is an interpolation space between Iy (wj)
and I (wy), and {I; (wo), I (w1)} — I (wg~wf) is an interpolation functor on
the category of all pairs of the form {l;(wo), {1 (w1)} with arbitrary weights.
The maximal extension of this functor to the category of all Banach pairs
is denoted by ¢, (Xo, X1). Recall that = € ¢, (Xo, X;) if

woS,:lUIf,T 1Tl g0ty < 00
where the supremum is taken over all weights wq,w; and all operators T :
{X(]aXl} - {ll(w0)7ll(w1)} such that ||T||X1—>ll(u)b) <1lfori= 07 L.
For any Hilbert pair {Hy, H1} we have ¢, (Ho, H1) = Hy (see [6]), there-
fore
(;Du(X07X1) C <X07X1>972
where ¢(s,t) = s' =%,
PROPOSITION 4. For any 0 < 8 < 1 we have

where p(s,t) = 17949,

Proof. Let T : {Loo(M),L* (M)} — {l1(wp),l1(wy)} with unit norm.
By Grothendieck’s theorem the operators 7' : Loo(M) — li(wp) and T :

LE (M) — 1;(w1) can be factorized through Hilbert spaces. This implies
(see [6]) that T can be factorized through a Hilbert pair {Hy, H;}, that is,
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T= 5251 where 51 : {LOO(M),LI;O(M)} — {H(),Hl} and 52 : {Ho,Hl} —
{l1(wo), 1 (w1)}.

If now 2 € (Loo(M),Lk (M))%2, then Si(z) € Hy. Hence T(z) =
S2(S1(x)) € li(wy~ wf), and

1T (@)1, wr-2wey < Cllell o ), Lk, (o2
Thus x € ¢, (Loo (M), LE (M)). Therefore
(Loo(M), L, (M) C gy (Loo(M), IE (M),
The proposition is proved.

Now we turn to the functor G¥(Xg, X1) (see [6]) where p(s,t) = s* =47,
The space G¥(Xo,X1) can be described, for example, in terms of orbits
as follows: = € G¢(Xo, X1) if x = T'(ay) where ap = {279} ___ and T :
{li,l(27™)} = {Xo, X1} is such that T% : X§ — Il and T% : X{ — [ (27)
are absolutely summing operators.

It is shown in [8] that for any Banach pair { X, X7} which is dual to a
pair with the approximation property, the space G¥ (Xo, X1 ) coincides with
©u(Xo, X1). The pair {Lo.(M), L (M)} satisfies the conditions above. In-
deed, we have already seen that {L..(M), Lk (M)} is dual to the regular
pair {L;(M), I/Ioffk(M )}. In [3] it was also shown that there exists a com-
mon basis in Ly (M) and W1 (M), which guarantees that this pair has the
approximation property.

Therefore we see that

Gg(Loo(M)7L];o(M)) = (Pu(Loo(M)vL];o(M)) = <LOO(M)7LIZO(M)>972

for (s, t) = s'=0¢9.
PROPOSITION 5. If ¢(s,t) = s17%% then the space o, (Lo (M), Lk (M)
coincides with the orbit of ag = {2"}%___ with respect to the bounded

linear operators mapping {lz,12(2=™)} into {Loo (M), LE (M)}, that is, with
the space
Orb(ag, L({l2,12(27")} — {Loc(M), L, (M)})).

Proof. If € p,(Loo(M), LY (M)) = G£(Lo(M), LY (M)), then z =
T(ap) where T : {l11,11(27™)} — {Loo(M), LE (M)} is such that T* is abso-
lutely summing from (Lo (M))* into lo, and from (LE (M))* into I, (2").
These operators 1T can be factorized through Hilbert spaces and conse-
quently, as already mentioned, the operator T can be factorized through a
Hilbert pair {Hy, H1}, i.e. T = S251 where Sy : {l1,l1(27 ")} — {Ho, H1}
and SQ : {H(),Hl} — {LOO(M),LISO(M)}

Thus z = S2(S51(ag)) where Si(ag) € (Ho, H1)p,00. By K-monotonici-
ty of Hilbert pairs (see, for example, [10]) we have Si(ag) = U(ag) where
U . {lg,l2(27n)} — {HO,HI}-
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Hence z = SyU(ap) where SaU : {la,15(27™)} — {Loo(M), Lk (M)}.
Conversely, if 2 = W (ag) where W : {l5,15(27")} — {Loo(M),LF (M)},
then z = W (ay) where

W {11,127} C {la, 12(27™)} — {Loo (M), LE (M)},

By Grothendieck’s theorem, W* is absolutely summing as it maps the
dual to an L..-space into a Hilbert space. Hence, W* is also absolutely
summing.

Thus 2 € G (Loo (M), LE_ (M)). The proposition is proved.

Recall that the definition of ¢, (X, X1) for (s,t) = 1797 is similar
to the definition of G¥(Xo, X1) where the pair {l1,1;(27™)} has to be re-
placed by {l2,12(27™)}. Namely =z € ¢, (X0, X1) if © = T'(ag) where ag =
{2”9}n_700 and T : {l2,12(27")} — {Xo, X1} is such that 7% : X — [3 and
: XT — [2(2™) are absolutely summing.
Since the dual operator to any linear bounded operator, mapping a
Hilbert space into an L..-space, is absolutely summing, we conclude that

Orb(ag, L({lz, 12(2™)} = {Loo(M), LE (M)})) = (Lo (M), L, (M)).
Thus
(Loo (M), LE (M))*? = ¢y (Loo (M), L%, (M))
= GZ(Loo(M), L, (M))
= ¢m(Loo (M), LE (M)
= Orb(ag, L({l2,12(27")} = {Loo(M), L5, (M)}))
for (s, t) = st %7,

5. Interpolation theorems for spaces of continuous functions.
As usual let C(M) denote the space of all uniformly continuous bounded
functions on M. Correspondingly let C*(M) denote the space of all func-
tions whose k derivatives belong to C(M).

The spaces C(M) and C*(M) are L..-spaces, therefore again by the
Grothendieck theorem we see that an analogue of Proposition 4 is valid, i.e.

@u(C(M),C*(M)) = (C(M),C* (M))?2
as well as
Orb(ag, L({lz, 1o(27™)} — {C(M), L, (M)})) = @ (C(M), L5, (M)).
THEOREM 2. For any k € N and any one-dimensional manifold M,
SDu(C(M),Ck(M)) = <Loo(M),L];O(M)>0’2

where p(s,t) = 17049,



216 V. I. Ovchinnikov

Proof. Obviously, C(M) is equal to the closure of Lk (M) N Lo (M)
in Lo (M). Therefore any operator T : {lo,l5(27™)} — {Loo(M), LE (M)}
continuously maps Iy into C(M). Hence,

Orb(ag, L({l2,12(27")} — {Lec(M), L5, (M)}))

= Orb(ag, L({l2,12(27")} — {C(M), LE(M)})).

Thus

(Pu(Loo(M)7 ngo(M)) = Spm(Loo(M)7 ngo(M)) = @m(C(M% ngo (M))

By the general inclusion ¢, (Xo, X1) C ¢u(Xo, X1) (see [5]), we have

P (C(M), L5, (M) C u(C(M), L, (M),

and consequently ¢, (Loo (M), L% (M)) C @, (C(M), Lk (M)).

The space LY (M) is equal to the Gagliardo completion of C*(M) rel-
ative to Loo(M) + L* (M). From the general property of stability of the
functor ¢, with respect to the Gagliardo completion (see [6]) we deduce
that

pu(C(M),C*(M)) = pu(C(M), L5, (M)).
Obviously, ¢, (C(M),LE (M)) C o, (L oo(M), Lk (M)). Thus
pu(C(M),C*(M)) = @, (C(M), L (M)) = @u(Loo (M), LE (M)),
) =

) =
and in view of Proposition 4, o, (C(M),C*(M) (Loo (M), LE (M))?:2.
The theorem is proved.

COROLLARY. For k= 1,2 and ¢(s,t) = s' =%,
@m(C(M)v Ll;o(M)) NC(M) = @u(C(M% Ck(M)) NC(M) = mekG(M)'

Thus bmo? (M) is an interpolation space between C'(M) and C(M) if
0 < 0 < 1, and between C?(M) and C(M) if 0 < § < 2. It looks very
plausible that equalities similar to the latter one and Theorem 1 are still
valid for other integers k. It is necessary to use a lifting and an analogue of
Wolff’s theorem for spaces ¢, (Loo (M), LE (M)) (see [8]).

The case of manifolds of higher dimensions. As noticed by Strichartz
[13], the trace of the space bmo’(R?) on R coincides with the Holder—
Zygmund space C?(R) for § > 0. Therefore the operator P : z(t,s) —
x(t,0) maps boundedly C(R?) into C(R?) and C*(R?) into C*(R?), but
P : bmo’ (R2) - bmo’(R2?). Thus, bmo’(R2) is not an interpolation space
between C(R?) and C*(R?) for 0 < 6 < k. Similarly it is possible to show
that bmo’(R?) is not an interpolation space between Lo (M) and L (M).

6. Boundedness of commutators. In this section we consider only
spaces of functions defined on the real axis, so we omit R in notation.
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Denote by LS , where 0 < a < 1, the space of Bessel potentials of order
a generated by bounded functions, namely L = J,(Lso).

It was shown in [11] that the operator aH — Ha, where H is the Hilbert
transform, is bounded from L, into Wi if a € Lg,. With the help of The-
orem 1 it is possible to get a straightforward proof of a somewhat stronger
statement.

THEOREM 3. If a € bmo®, then the operator aH — Ha maps boundedly
Ly, into Wi for any 1 < p < cc.

Proof. Let f € L, then aH(f) — H(af) € L, for any a € L. Hence
each f € L, generates a linear operator from L, into L, and

laH (f) = H(af)llL, < ClfllL, ol

If a € LL_, that is, if we take a Lipschitz function a, then by the Calderén
theorem (2], aH(f) — H(af) € W, where W] denotes the homogeneous
Sobolev space, and

laH () = H(af)llyiry < ClSf Iz, 1’|z

If we apply the functor ¢, with (s, t) = s172t* to the operator a

aH(f)— H(af), then
laH (f) = H(af)llg, 1) < Clfllz, lollo. @ cr),
and

laH (f) = H(@f)p,z, iynr, < ClAIL oo st

In the case of 1 < p < oo the pair {L,, W}D} is rather simple, since it is
a retract of a pair of reflexive lattices. Therefore ¢, (L,, Wzl,) coincides with
the complex method space [L,, W},]a, that is, with Wg‘.

Thus in view of W;‘ =L,N WIO,‘ we conclude that

lat (f) = H(af)llwg < Clflz,llallbmos
by Theorem 1 and Proposition 4. The theorem is proved.
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